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Abstract   

     The main goal of this paper iis to study and discuss a new class of meromorphici 

"functions[ which are multivalent defined by [fractional  calculus operators. 

Coefficients iestimates , radiisi of satarlikeness , convexityi and closed-to-iconvexity 

are studied. Also distortion iand closure theorems for the classi" 

∑   
  ,𝜇            are considered. 
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 لمؤثر التفاضلمع المذتقات العليا  المرتبطةمتعددة التكافؤ المن الدوال الميرومهرفية   صنف حهل
 الكدري 

قاسم عبدالحميد جاسم، ستار كامل حدين*  
العراق، بغداد، جامعة بغداد، كلية العلهم، قدم الرياضيات  

 الخلاصة:
تعددة التكافؤ جديد من الدوال السيرومهرفية م لرشفدراسة ومشاقذة  ههث الهدف الرئيدي من هذا البح     

ة و يحدبتاقطار الشجسية, ال ,انرافالتخسيشيةسعاملات تم دراسة ال ,الكدري التفاضل  مؤثرالسعرفة بهاسطة 
 .هذا الرشفل غلاقننظرية التذهه ونظرية الاتم دراسة ايزا  القريبة من التحدبية.

1.Introduction 

Let  ∑    "denotes the cilass of meromophici functiionis defined by: 

                      ∑    
  

                                                               (1) 

which are  analyytic and p-valenti in the punctured unit diisk  

  *
={w ∊ 𝕔 :( 0 < |w| <1)}. 

    "Ai function f ∊ ∑     "said to be iin the cliass ∑    
   of meromorphic p-valenty starlikei 

function(see Duren[1]) of order α iif" :" 

-Re{
      

    
}                                                         

     Ai function f ∊ ∑     "saiid to be iin ithe cilass ∑     
  of meromorphic  b-valentlyi convex functiion 

of order   if" : 

   {  
         

     
}                                             

     In this paperi, "we discussi and stiudy iai new cliass of imeromorphic multivalent functions" 

b-ivalently conviex functionsi by using of the ifractional" calculus operaators contained in"  
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Definition (1):" 

    
       

     { 
              
            

           
        

 [        ]        

              
            

           
       

 [        ]            
           

where     
       

 "is the generalized ifractional derivative operator of order   normalized by" 

    
       

   (w)=
 

      
 
 

  
{    ∫                  (              

 

 
)       

 

 
}     (5)                                                                                      

(i r ∊ R
+ 

,r>(max{o,µ}-ŋ) and(0  <1),µ,ŋ ∊ R), 

   "where f  is analytic function iin a simply–i connected region of ithe w-plane icontaining the origin 

and the multiplicityi of (w-t   is removed by requiring log (w-t)to ibe real when (w-t)>0 , provided 

further that"":                                                ( "  (w)) = 0(| |  )       (w→0) ,                                    (6)  

and     
         

 is the generalized fractional integral operator of order -   (        normalized by 

    
       

       
     

    
 ∫                     (            

 

 
)                                      

 

 
  

(  >0,µ,ŋ∊R,ir∊R
+
 and r > (max{0,µ}-ŋ)), 

     Where   is constrained and the multiplicity of (w-t      is removed as above and r [is given by the 

order estimates (6). 

by using (5) and (7) it follows from  

                                             
       

             
      

                                                

and 

                                              
       

(    )      
     

                                                 

 

    "where      
     

 andi       
     

 are thei familiar Owa –Saigoi-Srivastava generalizedi fractional derivative 

and iintegral operators(see, ie.g. ,[2] and[3] see also [4]). 

Also 

. 

                           
                 

                                                             

and 

                           
                 

                                                                   

      where[   
  and   

   are [the familiar Owa- Saigo-Srivastana fractional derivative and integral of[ 

order    (cf.Owa[5]; see also Srivastava and Owa [6]). 

