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Abstract

Let M be I'-ring and X be 'M-module, Bresar and Vukman studied orthogonal
derivations on semiprime rings. Ashraf and Jamal defined the orthogonal derivations
on [J-rings M. This research defines and studies the concepts of orthogonal
derivation and orthogonal generalized derivations on I'M -Module X and introduces

the relation between the products of generalized derivations and orthogonality on
I'M -module.
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1. Introduction

Nobusawa [1] presented the definition of I'-
ring and generalized by Barnes [2] as following:
Let M and T be additive abelian groups.
Suppose that there is a mapping from
MxI'xM—>M (the image of (a, ,b) being
denoted by aa b, a,beM and « €T) satisfying
for all a,b,ce M, a €I
i)(atb)ac=aactbac
a(a+pP)=aactafc
aa(b+c)=aab+aac

ii)(aab)fc=aa(bfc)

Email: dr.salahm2012@yahoo.com

Then M is I'-ring. M is said to be 2-torsion
free if 2a = 0 implies a=0 for all a€ M. Besides,
M is called a prime I'-ring if for all a,be M,
aMI'b = (0) implies either a=0 or b=0, M is
called semiprime if alMI'a = (0) with aeM
implies a=0. Note that every prime ['-ring is
obviously semiprime [3].

Let M be a I'ring and X be an additive
abelian group, X is a left 'M- module if there
exists a mapping MxI'xX —X (sending
(m,o,x) into max where meM , o, f €T and
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x € X) satisfying for all m,m;,m,eM, a,f<l" and
X,X1,X, € X [4]:

1) (m;+m, )ox= m;ox+myox

i) m(o+ £ )x=mox+m £ x

ii1) moy( X;+X; )=mox;+mox,

iv) (myomy) £ x= m;o(m, £ x)

X is called a right TM- module if there exists
a mapping XxI'xM —X, X is called I'M-
module if X is both left and right 'M- module,
X is called a left prime (right prime) if
a'MI'b=(0) then a=0 or b=0, aeM, beX
(aeX,beM) respectively and X is prime if its
both left and right prime. X is called semipeime
if al’'MI'a =(0) where a€ X implies a=0, X is
called 2-torsion free if 2x=0 implies x=0 for all
xeX [4]. Jing [5] defined a derivation on I'-ring
as following, an additive map d:M — M is said
to be a derivation of M if d(aab)=d(a)a b +
aa d(b), for all a,beM and «a €I'.Ceven and
Ozturk [6] defined a generalized derivation on
I'-ring M as follows, an additive map D:M —>M
is said to be generalized derivation on M if there
exists a derivation d: M—>M such that
D(aab) = D(a)a b + aa d(b), for all a,peM
and o €.

Paul and Halder [4] defined a left derivation
and Jordan left derivation of I'-ring M onto
I'M-module X as follows dM—X is a left
derivation if d(aab)=aa d(b)tba d(a), a
Jordan left derivation d(aca a)=2ac d(a). Also
Paul and Halder proved that every Jordan left
derivation of I'-ring M into 'M-module is a left
derivation. Salih [7] defined derivation and
Jordan derivation on 'M-module as follows
dM—>X is a derivation if
d(aa b)=d(a) @ b+ac d(b) , a Jordan derivation
dlaxa)=d(a)axa + aard(a) and proved that
every Jordan derivation of I'-ring M into 'M-
module is a derivation as well as in [8] defined
generalized derivation and Jordan generalized
derivation as follow f: M—X is generalized
derivation if there exist a derivation d:M —X
such that flacx b) = f(a) @ b+aa d(b) and prove
that every Jordan generalized derivation of I'-
ring M into I'M-module is a generalized
derivation.

The study of orthogonal derivation in rings
was initiated by Bresar and Vukman [9]. In fact,
they obtained some results on orthogonal
derivations in semiprime rings related to product
of derivations. Ashraf and Jamal [10] defined
and studied the orthogonal derivation on I'-rings
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and generalized the result of Bresar and Vukman
into ['-ring. Argac , Nakajima and Albas [11]
presented the definition of orthogonal
generalized derivations on rings.

In the present paper, we define and study the
concepts of orthogonal derivations and
orthogonal generalized derivations on I'M-
module and obtained some results parallel to
those earlier obtained by Bresar, Vukman in [9],
Argac, Nakajima and Albas in [11].

