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Abstract 

      This research aims to study the behavior of solutions of second-order neutral 

differential equations with periodic coefficients. Some necessary and sufficient 

conditions have been obtained that classify all solutions of these equations into three 

categories: either oscillatory, non-oscillatory, and convergent to zero, or non-

oscillatory and divergent. The extent to which periodic coefficients influence the 

occurrence of oscillation, convergence, or divergence for each solution has been 

explained. The equation under consideration contained a variable  delay and a constant 

delays in which the coefficients are periodic. Not much previous research has 

discussed the oscillation of solutions of second-order neutral equations with periodic 

coefficients.  In each case, some illustrative examples have been provided that 

illustrate the ease of achieving the conditions for the obtained results. 

 

Keywords: Oscillation, Neutral differential equations,  Periodic coefficients, Second 

Order. 

 

 تذبذب و تقارب حلول المعادلات التفاضلية المحايدة من الرتبة الثانية ذات المعاملات الدورية
 

 *ديار كامل نغميش , حسين علي محمد
العلوم للبنات، جامعة بغداد، بغداد، العراق قسم الرياضيات، كلية    

 
 الخلاصة  

يهدف هذا البحث إلى دراسة سلوك حلول المعادلات التفاضلية المحايدة من الرتبة الثانية ذات المعاملات      
الدورية. لقد تم الحصول على بعض الشروط الضرورية والكافية التي تصنف جميع حلول هذه المعادلات إلى  

متذبذبة ومتباعدة. وتم توضيح مدى  ثلاث فئات: إما متذبذبة  او غير متذبذبة ومتقاربة إلى الصفر، أو غير 
تأثير المعاملات الدورية على حدوث التذبذب أو التقارب أو التباعد لكل حل. تحتوي المعادلة قيد النظر على  

تبأطؤ متغير وتباطؤ ثابت تكون فيه المعاملات دورية. لم تناقش الكثير من الأبحاث السابقة تذبذب حلول  
رتبة الثانية ذات المعاملات الدورية. وفي كل حالة تم تقديم بعض الأمثلة التوضيحية  المعادلات المحايدة من ال

 .التي توضح سهولة تحقيق شروط النتائج المتحصل عليها

 
1. Introduction  

     Consider the neutral equation with periodic coefficients (NEPC): 
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 [𝜑(𝑡) − 𝑝(𝑡)𝜑(𝜏(𝑡))]′′  + ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) = 0.             (1.1)  

𝑝 ∈ 𝐶[[𝑡0, ∞); 𝑅+],   𝜏, 𝑄𝑖 ∈ 𝐶[[𝑡0, ∞); 𝑅 ], 𝜏(𝑡) is increasing function and  lim
𝑡→∞

𝜏(𝑡) = ∞,

𝑄𝑖 are periodic of period 𝜎, 𝜎𝑖 = 𝑚𝑖 𝜎, 𝑚𝑖 ∈ 𝑁, 𝑖 = 1,2, ⋯ , 𝑛. 
𝜎𝑚𝑖𝑛 = min{𝜎𝑖 ,   𝑖 = 1 , 2, ⋯ , 𝑛 } > 0,   𝜎𝑚𝑎𝑥 = max{ 𝜎𝑖 ,   𝑖 =  1,2, ⋯ , 𝑛 },  𝑄(𝑡) ≢ 0 for 𝑡 ≥
0. Let 

𝜓(𝑡) = 𝜑(𝑡) − 𝑝(𝑡)𝜑(𝜏(𝑡)),   𝑡 ≥ 𝑡0.                           (1.2) 

 

     A function 𝜑(𝑡) is said to be a solution of eq.(1.1) if 𝜑(𝑡) − 𝑝(𝑡)𝜑(𝜏(𝑡)) ∈
C2[[𝜏(𝑡0), ∞); 𝑅] and 𝜑(𝑡) satisfies eq.(1.1). A solution 𝜑(𝑡) is said to be oscillate, if there 

exists a sequence  {𝑡𝑚}, 𝑡𝑚 → ∞ as 𝑚 → ∞ such that  𝜑(𝑡𝑚) = 0 [3]. As we indicated in the 

abstract there is a paucity of published research on the topic of oscillation of solutions of neutral 

equations with periodic coefficients. However, some papers that discussed this topic or similar 

to it in somewhat will be presented.  Barnes [1] obtained conditions on the coefficients that 

ensure that all solutions of the differential equation are bounded, based on the well-known 

result, which states that all solutions of the Hill equation 𝑦̈ + 𝑝(𝑡)𝑦 = 0 are bounded, if 

