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Abstract 

In this paper the diagrams and divided power of the place polarization  
)(k

ij , with 

its capelli identities have been used, to study the complex of Lascoux in case of the 

partition (4,4,4). 
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 (4,4,4)لاسكو في التجزئة  سمسمة
 

 هيثم رزوقي حسن

 العراق ,بغداد ,المتنصريةقسم الرياضيات, كمية العموم, جامعة
 

   الخلاصة

k)(سيمة سسيت  ام مكييا   في  ذي ا الب يم تييم اسيتلدام المل  يات و ال ييو  الم     
ij كييابم  مي  مخلصيات 

 . (4,4,4)ة ف   الة التجزئسسكو لدراسة سمسمة 
 

1.Introduction  

    Let R be commutative ring with 1, F be free 

R-module and FDn  be the divided power of 

degree n [1]. Buchsbaum in 2004 modified the 

boundary method [2], then he and author [3], 

studied the complex of Lascoux (characteristic 

zero) in the partition (2,2,2), (3,3,3) 

respectively, also the author in [4] studied the 

complex of  Lascoux (characteristic zero) in the 

partition (4,4,3) using this modified method and 

the technique of Letter place methods [4] obtain 

characteristic zero. 

Consider the map 

 FDFDFDFD qpkqkp   , this map is 

the place polarization from place one to place 

two, where place one and place two are denoted 

by FD kp  FD kq respectively, and the map 

 

  FDFDFD krkqkp
k

:
)(

32

FDFDFD rqp   is the place polarization 

from place two to place three [5,6,7 and 8] . In 

this point we can also ask for the identities in 

case such that  3221  where three places have 

been looked, so we have to use the following 

equation 

 
)1(

31
)1(

32
)1(

21
)1(

21
)1(

32                           (1.1) 

This is a typical Capelli identity [2,3 and5],  

more than  
)(

31
)(

32

0

)(
21

)(
21

)(
32













   kk

 where  

Iij 
)0(

                  (1.2) 

     In general the divided power of the place 

polarizations satisfy the following identities in 

case of ik    
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)(

213131
)(

21
k

 
               (1.5) 

               
)(

323131
)(

32
kk

                  (1.6) 

      In this paper we study the complex of 

Lascoux in case of the partition (4,4,4), in 

particular, in section two of this work we find 

the terms of the complex of Lascoux in case of 

the partition (4,4,4), in section three, we study 

this complex as a diagram by using the divided 

power of the place polarization and it's Capelli 

identities. 

 

2.The Terms of Lascoux Complex in The 

Case of Partition (4,4,4)  
     The terms of the Lascoux complex are 

obtained from the determinantal expansion of 

the Jacobi-Trudi matrix of the partition. The 

positions of the terms of the complex are 

determined by the length of the permutation to 

which they correspond [2, 3]. Now in the case of 

the partition )4,4,4( , we have the following 

matrix : 

















FDFDFD

FDFDFD

FDFDFD

432

543

654

 

Then the Lascoux complex has the 

correspondence between it's terms as follows 

 FDFDFD 444  identity 

 FDFDFD 435 (12) 

 FDFDFD 354 (23) 

 FDFDFD 336 (132) 

 FDFDFD 255 (123) 

 FDFDFD 246 (13) 

So, the complex of Lascoux in the case of the 

partition )4,4,4(  has the form : 

FDFDFD

FDFDFD

FDFDFD

255

246

336







 

 

FDFDFD

FDFDFD

FDFDFD

354

444

435







 

 

 

 

 

3.The Complex of Lascoux as a Diagram 
     Consider the following diagram : 

FDFDFDFDFDFDFDFDFD

gg

FDFDFDFDFDFDFDFDFD

hh

ff

444354255

321

435336246

21

21

BA







So; if we define  

FDFDFDFDFDFDf 3362461 :   

as   

)()(
)1(

321 vvf   where FDFDFDv 246   

 

FDFDFDFDFDFDg 2552461 :   

as 

)()(
)1(

211 vvg   where FDFDFDv 246   

and  

FDFDFDFDFDFDg 3543362 :   

as 

)()(
)2(

212 vvg   where FDFDFDv 336   

Now, we have to define  

FDFDFDFDFDFDh 3542551 :   

which makes the diagram A commutative  i.e 

1211 fggh    which means 

 
)1(

32
)2(

21
)1(

211  h  

Then by using Capelli identities (1.2) we have: 
)1(

31
)1(

21
)2(

21
)1(

32
)1(

32
)2(

21  

)1(
21

)1(
31

)2(
21

)1(
32    

)1(
21

)1(
31

)1(
21

)1(
32 )