[in the terms of Gamma function , we have " 

    
       

   
                

                  
                                       (12)            

  

           ∊    ∊              {   }       ))  

and 

                    
       

  = 
                

                  
                                               

(        ∊    ∊              {   }      ) 
By using (1),(12) and (13)I in (4), we find  

                                                   
       

         ∑   
       

   
      

                                 

  Provided that 

                                          ∊     ∊ ∑             
 

and 

                  
       

 
                

                  
                                               (15) 

"  The operator     
       

     reduces to the welli-known Ruscheweyhi derivative        for 

meromorphich univalent functions" [3] 

We are study a subclassi of (1)defiine belowi 
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Definition (2) : A function  ∊ ∑  is iin the class ∑  (               if it satisfies the conditioni: 

               ||
  

      
       

        

     
       

      
       

      
       

        

     
       

      
       

||                                                    (16) 

for som   (o ≤                             { }      ∊         

    𝜇          𝜇                        
 The class ∑  (                reduces to the cliass istudied receintly by Darusi[7]." 

Definition( 3): Let ∑ 
  denote   the subclass ∑  normalized by 

(    
       

    )
 

  
        

      
            ∑   

         

      
   

   

 

   

              

and 

(    
       

    )
   

  
      

      
               ∑  

         

        
   

              

 

   

 

we define a new subclass ∑ 
  (                by 

                ∑ 
  (               =∑ 

  ∑  (                
2. Coefficient Estimates: 

Theorem (1): Suppose that   ∑  and 

∑
                     

   

 

   

  
         

        
   

≤   ( +q+   -2   
        

      
                                       (18) 

Where   
       

 is normalized by (15) and the condiitions with (16) hold . 

 Thien   ∑                   
Proof: "Let use suppose that inequality (18) is true.  

 Further assume that" 

Ω    |        
       

                     
        

        | 

  |      
        

                    
       

      |        

By using (14),we find that 

Ω    |
       

      
             ∑    

         

        
   

    
    

       
        

      
           ∑        

         

      
   

   

 

   

| 

  |
      

      
              ∑  

          

        
   

   

 

   

 

       
        

      
           ∑        

         

      
   

   

 

   

|    

 |
               

      
                ∑   

         

        
   

   

 

   

 

       
        

      
           ∑        

         

             
   

   

 

   

| 

  |
             

      
                 ∑  

         

        
   

   

 

   

 

       
        

      
           ∑        

         

             
   

   

 

   

|    
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 [|∑    
      

     

 

   
   

         

        
   

   |

  (|           
        

      
      

 ∑   
    

   
   

           

        
   

   

 

   

|)]    

∑    
      

     

 

   
   

         

        
|  | 

 

  (|           
        

      
   |

 |∑(
        

   
)  

         

        
   

 

 

   

|)          

 

   ∑    
      

     

 

   
   

         

        
|  | 

             
        

      
   

 ∑ (
        

   
)  

         

        

 

   

 |  | 
    

 

 

∑
             

   
 
     

         

        
               

        

      
 

 ∑  (
        

   
)  

         

        
     

         

∑ 
                     

   

 

   

   
         

        
  

              
        

      
                                                                                

 

     Sincei the above ineguality inholdy for every r,( 0< r< 1). Letting r→   in the(19) iwe obtain that 

Ω(  ≤0, ihence  ∊ ∑                    

Theorem (2): If   ∑   
   then   ∑   

                  if and only هب 

∑ 
                     

   

 

   

   
         

        
      

              
        

      
                                                                          

where   
       

 is normalizedi by (15) and every the parametersi are constrainedi as in ii (1) Theorem 

: "In the  Theorem (1) , it is sufficient to prove" the "onily iif " part. proof 

Let us suppose that   ∑   
                   

Then 

|

|
  

      
       

        

     
       

      
       

      
       

        

     
       

      
       

|

|
    

                     =|
∑  

      

   
  

     
         

        
    

   

          
        

      
 ∑   

        

   
  

     
         

        
   

   
|      
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Since Re(w)≤|w| for every w, iit follows that  

                     Re{
∑  (

      

   
) 

     
         

        
    

   

           
        

      
 ∑  (

        

   
) 

     
         

        
   

   
}     

letting r→  , through real values , we get the result (20). 

