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Abstract:
Let R be an associative ring with identity and M be unital non zero R-module. A

submodule N of a module M is called a 6-small submodule of M (briefly N << ; M )if

N+X=M for any proper submodule X of M with M/X singular, we have
X=M.

In this work,we study the modules which satisfies the ascending chain condition
(a. c. ¢.) and descending chain condition (d. c. ¢.) on this kind of submodules .Then
we generalize this conditions into the rings , in the last section we get same results
on 8- supplement submodules and we discuss some of these results on this types of
submodules.
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1.Introduction

Let R be an associative ring with identity and M is a hon zero unital right R-module. A submodule
of R-module A is called essential (A<, M)if every non zero submodule of M has non intersection
with A. M is called singular module if Z(M)=M where Z(M)={x € M:ann(x) <, R} A submodule N of a

module M is called a small submodule of M , denoted by N << M , if N + L = M for any proper
submodule L of M [1].
In [2] Zhou introuced the definition of the concept of 3-small submodule that a submodule N of a

module M is called a 5-small submodule of M (briefly N << ;M )if N+X=M for any proper submodule
X of M with M/X singular, we have X=M.

Let M be an R- module, a submodule X of M is called c-singuler (X< M) if is M/X singular
module.An ideal T of aring R is 6-small ideal if I is 6-small R-submodule of R.
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Remark1-1[3]
1-let A be submodule of R-module M if Ac ,Mthen Ac . M.

2-Let M and N be R-modules and
f: M— N be an epimorphism if Ac. ; M then f(A) . N.

3--Let A and B be submodules of R-moduleM ifAc. ;M and Bc. M. then (AnB)c. M.
4- Every submodule of a singuler module is c-singuler .

Lemma 1.2 [2]:Let M be a module,
1) For submodules N,K , L of M with Kc N then
a) N<<gM if and only if K<<s M and N/K<<; M/K
b) N+L <<sM if and only if N<<sM and L<<;M.
2) If K<<dM and f:M— N ahomo then f(K)<<d N.
) If KlcM1lcM |, K2ZcM2c M, and M=M1®M2 then K1®K2<<d M1® M2 if and only if
K1<<6M and K2 << M2.
4) Let A<B<M, If A<<sM and B is a direct summand then A<<;B.
In [4], If N and L be submodules of a module M.N is called a 5-supplement of L in M if M=N +L and
N N L<<sM.and if every submodules of M. has a -supplement in M.Then M is called a §-supplement
module

An R-module M is said to satisfy the ascending chain condition (a.c.c.) on small submodules.
respectively descending chin condition (d.c.c.) on small submodules if every ascending descending
chain of small submodules Kic K, < Ksc....c K, .. respectively K; o K, o....o K, >
Terminates[5].

In this work,we study the modules which satisfies the ascending chain condition (a. c. ¢.) and

descending chain condition (d. c. c.) on é-small submodules .Then we generalize these conditions into
the rings . In the last section we get some results on 8- supplement submodules and we discuss some

of these results on this types of submodules.

2.Modules with chain conditions on a 6- small submodules

In this section ,we introduce the definition of module which satisfies the ascending chain condition
(a. c. ¢.) and descending chain condition (d. c. ¢.) on &-small submodules as a generalization of chain
condition (a. c. ¢.) and descending chain condition (d. c. ¢.) on small submodules [5] and we study the
relation btween the ring that satisfies (a. c¢. ¢.) and descending chain condition (d. c. c¢.) on -small
ideals..

Definition (2.1): An R-module M is said to be satisfis the ascending chain condition (a.c.c.) on 6-
small submodules. respectively descending chin condition (d.c.c.) on d-small submodules if every
ascending (descending) chain of 8-small submodules Kic K, c Ksc....c K, respectively K; o K,
o.....0 K,o ...terminates.

Since every small submodule is 8- small submodule, The following is clear

Remark (2.2):1f M satisfy the a.c.c.(d.c.c.) on 6-small submodules then M satisfy the a.c.c.(d.c.c.) on
small submodules.