𝑝(𝑡 + 𝑇) = 𝑝(𝑡) > 0, and if ∫ 𝑝(𝑡)𝑑𝑡 <
4

𝑇

𝑇

0
. Cheng et al. [2] discussed a type of neutral second-

order differential equation with delay and variable coefficient: (𝑥(𝑡) − 𝑎(𝜃)𝜑(𝜃 − 𝜌(𝜃)))′′ +
𝑏(𝜃)𝜑(𝜃)  =  𝑓(𝜃, 𝜑(𝜃 − 𝛾(𝜃))). They used Krasnoselsky's fixed point theorem and the 

properties of the neutral factor (𝐴𝜑)(𝜃) ∶=  𝜑(𝜃) − 𝑎(𝑡)𝜑(𝜃 − 𝜌(𝜃)) and some sufficient 

conditions for the existence of periodic solutions were reached. Ladas et al.[3] studied (NEPC) 

and prove that the equation 

[φ(t) − pφ(t − τ)]′  + Q(t)φ(t − σ) = 0,                                      (E1) 

oscillates, if and only if   [ω(t) − pω(t − τ)]′ + ω(t − σ) = 0 oscillates. Liu et al. [4] 

investigated the existence of oscillatory solutions of forced second-order nonlinear differential 

equations where 𝛷(𝑣) = 𝑣𝜂 is an increasing function 𝜂 is the ratio of two positive odd integers. 

Some sufficient conditions for the global existence of the oscillatory solution are obtained by 

the Schauder–Tychonoff theorem. Mohamad et al.[5] studied the oscillation property of the 

second order half linear dynamic equation, where some sufficient conditions were obtained to 

ensure the oscillation of all solutions of that equation. Mohamad et al.[6] discussed the 

oscillation criteria for nonlinear systems of neutral differential equations. Sufficient conditions 

were obtained to ensure that all bounded solutions to this system either oscillate or converge to 

zero as 𝑡→ ∞. Neghmish et al. [7] discussed the oscillation of solutions of neutral equations of 

the first order with periodic coefficients of period 𝜎𝑖. Sufficient conditions have been obtained 

to ensure that all solutions of equations with periodic coefficients oscillate. Qaraada et al. [8] 

standards for oscillation were obtained by studying the oscillatory behavior of solutions of 

third-order equations of the form: (𝑓(𝑡)(𝑦′′(𝑡))
𝛾

)′ + ∫ 𝑝(𝑡, 𝑣)𝑥𝛾(𝑠(𝑡, 𝑣))
𝑏

𝑎
𝑑𝑣 = 0,  where 

𝑦(𝑡) = 𝑥(𝑡) + 𝑝(𝑡)𝑥(𝜏(𝑡)). Tunç et al. [9] established some specific assumptions that 

guarantee the asymptotic stability of a trivial solution of a neutral linear differential equation 

with periodic coefficients, also they estimated the decay rate of the solutions of the equation 

under consideration to reach the desired results. Li et al. [10] studied the oscillatory behavior 

of a class of second-order neutral differential equations under the assumptions that allow 

applications to differential equations with both delayed and advanced arguments. Yoshida [11] 

showed that the characteristic criteria can be expressed precisely for a type of second-order 

linear ordinary differential equation with periodic coefficients (Hill's equation) which appear 

as covariant equations for some periodic solutions of dynamical systems. The main purpose of 

this paper is to obtain sufficient conditions that guarantee the oscillation or convergence of all 
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solutions of second-order neutral differential equations with periodic coefficients and to 

demonstrate the effect of the periodicity of these coefficients on oscillation. 

 

2. Main results  

In this section, some results were presented that guarantee either the oscillation of all solutions 

of equation (1.1) or the convergence of non-oscillation solutions to zero or divergence. 

 

Theorem 1.  Assume that  𝑄𝑖(𝑡) ≥ 0 , 0 ≤ 𝑝(𝑡) ≤ 𝑝0 < 1 , 𝜏(𝑡) ≤  𝑡 and 

 𝑛𝜎̂ > 1,    𝜎̂ = min
𝑖

∫ 𝑄𝑖(𝑡)
𝜎

0

𝑑𝑡 ,   𝑖 = 1,2, … , 𝑛.                    (2.1) 

Then every solution 𝜑(𝑡) of eq. (1.1) either oscillates or tends to zero or |𝜑(𝑡)| → ∞  as  𝑡 →
∞. 