3. "Distortion Theorems" 

"The distortion property profor the functionsi in the class ∑   
                 is contained in 

Theorem (3): Let  ∑                   
 Then 

 

| | 
 

(           )
        
      

 

                     
   

  
  

        
 
| |  |    

       
      | 

 
 

| | 
 

(           )
        
      

                     
   

  
  

        
 
| |   

For every the parametersi are constrianed iin the Theorem (1). 

Proof:i Since   ∑                   
   

In thei of Theorem (2),we ihave 

 

∑  

 

   

  
       

 
(           )

        
      

 

                     
   

 (
  

        
)
                       

 Now 

|    
       

    |  
 

| | 
 ∑   

 
      

        
| |  

 

| | 
 | |  ∑   

 
     

       
. 

 

By  using  (21), we get 

|    
       

    |  
 

| | 
 

(           )
        
      

 

                     
   

 (
  

        
)
| |   

Also 

|    
       

    |   
 

| | 
  ∑   

 
     

       
|w|   

 

| | 
 | |  ∑   

 
     

       
  

 

Also use of (21), we obtain 

|    
       

    |  
 

| | 
 

(           )
        
      

 

                     
   

 (
  

        
)
| |   

The proof is complete. 

4. Radiii of Starlikeness,i Convexity,close -to-convex fori the class  ∑                    
  

Theorem (4):If   ∑                   
  then  is meromorphically 

p-valent starlike of order ψ (0 ≤ ψ<  ) iin |w|<R1,i where  

            R1=i   {
      

                     

   
    

         

         

        (           ) 
        

      

}  
 

                                            

 For every the parametersi are constrained iin the Theorem (1)  

Proof:i It is isufficient to showi that, For (0 ≤ ψ <  ):   

              |
        

    
  |                                                   (23) 

That is 

|
              

    
| 
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        |
       ∑      

        ∑     
  

   
 
   

     ∑   
 
     

|  |
∑         

    
   

  ∑    
    

   

| 

 
∑         | |    

   

  ∑   | |    
   

         

or equivalently 

∑(
      

   
)    | |      

 

   

 

It is enough to consider 

   | |    {

     
                     

      
         

        

                     
        
      

 
}  

Therefore,                        |w| {
     

                     

   
   

         

        

        (           )
        

      

 }
 

                                    

Setting |w|=R1(              in (24), we obtain the radius of starlikeness." 

Theorem (5): Let  ∑                   
  Then   is meromrphically 

p-valently convex of order   (0 ≤   <  ), iin |w|<R2,i where 

                   R2=i   {
      

                     

   
  
         

        

           (           )
        

      

} 
 

                                     

 

proof: Let  ∑                   
   Then by Theorem (1) 

∑
(
                     

   
)  

         
        

  

(           )
        
      

   

 

   

 

  For (0 ≤   < ),I "we see that"  

|
         

     
      |         

That is  

|
                 ∑          

                   ∑          
    

   
 
   

          ∑    
 
       

| 

 | 
∑         

      
   

          ∑    
 
       

|  
∑         | |    

   

  ∑   
     | |   

        

 

or equivalently 

∑
         

      
   | |       

 

   

 

It is enough to consider 

                       |w|    {
      (

                     

   
  
         

        
)

         (           )
        

      

}   

Therefore, 

                     |w| {
      (

                     

   
   

         

        
)

         (           )
        

      

} 
 

                             

Setting |w|=R2                 in (26), we obtian the radius of convexity.  

Theorem (6): Let  ∑                   
  Then   is meromorphically 

p-valently iclose-to-convexi of order   (0 ≤   <  ), in in |w|<R3, where  

                   R3=i   {
      

                     

   
   

         

        

 (           )
        

      

}
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Proof: Let  ∑                   
   Then by Theorem (1) 

∑
(
                     

   
)  

         
        

  

             
        
      

   

 

   

 

For (0 ≤   < ) ",we see that" 

|
     

     
  |         

That is 

|
         ∑     

            
   

     
|        

∑    | |   

 

   

       

or equivalently 

∑ (
 

   
)  | |      

   . 