Proposition (2.3):Let M, and M, be two R-modules and R=annM,+annM, .Then

M, © M, satisfies a.c.c.(d.c.c.) on 3-small submodules iff M, and M, satisfies a.c.c.(d.c.c.) on o-
small submodules.
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Proof :Since R=annM, +annM, , let N, @Kic N, @K, N, @ Kzc....c N, @K, be ascending
chain on 3-small submodules of M, ® M, hence, N,c N, cN, c....c N is ascending chain on 3-
small submodules of M, and K;c K, cK;c....c K, . be ascending chain on é-small submodules of
M, . Since M, and M, satisfies a.c.c. on 3-small submodules then 3 t,r € Z" such that N, =N
=..Vi=123,.and K, =K
=1,2,3,

Conversly let N,c N,cN, c....c N  be ascending chain on §-small submodules of M, then

N, @{0}c N, D{0}= N, @ {0}c....c N, ®{0} is an ascending chain of 5-small submodules
of M, ®M, ,then Ime Z" suchthatN , ®{0}=N_,, ©{0}Vi=123thenN =N, Vi
A similar proof for d.c.c.

t+i

Vi=12,3,...take s=max{t,r } hence N+ K.=N_,+ K, =Vi

r+i

Recall that an R-module M is called multiplication if M=MI for some ideal | of R .The following
proposition gives a relation beteen 6- small ideals and 8- small submodules of a a finitely generated
faithful multiplication modules.

Proposition (2.4): Let M be a finitely generated faithful multiplication R- module, and let N= M |,
for some ideal | of R then N is 3-small submodule in M iff | is 3-small ideal in R .
Proof : Assume Nisd-smallinM,andN=M1,letl+J=R, for some c-singler ideal J of R . then

MI+MJ=MR=M. then M=N+MJ,since J is c-singuler ideal in R then J <, R[3,P.32] and by

[6,prop.1.5] MJ .M then MJc. ¢ M and since N is 3-small in M , then MJ=M=RM then J=R [7].
Conversely, Let N+K=M for some c-singler submodule K of M,Since M multiplication R- module ,

then K=MJ, for some ideal Jof R [6] Hence N+ K=M 1+ MJ=M (I +J) =M But M is a finitely
generated faithful multiplication R- module , then | + J = R, Since K=MJc. M | then M/MJ

singular module. Let X € M/MJ, X #MJi.e X isnon zero then XL =0 for some L large ideal in R
then (x+MJ)L = MJ then xLcMJ If xL=0 then L < annM=0(M is faithful) then L=0 which is a
contraduction since L, R then xL# 0. and XLc xR# 0., XLcMJ XRNMJ  ,hence MJc, M then

Jc R [6,Propl.5.] ,thus Jc. s R[3,.p.32] thenJ=R ,J is 3-small ideal in R . thus MJ=MR=M and then

N is 6-small submodule in M.

From the proof of Prop.2.4, we get the following corollary.

Corollary (2.5).Let M be a finitely generated faithful multiplication R- module, and let N= M 1, for
some ideal 1 of RthenN . Miffl . ¢R.

Corollary (2.6) Let M be a finitely generated faithful multiplication R-module, then R satisfies a. c. c.
on c-singuler ideal if and only if M satisfies a. c. c. on c-singuler submodules .

Proof: L,c l,c Iz ..c Ik <.. be an ascending chain of c-singuler ideals in R then by Corollary 2.5
Ml cMbLhcMIzc....c M I c.. is an ascending chain of c-singuler submodules of M . Since M
satisfies a. c. ¢. on c-singuler submodules thenthen3d K € N, ,suchthatM Iy =M Il =.... But
M is a finitely generated faithful module , then I, = I (1=.... V k=1,2,

Conversely , Let N;c N, Nzc.....c Ngc..... be an ascending chain of c-singuler submodule of
M . Since M is a multiplication R-module, then N; =1I; M, for some ideal I; of R foralli . Hence
Ml cMlcMIlz;c....c Ml c... But M is finitely generated then by Corollary 2.5
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Lhclhclhc....c Ikc.... is an ascending chain of c-singuler ideals in R . Since R satisfies a.c.c on
c-singuler ideal , then 3 K e« N, suchthat Iy = I =...... ,hence M Iy =M Ly = ... which
implies Ny =N 1= ...... , that is M satisfies a. c. c. on c-singuler submodule of M .

The following results are sequences of this proposition.

Corollary (2.7):Let M be a finitely generated faithful multiplication R-module, then R satisfies a. c.
c.(d.c. c. ) on é-small ideal if and only if M satisfies a. c. ¢.(d.c. ¢.) on &-small submodules .
Proof : Let N;c N, N3c....© Nk c..... be an ascending chain of &-small submodule of M .