Proof. Suppose that 𝜑(𝑡) be a nonoscillatory solution of eq.(1.1), and let  𝜑(𝑡) > 0, 𝜑(𝜏(𝑡)) >
0, 𝜑(𝑡 − 𝜎𝑖) > 0, 𝑡 ≥ 𝑡0  then    

𝜓′′(𝑡) = − ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≤ 0,   𝑡 ≥ 𝑡0.                  (2.2)  

Hence 𝜓′(𝑡)  is nonincreasing function, so either  𝜓′(𝑡) < 0  or  𝜓′(𝑡) > 0   for  𝑡 ≥ 𝑡1 ≥ 𝑡0. 

Case 1. If  𝜓′(𝑡) < 0, 𝑡 ≥ 𝑡1, then there is 𝑡2 ≥ 𝑡1 such that 𝜓(𝑡) < 0 and lim
𝑡→∞

𝜓(𝑡) = −∞,   

then from (1.2) yields 

𝜑(𝑡) < 𝑝(𝑡)𝜑(𝜏(𝑡)) ≤ 𝜑(𝜏(𝑡)), 𝑡 ≥ 𝑡1 that is  𝜑(𝑡) is positive decreasing, so it is bounded, 

on the other side (1.2) leads to  𝜓(𝑡) ≥ −𝑝(𝑡)𝜑(𝜏(𝑡)) > −𝜑(𝜏(𝑡)) that is 

𝜑(𝜏(𝑡)) > − 𝜓(𝑡) 

Hence lim
𝑡→∞

𝜑(𝑡) = ∞, this leads to a contradiction, so case 1, cannot be occurred. 

Case 2. Let  𝜓′(𝑡) > 0, 𝑡 ≥ 𝑡1,  so either  𝜓(𝑡) < 0 or 𝜓(𝑡) > 0, 𝑡 ≥ 𝑡2 ≥ 𝑡1, thus there are  

two possible subcases to consider: 

Case 2.1. 𝜓(𝑡) < 0,   𝑡 ≥ 𝑡2 ≥ 𝑡1, let lim
𝑡→∞

𝜓(𝑡) = 𝐿 ≤ 0, we claim that 𝐿 = 0,  otherwise, 

 𝜓(𝑡) ≤ 𝐿 < 0,  then there is 𝑡3 ≥ 𝑡2 such that (1.2) leads to 

𝜓(𝑡) ≥ −𝑝(𝑡)𝜑(𝜏(𝑡)) ≥ −𝜑(𝜏(𝑡)), that is  −𝜑(𝑡) ≤ 𝜓(𝜏−1(𝑡)), 

− 𝜑(𝑡 − 𝜎𝑖) ≤ 𝜓(𝜏−1(𝑡 − 𝜎𝑖)) ,   𝑡 ≥ 𝑡3,   𝑖 = 1,2, … , 𝑛.                      (2.3) 

Therefore eq. (1.1) is reduced to    

𝜓′′(𝑡) = − ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≤ ∑ 𝑄𝑖(𝑡)𝜓(𝜏−1(𝑡 − 𝜎𝑖))

𝑛

𝑖=1
,   (2.4) 

𝜓′′(𝑡) ≤ 𝐿 ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
,   𝑡 ≥ 𝑡3.                             (2.5) 

Integrating inequality (2.5) from 𝑡 to 𝑡 + 𝜎 yields   

𝜓′(𝑡 + 𝜎) − 𝜓′(𝑡) ≤ 𝐿 ∫ ∑ 𝑄𝑖(𝑠)
𝑛

𝑖=1

𝑡+𝜎

𝑡

𝑑𝑠, 

𝜓′(𝑡) ≥ −𝐿𝑛𝜎̂,   where   𝜎̂ = min
𝑖

∫ 𝑄𝑖(𝑡)
𝜎

0

𝑑𝑡 , 𝑖 = 1,2, … , 𝑛.    

Integrating the last inequality from 𝑡3 to 𝑡  we get   

𝜓(𝑡) − 𝜓(𝑡3) ≥ −𝐿𝑛𝜎̂(𝑡 − 𝑡3),                          (2.6) 

Letting 𝑡 → ∞, one can conclude that (2.6) implies lim
𝑡→∞

𝜓(𝑡) = ∞,  we get a contradiction. 