2. Orthogonal Derivations on I'M-
Module:

In this section, this research presents and
studies the definition of orthogonal derivations
on ['M-module, we prove that if M is a ['-ring
and X a 2-torsion free semiprime I'M-module.
Suppose that d and g are derivations of M into
X If
d’=¢g’ or d(x)ad(x) = g(x)og(x) for all xe M and
a €I',Then d+g and d-g are orthogonal.

Definition 2.1:

Let M be a I'ring and X a 'M-module, the
derivations d and g of M into X are said to be
orthogonal if

dx)I'MI'g(y) = g(y)IMI'd(x) , for
X,y € M.

Now, we give an example of orthogonal
derivation:
Example 2.2:

Let d and g be derivations of aring R, M =Z
@ Z and I'=Z @ Z where Z is the set of integer
numbers, then M is I'-ring, X=R@ R, then X is
I'M-module we define d; and g; on X by

di((x,y)) = (d(x) , 0) and gi((xy) = (0,
g(y)) for all x,yeR.
then d, and g; are orthogonal.
Now we give the following lemma we need
later:
Lemma 1:

Let M be I'-ring and X a 2-tortion free
semiprime I'M-module and a,b the elements of
X. Then the following conditions are equivalent:
i) al'MI'b=(0)
i1) bI' MI'a=(0)

iii) al'MI'b+bI"'MI"a=(0)
If one of these conditions are fulfilled then

all

al'b=bI"a=(0).

Proof:

(1) = (ii) Suppose that al'MI'b=(0).

Then (bI'MI'a) I'MI (bI'MI'a) =(0), by

semiprimeness of X we get bl MI"a=(0).



Salih

(i1)) — (iii)) Suppose that bI'MI'a=(0), that is
al'MTI'b=(0), this implies al MI"'b+bI'MI"a=(0).
(ii1) = (i) Suppose that al'MI'b+bI"MI"a=(0) that
is al’MI'b=-bI' MI'a

Let m and m' be two arbitrary elements of M.
Then by hypothesis, we have:
(aI'mI'b)I'm'T"(al'mI"b)

=-I'ml"a) 'm'T'(al'mI’b)

=-(bI'(mI'al'm") I'a) 'm['b

=(al'(mI"al’'m") I'b) I'mI’b

=al'm['(a'm'Tb) I'm[’b

=-a'm[(bI'mTa) 'mI'b

= - (al'mI'b)['m'T (al ' mI'b)

Thus 2((al’'mI’b) I'm'T(al’'mI'b))=0, since X is
2-torsion free, therefore, (al' mI'b)I'm'T"(al'mI’b)
= (. By the semiprimeness of X, then al'mI"b=0
for all meM. Hence we get, al'mI'b = bI'ml"a
=0 for almeM. ¢

Lemma 2:

Let X be a semiprime I'M-module. Suppose
that additive mappings f and h of I'-ring M into
X satisfy f(x)[MI'h(x)=(0), for all xe M then
f(x)[MTI'h(y)=(0), for all x,y e M.

Proof:

Suppose f(x) @ z £ h(x)=0 for all x,ze M and
a , f €TI. On linearizing we get :
0=f(x+y) @ z f h(x+y)

=(f(x)+{(y)) a z B (h(x)+h(y))

=f(x) & z f h(x) +H(x)a z f h(y)
fy)a z fh(x) + f(y) @ z S h(y)
=f(x)a z fh(y) +f(y)a z S h(x)
Therefore by our assumption we get
f(x)az fh(y) y t6 f(x)a z S h(y)

= fx)a z fh(y) y t6 f(y) & z S h(x)
=0

Since X is semiprime, this implies
fx)azfh(y)=0 for all xyzeM
a,Pel. ¢

and

In the following lemmas we give the properties
of orthogonal derivation on 'M-module:

Lemma 3:

Let X be a 2-tortion free semiprime I'M-
module and let d and g be derivations of TI-
ring M into X. Derivations d and g are
orthogonal if and only if d(x) & g(y)+g(y) & d(x)
=0, for all x,yeM, «a €T.