It is enough to consider 

|w|     {
     (

                     

   
   

         

        
)

 (           )
        

      

}  

Therefore, 

                     |w| {
     (

                     

   
  
         

        
)

 (           )
        

      

}
 

                             

Setting |w|=R3                 in (28), we obtain the radius of close-to- convexity. 

5. Closure  Theorems 

Let the ifunctions                    is defined by:  

             ∑     
  (           )                              

 

   

 

"We shall prove the following closure theorems 

Theorem (7): If the function                    in the form (29),by in thei class 

  ∑                   
  Then the function 

    ∊ ∑                   
 where 

                    (w)=∑     
 
   (w);(     and∑                   

     

Proof: By using (30), we can write 

            ∑ ∑        
                                                     

 

   

 

   

     

Since      ∑                               
  therefore 

∑
                     

   
  

        
   

  

        
(∑         

  
    

 ∑  

 

   

 ∑
                     

   
  

       

 

   

  

        
      

 ∑  

 

   

(           ) 
        

      
   (           )

        

      
   

By  using Theorem (2), we have   ∊ ∑                   
  

The proof is complete. 

Theorem (8): "The class ∑                   
 is closedi under convex I linear combination". 

Proof: If the function   (  =1,2) givn by (30) be in thei class 

∑                   
 then the function  

                     (w)=                                                                       
isi also iin the class ∑                   
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  Since, for            

            ∑[               ] 
  

 

   

 

We observe that 

                    ∑
                     

   
  

         

        
 
   {                } 

                   = ∑
                     

   
  

         

        
    

 
    

      ∑
                     

   
  

         

        
    

 

   

 

                                   
        

      
  

By using iTheorem (2) , we have   ∑                   
   

Theorem (9): Let              

            
            

        

      

                     

   
   

         

        

                                     

for every parameters are constrainedi as in Theorem (1)".  

Then 

   ∑                   
  iif and only iif   cain be expressed in the iform  

                 ∑                                                       

 

 

 

where             and      ∑       
    

Proof: Let 

                 ∑       

 

   

 

=       ∑   
           

        

      

                     

   
  
 
         

        

   
   

    

Then 

∑
            

        
      

 
                     

     
         

        
 

 
                     

     
         

        
             

        
      

 
  

 

   

 

                          =  ∑              
      

By using Theorem (2) , we ihave     ∑                   
 .  

Conversely , let    ∑                   
   

Since  

   
           

        
      

 

                     
      

         
        

            

We may take  

                      

                     

   
   

         

        

           
        

      

     for       

and         ∑    
 
     Then  

                                        ∑   
 
          

proof is complete.  

 

 

 



Hussein and Jassim                                Iraqi Journal of Science, 2019, Vol. 60, No.10, pp: 2237-2245                       

3356 

References 

1. Duren, P.L. 1983. Univalent Functions, Grundlehren der Mathematischen Wissenschaften. (Vol. 

259) , Springer-Verlag, New York. 

2. Owa, S., Saigo, M. and Srivastava, H.M. 1989. Some Characterization Theorems for Starlike and 

Convex Functions Involving A Certain Fractional Integral Operator , J . Math, Anal. APPL., 

140(1989): 419-426. 

3. srivastava, H.M., Saigo, M. and Owa, S. 1988. A class of distortion theorems involving certain 

operators of fractional calculus, J.Math .Anal. Appl., 31: 412-420. 

4. Srvastava, H.M. and Owa, S. 1992. Current Topics in Analytic Function  Theory , World 

Scientific publishing company , Singapore , New Jersey , London and Hong kong. 

5. Owa, S. 1978. On the distortion theorems, I. Kyung Pook Math.J., 18: 53-59.     

6. Srivastava, H.M. and Owa, S. 1989. Univalent Functions, Fractional calculus and their 

Applications, Halsted press (Ellis Horwood Limited   , chichester), John wiley and Sons, New 

York, Chichester, Brisbane   and Toronto, (1989). 

7. Darus, M. 2004.  Meromorphic functions with positive coefficients, Int. J. Math. & Math .Sci., 

6(2004): 319-324.    