Hence 𝐿 = 0,  since 𝜓(𝑡) < 0 it follows that  𝜑(𝑡) ≤ 𝑝(𝑡)𝜑(𝜏(𝑡)) < 𝜑(𝜏(𝑡)) , so 𝜑(𝑡) is 

decreasing function and positive, let lim
𝑡→∞

𝜑(𝑡) = 𝑙 ≥ 0,  𝜓(𝑡) = 𝜑(𝑡) − 𝑝(𝑡)𝜑(𝜏(𝑡)) ≥

𝜑(𝑡) − 𝑝0𝜑(𝜏(𝑡)),   

letting  𝑡 → ∞, we obtain  0 ≥ (1 − 𝑝0)𝑙,  which is possible only when 𝑙 = 0. 
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Case 2.2. 𝜓(𝑡) > 0, 𝜓′(𝑡) > 0,   𝑡 ≥ 𝑡1 ≥ 𝑡0, in this case there is  𝑘 > 0 such that  𝜓(𝑡) ≥ 𝑘,  
from (1.2) 

𝜓(𝑡) ≤ 𝜑(𝑡),   𝑡 ≥ 𝑡2 ≥ 𝑡1,                            (2.7) 

then eq. (1.1) is reduced to  

𝜓′′(𝑡) ≤ − ∑ 𝑄𝑖(𝑡)𝜓(𝑡 − 𝜎𝑖)
𝑛

𝑖=1
≤ −𝑘 ∑ 𝑄𝑖(𝑡)

𝑛

𝑖=1
.         (2.8) 

Integrating (2.8) from  𝑡 to  𝑡 + 𝜎 to get  

𝜓′(𝑡 + 𝜎) − 𝜓′(𝑡) ≤ −𝑘 ∫ ∑ 𝑄𝑖(𝑠)
𝑛

𝑖=1

 𝑡+𝜎

𝑡

𝑑𝑠, 

 𝜓′(𝑡) ≥ 𝑘𝑛𝜎̂ 

Integrating from  𝑡2 to  𝑡  to get  

𝜓(𝑡) − 𝜓(𝑡2) ≥ 𝑘𝑛𝜎̂(𝑡 − 𝑡2) 

As 𝑡 → ∞ one can get that 

  lim
𝑡→∞

𝜓(𝑡) = ∞,  hence (2.7) implies lim
𝑡→∞

𝜑(𝑡) = ∞.          □ 

 

Theorem 2. Suppose that Qi(t) ≤ 0, 1 < p0 ≤ p(t) ≤ k, τ(t) ≥ t and  

𝑛𝜎̌ > 1,     𝜎̌ = min
𝑖

∫ |𝑄𝑖(𝑡)|
𝜎

0

𝑑𝑡 ,   𝑖 = 1, … , 𝑛.             (2.9) 

Then every solution φ(t) of eq. (1.1) either oscillates or tends to zero or |φ(t)| → ∞  as  t →
∞. 

Proof. Suppose that eq.(1.1) has non-oscillatory solution 𝜑(𝑡), let  𝜑(𝑡) > 0, 𝜑(𝜏(𝑡)) > 0,

𝜑(𝑡 − 𝜎𝑖) > 0, 𝑖 = 1, … , 𝑛 , 𝑡 ≥ 𝑡0.  Then 

𝜓′′(𝑡) = ∑ |𝑄𝑖(𝑡)|
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≥ 0,               (2.10) 

Hence 𝜓′(𝑡)  is nondecreasing function, so either  𝜓′(𝑡) > 0  or  𝜓′(𝑡) < 0   for  𝑡 ≥ 𝑡1 ≥ 𝑡0. 

Case 1. If  𝜓′(𝑡) > 0, 𝑡 ≥ 𝑡1, then there is 𝑡2 ≥ 𝑡1 such that 𝜓(𝑡) > 0 and lim
𝑡→∞

𝜓(𝑡) = ∞.  

From (1.2) one can obtain  𝜑(𝑡) ≥  𝑝(𝑡)𝜑(𝜏(𝑡)) ≥ 𝜑(𝜏(𝑡)), so 𝜑(𝑡) is nonincreasing, but on 

the other side  𝜓(𝑡) ≤ 𝜑(𝑡) which implies lim
𝑡→∞

𝜑(𝑡) = ∞, we get a contradiction. Therefore, 

case 1 cannot occur.  

Case 2. Let  𝜓′(𝑡) < 0, 𝑡 ≥ 𝑡1,   so either  𝜓(𝑡) < 0 or 𝜓(𝑡) > 0, 𝑡 ≥ 𝑡2 ≥ 𝑡1, thus there are  

two possible subcases to consider: 

Case 2.1. 𝜓(𝑡) > 0,   𝑡 ≥ 𝑡2 ≥ 𝑡1, let lim
𝑡→∞

𝜓(𝑡) = 𝐿 ≥ 0, we claim that 𝐿 = 0,  otherwise 

 𝜓(𝑡) ≥ 𝐿 > 0,  then there is 𝑡3 ≥ 𝑡2 such that (1.2) yields  

𝜓(𝑡) ≤ 𝜑(𝑡), that is  𝜓(𝑡 − 𝜎𝑖) ≤ 𝜑(𝑡 − 𝜎𝑖). 
From equation (2.10) the following can be concluded   