Proof:

11#
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Suppose d(x) & g(y)+tg(x) a d(y) =0, for all
x,y€M, a €T .Replace y by y £ x, to get
O=dx) a gly fx)+ gx)a dy Bx)
d¥agy) fx + dxaypfex)
gx)adly) fx+gx)a yfdx)

=dxayfegx) + gxa yfdx)
Hence by Lemma 1
dx)ay f g(2)
anda, f €.
Therefore, d and g are orthogonal.
Conversely, if d and g are orthogonal, then
dx)azfg(y)=0=g(y)azfdx).
Therefore by Lemma 1,

d(x)  g(y)= 0= g(y) @ d(x).
This implies that

d(x) e g(y) + g(y) e d(x) =0, for
allx,y eManda €I". ¢

+

for all

0, x,y,ZzeM

Lemma 4:

Let M be I'ring and X a 2-torsion free
semiprime ['M-module. Suppose d and g are
derivations of M into X. Then d and g are
orthogonal if and only if dg=0.

Proof:

Suppose that dg=0, and x,ye M, a T.
O=dg(xay)=d(g(x)a ytxag(y)
=dgx)ay + gxady) + dx)agly) +

x o dg(x)

=g(x)ad(y) +d(x)a gy)

Therefore by Lemma 3, d and g are orthogonal.
Conversely, suppose that d and g are orthogonal.
Then dx)ayfg(z= 0 for all x)y,zeM ,
a,perl.

Hence

0 =d( d(x)ayBg(2))

Fxaypfez) + dxady) fee +
d(x)ay f dg(x)

Then d(x) @ y £ dg(x) =0

Replacing x by g(x) and using semiprimeness of

X, we find that dg(z)=0
for all ze M, hence dg=0. ¢

Lemma 5:

Let X be 2- torsion free semiprime ['M-
module. Suppose d and g are derivations
of I'-ring M into X, then d and g are orthogonal
if and only if dg + gd =0.
Proof:

Suppose that dg + gd =0. Then we have for all
Xy eM, a,f el



Salih

0= (dg+gd)(xay)
=g(d(x)ary + xad(y)) + d(g(x)ary + xag(y))
=gd(x)ay + d(x)ag(y) + g(x)ad(y) + xagd(y)

+ dgx)ay + gx)ad(y) + d(x)og(y)
+xodg(y)

=(gd +dg)(x)ay + 2(d(x)ag(y) + g(x)ad(y)) +
xa(gd + dg)(y)

= 2(d(x)ag(y) + g(x)ad(y))
Since X is 2-torsion free

d(x)ag(y) + g(x)ad(y)=0
hence by Lemma 3, d and g are orthogonal.
Conversely, since d and g are orthogonal, then
by Lemma 4, dg = 0 = gd, therefore dg + gd = 0.
¢

Lemma 6:

Let M be I'ring and X a 2-tortion free
semiprime ['M-module. Suppose d and g are
derivations of M into X. Then d and g are
orthogonal if and if dg is a derivation.

Proof:

Since d and g are derivations, we have for all
x,yeM,ael
dg(xay)= dg(x)ay + xadg(y)
on the other hand
dg(xay)=d( g(x)ay + xag(y))
=dg(x)ay+g(x)ad(y)+d(x)ag(y)+xadg(y)... (2)
Comparing (1) and (2) we have
g(x)ad(y) + d(x)ag(y)=0
Hence, by Lemma 3, d and g are orthogonal.
Conversely, suppose d and g are orthogonal, by
Lemma 4 we have dg=0 therefore dg is a
derivation. ¢

(D

Corollary 7:

Let M be I'-ring and X a 2-tortion free
semiprime I'M-module. If d a derivation of M
into X such that d” is also derivation, then d=0.

Lemma 8:

Let X be a semiprime I'M-module. Suppose
that d and g are derivations of ['-ring M into X.
Then d and g are orthogonal if and only if there
exists a,be M and
o, f €T such that dg(x) = aox + x #b for all
xe M.

Proof:
Suppose that dg(x) = aox + x b for all

x € M. Replacing x by x 0 y we have
dg(xdy)=auxdy+x0yfb
dgx)dy+xd g(y)=aaxSy +x5y b

AR
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dgx)dy + gx)ddy) + dx)dgly) +

x0 dg(y)=aoxdy+x0y b

xObfy+xyaay+dx)ogy) + g(x)d d(y)

=0, forallxeMand O eT.