Since M is a multiplication R-module, then N;=1; M, for some ideal I; of R forall i

Hence Ml cMbhcMbc...c Ml c... But M is finitely generated then by proposition (2.4)
hcl,clhc....c Ik c..... is an ascending chain of d-small ideals in R . Since R satisfies a.c.c on -
small ideal , then3 K € N, suchthat Iy =l =...... ,hence MLk=M Iy = ... which implies Ny
=N1=...... , that is M satisfies a. c. c. on 6-small submodules. Conversely , let LLcl,c hc....c
Ik ..... be an ascending chain of 6-small ideals in R, then by Proposition (2.4) Ml;, c M l,c M |5
c....c M I c... is an ascending chain of 5-small submodule of M .Since M satisfies a. c. c. on -small
submodules thenthen3 K e N, ,suchthat M I, =M l.; = .... But M is a finitely generated faithful
module then
Ik =l 1=.. [7]. Thus R satisfies a. c. c. on é6-small ideals of R.

Proposition (2.8): Let M be an R-module, satisfies a. c. ¢. on 6-small submodules .and A is &-small

M
submodule of M then Ksatisﬁes a. c. ¢. on d-small submodules of M
A A, M
Proof: Let K”g T o, be a. c. c. on 5-small submodules of K then A c A c...... But A
) A M .
is 6-small submodule and K«S'K then A <<s; M VI [Lemma 1.2] thus A c A, =.....is an

M
ascending chain of 6-small submodule of M. 3 K e N, ,suchthat A=A  =.....thus N satisfies

a. ¢. ¢. on 6-small submodules Similar proof for (d.c.c.).Hence we have the following result :
Theorem(2.9) : Let M be a finitely generated faithful multiplication R-module, then the following are

equivalent.

1) M satisfies a.c.c (d.c.c) on &-small submodules

2) R satisfies a.c.c (d.c.c) on 5-small ideals .

3) S =End ; (M) satisfies a.c.c (d.c.c) on é-small ideals .

4) M satisfies a.c.c (d.c.c) on 3-small submodules as S- module.

Proof : (1) = (2) By Cor (2.7)
(2) = (3)since M is a finitely generated faithful multiplication R-module, then R=S hence R

satisfies a.c.c(d.c.c) S=End (M) satisfies a.c.c (d.c.c) on 3-small ideals .

(3) = (4) By Cor (2.7)
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(4) = (1) By Cor (2.7) R satisfies a.c.c (d.c.c) on &-small ideals . R=S[7] hence R satisfies
a.c.c(d.c.c) on d-small ideals and by cor (2.7) M satisfies a.c.c (d.c.c) on -small submodules .
3.Modules with chain conditions on 8- supplement submodule

It is known that Rad(M) is the sum of all small submodules of M . In [2]Zhou introduced the
d(M)as a generalization of Rad(M).

Definition 3.1 [2]: Let p be the class of all singular simple modules. For a module M, Let 5(M)
=N{Nc M, M/N ep}be the reject M ofp.

Lemma 3.2: [2,Lemma 1.5] Let M and N be R- modules

1)d(M)=%2{Lc M/Lis &-small submodule of M}

2) If f:M—-N is an R-homomorphism then f (8(N)) < o(N). Therefore &(M) is a fully
invariant submodule of M and M. 8(Rg)< 6(M)

3)IFM =@, M; , then 3(M)=@ 3 (M)

4)If every proper submodule of M is contained in maximal submodule of M then 6(M) is
unique largest 6-small submodule of M.

5)Let m € M then Rm<<; M iff me 5(M).

6)An arbitrary sum of 6-small submodules of M is 6-small submodule of M iff 5(M) <<s M.

Remark (3.3): Let M be a finitly generated R-module . Then for any submodule A of M, A is 6-
small iff Ac 3(M).
Proof :Clear from Lemma 3.2 and [1, Th.2.3.11].

Proposition (3.4): Let M be an R-module then the following are equivelent

a)M satisfies a.c.c (d.c.c) on d-small submodules

b)Every non empty collection of 5-small submodules possesses a maximal (minmal) member.
Proof : Clear.