𝜓′′(𝑡) = ∑ |𝑄𝑖(𝑡)|
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≥ ∑ |𝑄𝑖(𝑡)|

𝑛

𝑖=1
𝜓(𝑡 − 𝜎𝑖), (2.11) 

𝜓′′(𝑡) ≥ 𝐿 ∑ |𝑄𝑖(𝑡)|
𝑛

𝑖=1
,   𝑡 ≥ 𝑡3.         (2.12) 

Integrating inequality (2.12) from 𝑡 to 𝑡 + 𝜎  

𝜓′(𝑡 + 𝜎) − 𝜓′(𝑡) ≥ 𝐿 ∫ ∑ |𝑄𝑖(𝑠)|
𝑛

𝑖=1

𝑡+𝜎

𝑡

𝑑𝑠, 

−𝜓′(𝑡) ≥ 𝐿𝑛𝜎̌   where     𝜎̌ = min
𝑖

∫ |𝑄𝑖(𝑡)|
𝜎

0

𝑑𝑡 ,   𝑖 = 1, … , 𝑛. 

𝜓′(𝑡) ≤ −𝐿𝑛𝜎̌,    𝑡 ≥ 𝑡3.                                 (2.13) 

Integrating inequality (2.13) from 𝑡 to 𝑡 + 𝜎̌ we get   

𝜓(𝑡 + 𝜎̌) − 𝜓(𝑡) ≤ −𝐿𝑛𝜎̌2 
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𝜓(𝑡) ≥ 𝐿𝑛𝜎̌2,   𝑡 ≥ 𝑡4 ≥ 𝑡3.                             (2.14) 

Substituting (2.14) in (2.11) to obtain 

𝜓′′(𝑡) ≥  𝐿𝑛𝜎̌2 ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
,   𝑡 ≥ 𝑡3 ≥ 𝑡2.              

Repeating this procedure 𝑚 times to get 

𝜓(𝑡) ≥ 𝐿𝑛𝑚𝜎̌𝑚+2.                                                   (2.15) 

Letting 𝑚 → ∞, inequality (2.15) leads to lim
𝑡→∞

𝜓(𝑡) = ∞   a contradiction since 𝜓(𝑡) is 

decreasing. Hence 𝐿 = 0,  since 𝜓(𝑡) > 0 it follows that  𝜑(𝑡) ≥ 𝑝(𝑡)𝜑(𝜏(𝑡)) > 𝜑(𝜏(𝑡)) , 

so 𝜑(𝑡) is decreasing function, let  lim
𝑡→∞

𝜑(𝑡) = 𝑙 ≥ 0, 

𝜓(𝑡) = 𝜑(𝑡) − 𝑝(𝑡)𝜑(𝜏(𝑡)) ≤ 𝜑(𝑡) − 𝑝0𝜑(𝜏(𝑡)), 

Letting 𝑡 → ∞, we obtain  0 ≤ (1 − 𝑝0)𝑙,  which is possible only when 𝑙 = 0. 

Case 2.2. 𝜓(𝑡) < 0, 𝜓′(𝑡) < 0, 𝑡 ≥ 𝑡2 ≥ 𝑡1, there exist 𝑏 > 0, such that 𝜓(𝑡) ≤ −𝑏, from 

(1.2) 

𝜓(𝑡) ≥ −𝑝(𝑡)𝜑(𝜏(𝑡)),   𝑡 ≥ 𝑡2 ≥ 𝑡1, that is  𝜑(𝜏(𝑡)) ≥ −
𝜓(𝑡)

𝑝(𝑡)
,   𝑡 ≥ 𝑡2 ≥ 𝑡1, or 

  𝜑(𝑡) ≥ −
𝜓(𝜏−1(𝑡))

𝑝(𝜏−1(𝑡))
,   𝑡 ≥ 𝑡2 ≥ 𝑡1.                 (2.16) 

then eq. (2.10) is reduced to  

𝜓′′(𝑡) ≥ − ∑ |𝑄𝑖(𝑡)|
𝑛

𝑖=1

𝜓(𝜏−1(𝑡 − 𝜎𝑖))

𝑝(𝜏−1(𝑡 − 𝜎𝑖))
≥

𝑏

𝑘
∑ |𝑄𝑖(𝑡)|

𝑛

𝑖=1
.         (2.17) 