Replacing y by y J x in (1), we have

0 = xfbyydx + xyaayox + dx)y

gyox) +g(x)y dyox)
=xfbyyox+xyaaydx+dXx)ygy)ox

+d(x) 7 y 0 g(x)g(x) ¥ d(y) 0 x+ g(x) 7 y 6 d(x).

=xfbyyt xyaayt dX)yegly) +

g(x) 7 d(y)) 6 x+td(x) y y 0 g(x)*+g(x) 7 y 6 d(x).

Hence using (1), we find that

dx)yyodg(x)+gx)yyd d(x)=0

By Lemma 1, we have

d(x) 7y g(z) =0.

Thus, d and g are orthogonal.

Conversely, since d and g are orthogonal, dg =

0, so we can choose a=b=0 and «, f €T so that

dg(x)=aox +xfb. ¢

Corollary 9:

Let X be a semiprime ['M-module. Suppose
that d and g are derivations of I'-ring M into X.
Then d and g are orthogonal if and only if there
exists a,beM and o, B €I such that d*(x) =

aax + x S b for all xe M then d=0.

Theorem 10:

Let M be a I'ring and X be a 2-torsion free
semiprime I'M-module. Suppose that d and g
are derivations of Minto X. Suppose d’=g’.
Then d+g and d-g are orthogonal.

Proof:
Suppose d’=g?, for all xe M

((d-g)(dt+g) + (dt+g)(d-g))(x) =(d-g)(d+e)(x) +
(d+g)(d-g)(x)

=d(x) + dg(x) - gd(x) ~g°(x) + d(x) ~dg(x)+
gd%X) ~g'(x)
Therefore (d-g)(d+g) + (d+g)(d-g)= 0, hence by
Lemma 5, d+g and d-g are orthogonal. ¢

Theorem 11:

Let M be a I'-ring and X be a 2-torsion free
semiprime I'M-module. Suppose that d and g
are derivations of Minto X. If dx)ad(x) =
g(x)ag(x) for all xe M and « €T, then d+g and
d-g are orthogonal.

Proof:
ForallxeMand €I
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(d-g) (x) & (d+g)(x) + (d+g)(x) & (d-g)(x)
= (d(x)— g(x))oU(d(x)+ g(x))+
(dx)+ g(x))a(d(x)— g(x))

=dx)adx) + dx)agx) - gx)adx) -
gx)agx) Hd(x)ad(x) dx)a g(x) +
g(x) a d(x) — g(x) @ g(x)g(x) @ g(x)=0
Hence, by Lemma 5, then d+g and d-g are
orthogonal. ¢

3. Orthogonal Generalized Derivations on

I'M-Module:

In this section we generalize the results of
section two by present the definition of
orthogonal generalized derivations on I'M-
module, also we introduce the conditions which
mark derivation and generalized derivation on
I'M-module are orthogonal we start by the
following definition:

Definition 3.1:

Two generalized derivations D and G with
derivations d and g respectively of I'-ring M into
I'M-module X are said to be orthogonal if
DX)I'MI'G(y) = 0 = G(y)MI'D(x), for all
X,y € M.

Now, we give the example of orthogonal
generalized derivation
Example 3.2:

Let X, M and I as in Example 2.2 and D, G
are generalized derivations on R we define D,
and G, by

D ((x,y)) = (D(x) , 0) and Gi((x,y)) = (0,
G(y)) , for all x,yeR

Then D; and G, are orthogonal generalized
derivations.

In the following theorem we give the relations
which mark the derivation and generalized
derivation are orthogonal on 'M-module:
Theorem 12:

If D and G are orthogonal generalized
derivations and d, g are derivations associative
with D and G respectively of I'-ring M into I'M-
module X then the following relations hold:

i) DX)aG(y) = Gx)aD(y) = 0, hence
Dx)a G(y) + G(x)a D(y) =0, forall x,yeM,
acel.

ii) d and G are orthogonal, and d(x) & G(y) =
G(y) ad(x)=0,forall x,yeM, a €TI.

iii) g and D are orthogonal, and g(x) @ D(y) =
D(y)a g(x)=0, forall x,yeM, a T.

iv) d and g are orthogonal derivations.