2

1
(    

Thus 
)1(

31
)1(

21
)1(

321
2

1
 h  

On the other hand, if we define  

FDFDFDFDFDFDh 4443542 :   

as 

)()(
)1(

322 vvh  ; where FDFDFDv 354   

and 

FDFDFDFDFDFDg 4444353 :   

as 

)()(
)1(

213 vvg   where FDFDFDv 435   

Now, to make the diagram B commute, we have 

to define 

FDFDFDFDFDFDf 4353362 :   

such that 2223 ghfg    i.e 

  
)2(

21
)1(

322
)1(

21   f  

Again by using Caplli identities we get  
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)1(
31

)1(
21

)1(
32

)2(
21

)2(
21

)1(
32  

)
2

1
(

)1(
31

)1(
32

)1(
21

)2(
21    

Then 
)1(

31
)1(

32
)1(

212
2

1
 f  

Now consider the following diagram 

 

FDFDFDFDFDFDFDFDFD
ff

435
2

336
1

246 

 

1g           C                        D                3g  

FDFDFDFDFDFDFDFDFD
hh

444
2

354
1

255 

Define 

FDFDFDFDFDFD 435255:   

by )()(
)2(

32 vv  ; where 

 FDFDFDv 255   

Proposition 3.1 

The diagram C is commutative. 

Proof: 

)1(
31

)1(
31

)1(
32

)1(
2112 )

2

1
(   ff

)1(
31

)1(
31

)2(
32

)1(
21    

But from (1.2) we have 

 
)1(

31
)1(

32
)1(

21
)2(

32
)2(

32
)1(

21    

Then 
)1(

32
)1(

31
)1(

31
)1(

32
)1(

21
)2(

3212   ff

)1(
21

)2(
32   1g   

 

Proposition3.2  

 The diagram D is commutative. 

Proof:   

)
2

1
(

)1(
31

)1(
21

)1(
32

)1(
321

)1(
32   h

)1(
31

)1(
32

)1(
21

)2(
32    

But from (1.2) 

 
)1(

31
)1(

32
)2(

32
)1(

21
)1(

21
)2(

32    

Then 
)1(

31
)1(

32
)1(

31
)1(

32
)2(

32
)1(

211
)1(

32   h

)2(
32

)1(
21   3g  

Finally, we can define the maps 1 , 2  and 3  

where  

FDFDFD

FDFDFD

FDFDFD

255

246

336

23









FDFDFD

FDFDFD

FDFDFD

354

444

435

1







  

by  

 FDFDFDvxgxfx 246113 ));(),(()( 

);()()),()((),(( 122122212 xgxhxxfxx  

 

FDFDFD

xx

FDFDFD

255

21

336

),(







 

and 

 ;))(),(()),(( 2113211 xhxgxx 

FDFDFD

xx

FDFDFD

354

21

435

),(







 

 

Proposition 3.3 

FDFDFD

FDFDFD

FDFDFD

255

246

336

230









FDFDFD

FDFDFD

FDFDFD

354

444

435

1







  

is complex. 

Proof:   Since 
)1(

32  and 
)1(

21  are injective then 

we get 3  is injective. Now  

))(),(()( 11232 xgxfx  

))(),((
)1(

21
)1(

322 xx 

))())(()),(())((( 2
)1(

211
)1(

21
)1(

322 xgxhxxf   , 

thus 

))(()((
)1(

21
)1(

322 xxf  

)()()
2

1
(

)1(
21

)2(
32

)1(
32

)1(
31

)1(
32

)1(
21 xx    

))((
)1(

21
)2(

32
)1(

32
)1(

31
)2(

32
)1(

21 x 

0
)1(

21
)2(

32
)1(

31
)1(

32
)1(

31
)1(

32
)1(

21
)2(

32    
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and 

))())(( 2
)1(

211 xgxh 

)()()
2

1
(

)1(
32

)2(
21

)1(
21

)1(
31

)1(
21

)1(
32 xx  

))((
)1(

32
)2(

21
)1(

21
)1(

31
)2(

21
)1(

32 x 

0))((
)1(

32
)2(

21
)1(

31
)1(

21
)1(

31
)1(

21
)1(

32
)2(

21  x

So we get 0))(( 32 x   

and 

))()(),()((),)(( 122121212132 xgxhxxfxx   

),())(
2

1
(( 2

)2(
321

)1(
31

)1(
32

)1(
211 xx  

))())(
2

1
( 1

)2(
212

)1(
31

)1(
21

)1(
32 xx    

)())(
2

1
( 2

)2(
32

)1(
211

)1(
31

)1(
32

)1(
21

)1(
21 xx  

)())(
2

1
( 1

)2(
21

)1(
322

)1(
31

)1(
21

)1(
32

)1(
32 xx  

))(( 1
)2(

21
)1(

32
)1(

31
)1(

21
)1(

32
)2(

21 x 

))(( 2
)2(

32
)1(

21
)1(

31
)1(

32
)1(

21
)2(

32 x  . 

But 
)1(

31
)1(

21
)2(

21
)1(

32
)1(

32
)2(

21    and 

)1(
31

)1(
32

)2(
32

)1(
21

)1(
21

)2(
32   which implies 

that 0),)(( 2132 xx  .     
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