Integrating (2.17) from  𝑡 to  𝑡 + 𝜎 to get  

𝜓′(𝑡 + 𝜎) − 𝜓′(𝑡) ≥
𝑏

𝑘
∫ ∑ |𝑄𝑖(𝑠)|

𝑛

𝑖=1

 𝑡+𝜎

𝑡

𝑑𝑠, 

 𝜓′(𝑡) ≤ −
𝑏

𝑘
𝑛𝜎̌ 

Integrating from  𝑡2 to  𝑡  to get  

𝜓(𝑡) − 𝜓(𝑡2) ≤ −
𝑏

𝑘
𝑛𝜎̌(𝑡 − 𝑡2) 

As 𝑡 → ∞ one can get   lim
𝑡→∞

𝜓(𝑡) = −∞.  From (2.16) can be obtained  

 𝜑(𝑡) ≥ −
𝜓(𝜏−1(𝑡))

𝑘
,   𝑡 ≥ 𝑡2, which implies   lim

𝑡→∞
𝜑(𝑡) = ∞.      □ 

Theorem 3.  Assume that  𝑄𝑖(𝑡) ≥ 0 , 1 < 𝑝0 ≤ 𝑝(𝑡) ≤ 𝑘 , 𝜏(𝑡) ≤ 𝑡 and 

∏ 𝑝(𝜏−𝑖(𝑇))
∞

𝑖=0
< ∞,   𝑇 ≥ 𝑡0.                               (2.18) 

Then every solution 𝜑(𝑡) of eq.(1.1) either oscillates or tends to zero or  lim
𝑡→∞

𝜑(𝑡) = ∞. 

Proof. Suppose that 𝜑(𝑡) be a non-oscillatory solution of eq.(1.1), and let  𝜑(𝑡) > 0,
𝜑(𝜏(𝑡)) > 0, 𝜑(𝑡 − 𝜎𝑖) > 0  then  

𝜓′′(𝑡) = − ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≤ 0, 𝑡 ≥ 𝑡0.                    

Hence 𝜓′(𝑡)  is nonincreasing function, so either  𝜓′(𝑡) < 0  or  𝜓′(𝑡) > 0   for  𝑡 ≥ 𝑡1 ≥ 𝑡0. 

Case 1. If  𝜓′(𝑡) < 0, 𝑡 ≥ 𝑡1,  hence 𝜓′(𝑡) < 0, 𝜓(𝑡) < 0 and   lim
𝑡→∞

𝜓(𝑡) = −∞, then there is 

𝑡2 ≥ 𝑡1 and 𝛿 > 0 such that  𝜓(𝑡) ≤ −𝛿, 𝑡 ≥ 𝑡2. From (1.2) it follows  

𝜑(𝑡2) =  𝜓(𝑡2) + 𝑝(𝑡2)𝜑(𝜏(𝑡2)) ≤ −𝛿 + 𝑝(𝑡2)𝜑(𝜏(𝑡2) 

𝜑(𝜏−1(𝑡2)) ≤ −𝛿 + 𝑝(𝜏−1(𝑡2))𝜑(𝑡2) ≤ −𝛿 + 𝑝(𝜏−1(𝑡2))[−𝛿 + 𝑝(𝑡2)𝜑(𝜏(𝑡2))] 

𝜑(𝜏−1(𝑡2)) ≤ −𝛿(1 + 𝑝(𝜏−1(𝑡2)) + 𝑝 (𝜏−1(𝑡2))𝑝(𝑡2)𝜑(𝜏(𝑡2)),  
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𝜑(𝜏−2(𝑡2)) ≤ −𝛿[1 + 𝑝(𝜏−2(𝑡2)) + 𝑝(𝜏−2(𝑡2))𝑝(𝜏−1(𝑡2))]

+ 𝑝(𝜏−2(𝑡2))𝑝(𝜏−1(𝑡2))𝑝(𝑡2)𝜑(𝜏(𝑡2)) 

𝜑(𝜏−𝑚(𝑡2)) ≤ −𝛿(1 + ∑ ∏ 𝑝(𝜏𝑗−𝑚(𝑡2))
𝑚−𝑖−1

𝑗=0

𝑚−1

𝑖=0
+ 𝜑(𝜏(𝑡2)) ∏ 𝑝(𝜏−𝑖(𝑡2))

𝑚

𝑖=0
 (2.19) 

As 𝑚 → ∞ then it follows from (2.19), lim
𝑚→∞

𝜑(𝜏−𝑚(𝑡2)) = −∞, which is a contradiction.   