Proof:

1)By the hypothesis we have
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Dx)a zG(y)=0, forall x,y,ze M, a, f €T.
Hence by Lemma 1 we get

D) a G(y) = G(x) a D(x) = 0, for all x,ye M,
ael.

i) By D(x) & G(y) = 0 and D(x) & z B G(y) = 0,
forall x,y,zeM, a, f €T, we get

0 = DrBxaGy) = (D HBx + tfd(x)
a G(y)

=D(r) fxa G(y) +1 S d(x)a G(y)

=rfdx)a G(y), forall x,y,re M, a €T.

Then dx)ax G(y) =0, forallx,ye M, a €T.
Then we have

0 = G(y)aDrfx) = Gy)ad( npfx +
r fd(x))

=G(y)aD(r) fx+G(y)arfd(x)
=G(y)arfdx) forall x,y,reM, o, €T.
Then by Lemma 1 we obtain
G(y)ad(x)=0forallx,yeM, a €T.

iii) 0 =D(x) @ G(m Sy)

=D(x)a (G(m) By +m f3 g(y))

=D(x)a G(m) Sy + D(x) o m S g(y)

= DX)ampfg(y) for all x,ymeM,
a,perl.

Then d(x)x G(y) =0 forall x,y e M, o €T
Hence we have

0=g(xfm)a D(y)

= (g(x) fm +x [ g(m)) & D(y)

=g(x) fma D(y) +x f g(m) a D(y)

=g(x) fma D(y) for all x,yme M, a, f €T.
Since by Lemma 1 we get
gx)aD(y)=0forallx,y eM, o €T

iv) We have

0 = Dxaz) fG(yaw) for all x,y,zweM,
a,perl.

=(Dx)az+xad2) f(Gy)aw+yagw)
=DX)azfG(y)aw + DX)azfyagw) +
xad(z) fG(y)aw+xadz) fyagw)

By hypothesis and (ii) , (iii) we get

xadz) fey)aw 0 for all x,y,z,weM,
a, f €T. Hence d and g are orthogonal. ¢

Lemma 13:

Let X be a semiprime 'M-module and D be a
generalized derivation of I'-ring M into X with
derivation d of M into X. If D(x) @ D(y) = 0, for
allx,yeM, o €I, then D=d=0.
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Proof:
By the hypothesis we have

0=D(x)a D(y f 2)

=Dx)a (D(y) fz+y B d()

=D(x)a D(y) fz+D(x)ay [ d(z)

=DX)ay [ d(z), forall x,y,ze M, a, f €T.
Hence by Lemma 1 we have

dz)a D(x)=0 allx,ze M, €T’

Replacing x by x £ z in last relation, we get
0=d(z)a D(x £ z)

=d(z)a (D(x) fz+x [ d(2)
= d(z)a D)z + d2)axfd(z) for all

x,zeM,a, el
By the semiprimeness of X, we obtain d = 0.
0=D(x fy)a D(y)

= (D) py+xpd(y)aD(y)

=D(x) fya D(y) +x B d(y)a D(y)

Hence D(x)fya D(y) 0 all
x,yeEM,a, f €T. By the semiprimeness of X,
weobtainD=0. ¢

Lemma 14:

Let D and G be generalized derivations of I'-
ring M into 'M-module X, with derivations d
and g respectively. If the following relation hold
forall x,yeMand « €T.

) Dx)a G(y) + G(x)a D(y) =0
i)d(x)  G(y) + g(x) @ D(y) =0
then D and G are orthogonal.
Proof:
If we take x /3 z instead of x in (i) we get

D(x fz)a G(y) + G(x fz)a D(y) =0

O pz + xfd@2)aGly) + (Gx)fz +
x B g(z)) a D(y)=0

Dx)fzaGly) + xfdz)aG(y)
G(x) fza D(y) +x S gz)a D(y) =0
D(x) fza G(y) + G(x) fza D(y) = 0 for all
x,¥,2€M and «,f €.Thus by Lemma 1 we

have D(X)IMI'G(y) = G(x) I'MI'D(y) = 0, for
allx,yeM. ¢
Lemma 15:

Let X be 2-torsion free semiprime I'M-
module D and G are generalized derivations of
[-ring M into X, with derivations d and g
respectively, such that
Dx)a G(y) = dx)a G(y) = 0, for all x,yeM
and a €I then D and G are orthogonal.