Proposition (3.5): Let M be an R- module then M satisfies a.c.c on 8-small submodules if and only
if 5(M) is 6-small and every &-small submodule is finitly generated .

Proof: Assume M satisfies a.c.c on 8-small submodules Let p={B:B is a finite sum of &-small
submodules of M } then p is non empty collection of & -small submodules by[lemma 1.2] so by
Prop.2.4 p has maximal element say K hence K is 8-small submodule of M then K < 8(M). [Lemma
3.2,6] .Suppose that there exists x € d(M). and x ¢ K hence Rx is 3-small submodule of M [Lemma
3.2,5] so K+Rx is 8-small submodule thus K+Rxe p and Kc K+Rx this contraduction the
maximality of K then K=§(M) thus 6(M). is 6-small submodule. Consider any &-small submodule A
of M and let G={B:B is finitly generated 5-small submodule of M,Bc M}since the zero submodule is
contained in G,G# ¢ ,by Prop.3.4,G has a maximal element say K,we claim that K=A,Since Ke G ,K
is finitly generated and Kc A.

If K#A then ther exist xe Ax¢ K ,hence K+Rx is member of G ,contining K is contadaction
maximality of K then K=A then A is finitly generated

For the converse,consider I, c l,c lzc.....c Ik c..... an ascending chain of d-small submodules ,let

Izu?"li then 1< 8(M) since forevery i=1,23 1 co6(M) .Butd(M) isd-small submodule of

M so | is &-small submodule of M thus I is finitly generated 1=Rx,+RXx,+....+Rx, now each

n

X; €l for every i so there exisit m such that x,,x,,.....x,, €l, ,But this implis that I= I so

I =1, =....thus M satisfies a.c.c. on §-small submodules .

From remark (3.3) and similer proof of prop.(3.5) we get the following

Corollary (3.6): Let R be aring then R satisfies a.c.c on d-small ideal if and only if every &-small
ideal is finitly generated .

Let N and L be submodules of a module M. N is called a supplement of L in M if M=N +L and

m+.
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N N L<<N.[8]

In [4] If N and L be submodules of a module M . N is called a 5-supplement of L in M if M=N +L and
N n L<<sN.and if every submodules of M. has a &-supplement in M.Then M s called a §-supplement
module R is called a &-supplement if it is supplement as R- module .It is clear that every supplement
submodule is a 3-supplement but the converse is not true [4].
Proposition (3.7): ): Let N and L be submodules of a finitly generated faithful multiplication R-
module M such that N= M I, and L=NJ for some ideals I,J of R then N is &- supplement submodule of
L in M iff T is 6- supplement ideal of J in R
Proof :If N is 6- supplement submodule of L, then M= N + L and NnL<<s; M jthen M1+ M J =M,
MINMJ<<; M hence M(I+J) =M and M(InJ)<<s; M then R=1+J , by prop. 2.4 InJ =<<; | hence I is
8- supplement ideal of J in R
as the same proof the convers is true.

Corollary (3.8): Let M be a finitely generated faithful multiplication R-module, then R satisfies a. c.
c(d.c.c.). on 6- supplement ideal if and only if M satisfies a. ¢. ¢c(d.c.c.). on 8- supplement submodules .

Proof : Let lLclhcl;c....c Ik c..... be an ascending chain of §- supplement ideals of J, in R,
then Ml cMLcMlzc....c Mg c... is an ascending chain of - supplement submodule of J, M in

M Vi=1,2,.byprop.3.7then 3 K € N, ,suchthat M I, =M I, = .... But M is a finitely generated
faithful module , then Iy = I \1=.. [7]. Thus R satisfies a. c. c. on &-supplement ideals of R

Conversely , Let N;c Noc Nzc.....c Ngc..... be an ascending chain of 8- supplement submodule

of L, Vi=12,.. Since M is a multiplication R-module, then N;j=M1; andL,=MJ, whereJ,, [
ideals of R foralli by prop. 4.1 I; are d-supplement ideals of J, inR, hence lhclLcl;c....c
Ik <..... is an ascending chain of &- supplement ideals of J, in R . Since R satisfies a.c.c on &-

supplement ideal , then 3 K € N, suchthat Iy =l =...... ,hence M Iy =M Iy = ... which
implies Nk =N 1= ...... , that is M satisfies a. c. c. on 3- supplement submodules.

The same argument for d.c.c. condition hence omitted.
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