Case 2. Let  𝜓′(𝑡) > 0, 𝑡 ≥ 𝑡1,  so either  𝜓(𝑡) > 0 or 𝜓(𝑡) < 0, 𝑡 ≥ 𝑡2 ≥ 𝑡1. 

Case 2.1 𝜓(𝑡) > 0, 𝑡 ≥ 𝑡2,  so there is a constant 𝑏 > 0 such that 𝜓(𝑡) ≥ 𝑏, from (1.2) it follows 

that 

𝜑(𝑡) ≥ 𝑝(𝑡)𝜑(𝜏(𝑡)) > 𝜑(𝜏(𝑡)),   𝑡 ≥ 𝑡2. 

Hence 𝜑(𝑡) is increasing for  𝑡 ≥ 𝑡2,  also from (1.2) we obtain  

𝜑(𝑡) ≥ 𝜓(𝑡),  then eq. (1.1) is reduced to 

𝜓′′(𝑡) = − ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≤ − ∑ 𝑄𝑖(𝑡)

𝑛

𝑖=1
𝜓(𝑡 − 𝜎𝑖).      (2.20) 

𝜓′′(𝑡) ≤ −𝑏 ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
, 𝑡 ≥ 𝑡3 ≥ 𝑡2 .      (2.21) 

Integrating (2.21) from 𝑡 to 𝑡 + 𝜎  to get  

𝜓′(𝑡 + 𝜎) − 𝜓′(𝑡) ≤ −𝑏 ∫ ∑ 𝑄𝑖(𝑠)𝑑𝑠
𝑛

𝑖=1

𝑡+𝜎

𝑡

 

𝜓′(𝑡) ≥ 𝑏 ∑ ∫ 𝑄𝑖(𝑠)𝑑𝑠
𝜎

0

𝑛

𝑖=1
≥ 𝑛𝑏𝜎̂.               (2.22) 

Where  𝜎̂ = min
𝑖

∫ 𝑄𝑖(𝑠)
𝜎

0
𝑑𝑠, 𝑖 = 1, … , 𝑛.  Integrating (2.22) from 𝑡3 to 𝑡  to obtain  

𝜓(𝑡) −  𝜓(𝑡3) ≥ 𝑛𝑏𝜎̂(𝑡 − 𝑡3) 

As 𝑡 → ∞  one can find that  𝜓(𝑡) → ∞ , since 𝜑(𝑡) ≥ 𝜓(𝑡),  hence 𝜑(𝑡) → ∞. 
Case 2.2. 𝜓(𝑡) < 0,   𝑡 ≥ 𝑡1, let lim

𝑡→∞
𝜓(𝑡) = 𝐿 ≤ 0, we claim that 𝐿 = 0,  otherwise  𝜓(𝑡) ≤

𝐿 < 0,  then there is 𝑡2 ≥ 𝑡1 such that from (1.2) yields 

𝜓(𝑡) ≥ −𝑝 (𝑡)𝜑(𝜏(𝑡) ≥ −𝑘𝜑(𝜏(𝑡)), that is  −𝜑(𝑡) ≤
𝜓(𝜏−1(𝑡))

𝑘
, 

−𝜑(𝑡 − 𝜎𝑖) ≤
𝜓(𝜏−1(𝑡 − 𝜎𝑖))

𝑘
,   𝑡 ≥ 𝑡2,   𝑖 = 1,2, … , 𝑛.      

Then eq.(1.1) leads to  

𝜓′′(𝑡) = − ∑ 𝑄𝑖(𝑡)
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≤ ∑ 𝑄𝑖(𝑡)

𝑛

𝑖=1

𝜓(𝜏−1(𝑡 − 𝜎𝑖))

𝑘
    

𝜓′′(𝑡) ≤
𝐿

𝑘
∑ 𝑄𝑖(𝑡)

𝑛

𝑖=1
, 𝑡 ≥ 𝑡2.                    (2.23) 

Integrating (2.23) from 𝑡 to 𝑡 + 𝜎  to get  

𝜓′(𝑡 + 𝜎) − 𝜓′(𝑡) ≤
𝐿

𝑘
∫ ∑ 𝑄𝑖(𝑠)𝑑𝑠

𝑛

𝑖=1

𝑡+𝜎

𝑡

 

𝜓′(𝑡) ≥ −
𝐿

𝑘
 ∑ ∫ 𝑄𝑖(𝑠)𝑑𝑠

𝜎

0

𝑛

𝑖=1
≥ −

𝑛𝐿𝜎̂

𝑘
.               (2.24) 

Integrating (2.24) from  𝑡2 to  𝑡  to get  

𝜓(𝑡) − 𝜓(𝑡2) ≥ −
𝑛𝐿𝜎̂

𝑘
(𝑡 − 𝑡2) 

As 𝑡 → ∞ one can get that  lim
𝑡→∞

𝜓(𝑡) =  ∞, a contradiction, hence  𝐿 = 0. 