Proof:

for

J’_
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If we take x [ z instead of x in D(x) & G(y) =

0 we get

D(x fz)a G(y)=0

(D) fz+xpd2)aGly)=0

D(x) fza G(y) +x B d(z)a G(y) =0

D(x) fza G(y)=0
Thus by Lemma 1 we get D and G are
orthogonal. ¢
Lemma 16:

Let X be 2-torsion free semiprime I'M-
module, D and G are generalized derivations of
I-ring M into X, with derivations d and g
respectively, such that
Dx)a G(y) = 0, for all x,yeM and « €I and
dG=dg=0. Then D and G are orthogonal.

Proof:

Since dg=0, we have

dG(xay)=0

dGx)ay +txag(y)=0

dGx)ay + Gx)adly) + dx)agly) +
xadg(y)=0

Gx)adly) = 0, for all x,yeM and
ael. (D)

Replacing x by x £z in (1) we have

Gxfz)ady) =0

(Gx)Bz+xpfg@)ady) =0

G(x)fzad(y) +xfgz)adly)=0

GKx) fza d(y) 0, for all x,)y,zeM,
a,pel
Now, d(yyz)a G(x)=0

(d(y) 7zt yy d(2) a G(x) =0

dy)yza G(x) +yyd(z)a G(x) =0

dy)yza Gx)=0
Hence by Lemma 1 we get d(y) o G(x) = 0, for
all x,yeMand  €I'. Thus by Lemma 15 we
get D and G are orthogonal. ¢
Lemma 17:

Let X be 2-torsion free semiprime I'M-
module, D and G are generalized derivations of
[-ring M into X, with derivations d and g
respectively, such that
DG is generalized derivation of I'-ring M into X
with derivation dg and D(x) a G(y)= 0, for all
x,yeM and «a €l.then D and G are
orthogonal.

Proof:

Since DG is generalized derivation with
derivation dg
DGxay) = DG(x)ay + xadg(y) for all
x,yeMand o €T (1)
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on the other hand
DG(xay)=D(Gx)ay+xa gy))
=DG(x) & y+G(x) & d(y)+D(x) & g(y)+x & Dg(y
) for all x,ye M, €TI...(2)
Compare (1) and (2) we get

G(x)a d(y) + Dx)a g(y) = 0, for all x,yeM
and o €T
Since D(x)a G(y)= for
anda €T ...(3)
Replacing y by y £ z in (3) we get
Dx)a G(y fz)=0
Dx)a (G(y) fz+y[fg(2)=0
D(x)a G(y) fz+Dx)ay fgz) =0
Dx)ayfg(z)=0, forall x,yeMand a €T.
Now, replacing x by x £z in (3) we get
D(x fz)a G(y)=0
(D) fz+xfdz) aGy)=0
D(x) f2D(x) Bz +x fd(z)a G(y) =0
xfd(z)a G(y)=0
Hence d(z)a G(y) = 0, for all x,yeM and
a el
Thus by Lemma 15 we get D and G are
orthogonal. ¢
4. Products of Generalized Derivations on
I'M-Module:

In this section, we introduce and study the
relation between the products of generalized
derivations and orthogonality on I'M-module.
We state by the following theorem:

Theorem 18:

Let D and G are generalized derivations of I'-
ring M into semiprime I'M-module X, with
derivations d and g respectively. Then DG is
generalized derivation with derivation dg, if and
only if D and g are orthogonal, also G and d are
orthogonal.

Proof:

Assume that DG is a generalized derivation
with derivation dg, we obtain
DG(xay) = DGX)ay + xadg(y), for all
X, yeM and
aerl. (1)

On the other hand

DG(xay)=D(Gx)ay +xa gy))

= DGx)ay + Gx)ad(y) + Dx)a gy) +
xa dg(y) forall x,yeMand o €I". ...(2)
Compare (1) and (2) we get

GX)a d(y) + D(x)a g(y) = 0, for all x,yeM
and el forallx,yeMand o €I’

0, all xyeM

¢
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Replacing y by y £ z in relation (3) where ze M
and f €T we get

Gx)ad(y fz) +D(x)a gy f2) =0

Gx)a (dy)fz+ypd@) + D) a(gy) fz

+yBg(2)=0

G ady)fz + GCaypdz +
Dx)a gly) fz+Dx)ay fg(z)=0

By using (3) we get

Gx)ayfd(z) + DX)ayfgz) = 0, for all
x,y,ZzEMand o, f €T. ..(4)

Since DG is generalized derivation with
derivation dg. Therefore d and g are orthogonal
by Lemma 16 and Theorem 12(iv). Thus we
have:

0=G(x)y g(z)ay Bd(z) + DX) y g(z) 'y f &(2)
= DX)ygz)ay fg(z), for all x,y,zeM and
a,pB,yel

Hence we get D(x) ¥ g(z)ITMI'D(x) ¥ g(z) = 0,
for all x,zeM and y €T, by the semiprimeness

of X, we obtain
D(x)y g(z)=0, forall x,zeM and y €T.

Thus DX)a 'y £ g(z) = 0, for all x,y,zeM and
a, f €T, and by (4) we have

Gx)aypfd(z) = 0, for all x,y,zeM and
a,perl.

Assume that D and g are orthogonal also G and
d are orthogonal.

Since D and g are orthogonal, we get
Dx)ayfgz) = 0, for all x,yzeM and

a,perl. ..(5)

Substituting r  x for x in relation (5) we get
Dryx)aypg(z)=0
O(nyx+rydx)aypBez=0
D(r)yxayfe@+rydxayfez)=0

By (5) we get rydx)ayfg(z) = 0 for all
r,x,y,zeMand «, B,y €T.

Hence d(x)a 'y S g(z) = 0, for all x,y,ze M and
a,f €l'.Thus by Lemma 16 and Theorem

12(iv) we conclude that dg is a derivation .

Moreover since D(x)ax 'y f g(z) = 0, for all
X,y,ZzEM and a,f el we also get
D(x)a g(z) TMTD(x)g(z) = 0 and so by
semiprimeness of X we get Dx)a g(z)=0
for all x,ze M and « €T, similarly, since G and
d are orthogonal, we have G(x) & d(y) = 0 for all
x,yeM and a €I'. Thus we obtain
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DG(xay) = DGX)ay + xadg(y), for all
x,y€M and «a €I, which means that DG is a
generalized derivation with derivation dg. ¢
Corollary 19:

Let D and G be generalized derivations with
derivations d and g respectively of I'-ring into
semiprime ['M-module X. Then GD is a
generalized derivation with derivation gd of M
into X if and only if D and g are orthogonal, also
G and d are orthogonal.

Corollary 20:

Let D be a generalized derivation with
derivation d of I'-ring M into semiprimeness
I'M-module X. If D* is a generalized derivation
with derivation d% then d=0.

Proof:

Since d* is a derivation, d and d are
orthogonal by Lemma 17 and TheoremlS8.
Hence we have dx)ay fd(x) = 0 for all x,

yeM, a, B €T. Therefore by the

semiprimeness of X, we get dM) =10 ¢
Lemma 21:

Let D be a generalized derivation with
derivation d of I'-ring M into semiprimeness
I'M-module X. If D(X)a D(y) = 0, for all
x,yeM, a €T, then D=d=0.

Proof:
Since Dx)aD(y) = 0, for all x,yeM,

a eT, (1)
Replacing yfz by y in (1) where zeM,
p el we get

0=D(x)a D(y f 2)

=D(x)a (D(y) Bz +y fd(z))

= DX)aD(y)fz + Dx)ayPd(z) for all
xy,2eM, a, f €T.
Hence by Lemma 1 we get
d(z) S D(x)=0 for all x,ze M, S €T.
Replacing x by x 7 z in (2) we get
0=d(z) fD(xy 2)

=d(z) B(Dx)yz+xy d(2)
d2) fDX)yz + d(z) Bxyd(z) for all
x,zeM, B,y €T

By the semiprimeness of X, we obtain d= 0.
Then we have:

0=D(xay)pD(y)

=(D(x)ay+ xady)) BD(y)

= D( x)ayD(y) + xa d(y) D(y), for all
X,yeEM, a,p €T.

)

e
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By the hypothesis and semiprimeness of X we
getD=0. ¢

By using the similar argument we can prove the
following lemma:

Lemma 22:

Let X be a 2-torsion free prime I'M-module.
If D and G are generalized derivations with
derivations d and g respectively of M into X
satisfy one of the following conditions:

1) DG is a generalized derivation with derivation
dg on X.

il) GD is a generalized derivation with
derivation gd on X.

iii) D and g are orthogonal, and G and d are
orthogonal.

Then D=d =0 or G= g=0.
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