𝜑(𝑡) = 𝜓(𝑡) + 𝑝(𝑡)𝜑(𝜏(𝑡)) ≥ 𝜓(𝑡) + 𝑝0𝜑(𝜏(𝑡)),   
𝜑(𝜏−1(𝑡)) ≥ 𝜓(𝜏−1(𝑡)) + 𝑝0𝜑(𝑡).                          (2.25) 
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 Let lim sup
𝑡→∞

𝜑(𝑡) = 𝑙 ≥ 0, so there exists a sequence {𝑡𝑛}, 𝑡𝑛 → ∞ as 𝑛 → ∞  such that 

lim 
𝑛→∞

𝜑(𝑡𝑛) = 𝑙, hence (2.25) leads to 

𝜑(𝜏−1(𝑡𝑛)) ≥ 𝜓(𝜏−1(𝑡𝑛)) + 𝑝0𝜑(𝑡𝑛).   

As 𝑛 → ∞  it follows that 𝑙 ≥ 𝑝0𝑙, that is (1 − 𝑝0)𝑙 ≥ 0, which is possible only when 𝑙 = 0.       
Thus lim 

𝑡→∞
𝜑(𝑡) = 0.      □ 

Theorem 4.  Assume that  𝑄𝑖(𝑡) ≤ 0 , 0 < 𝑝(𝑡) ≤ 𝑝0 < 1, 𝜏(𝑡) ≥ 𝑡 and 

lim sup
𝑚→∞

(∏
1

𝑝(𝜏𝑖−1(𝑇))

𝑚

𝑖=0
− (𝑚 + 1)𝛿) < ∞,   𝑇 ≥ 𝑡0.                      (2.26) 

Then every solution 𝜑(𝑡) of eq.(1.1) either oscillates or tends to zero or  lim
𝑡→∞

|𝜑(𝑡)| = ∞. 

Proof. Suppose that 𝜑(𝑡) be a nonoscillatory solution of eq.(1.1), and let  𝜑(𝑡) > 0, 𝜑(𝜏(𝑡) >
0, 𝜑(𝑡 − 𝜎𝑖) > 0, 𝑡 ≥ 𝑡0  then eq.(1.1) reduce to 

𝜓′′(𝑡) = ∑ |𝑄𝑖(𝑡)|
𝑛

𝑖=1
𝜑(𝑡 − 𝜎𝑖) ≥ 0,   𝑡 ≥ 𝑡0.   

Hence 𝜓′(𝑡)  is nondecreasing function, so either  𝜓′(𝑡) > 0  or  𝜓′(𝑡) < 0   for  𝑡 ≥ 𝑡1 ≥ 𝑡0. 

Case 1. If  𝜓′(𝑡) > 0, 𝑡 ≥ 𝑡1,  hence  𝜓(𝑡) > 0 and   lim
𝑡→∞

𝜓(𝑡) = ∞, then there is 𝑡2 ≥ 𝑡1 and 

𝛿 > 0, such that 𝜓(𝑡) ≥ 𝛿, 𝑡 ≥ 𝑡2. From (5.2) it follows   𝑝(𝑡2) 𝜑(𝜏(𝑡2)) =  𝜑(𝑡2) −   𝜓(𝑡2) 

𝜑(𝜏(𝑡2)) =
1

𝑝(𝑡2)
[𝜑 (𝑡2) − 𝜓(𝑡2) =

1

𝑝(𝑡2)
 𝜑(𝑡2) −

1

𝑝(𝑡2)
 𝜓(𝑡2) ≤

1

𝑝(𝑡2)
 𝜑(𝑡2) − 𝛿, 

𝜑(𝑡2) ≤
1

𝑝(𝜏−1(𝑡2))
 𝜑(𝜏−1(𝑡2))– 𝛿. 

𝜑(𝜏(𝑡2)) ≤
1

𝑝(𝑡2)
 𝜑(𝑡2) − 𝛿,     

  ≤
1

𝑝(𝑡2)
[

1

𝑝(𝜏−1(𝑡2))
 𝜑(𝜏−1(𝑡2))– 𝛿   ] – 𝛿,                  

≤
1

𝑝(𝑡2)𝑝(𝜏−1(𝑡2))
 𝜑(𝜏−1(𝑡2)) − 2𝛿,                           

      𝜑 (𝜏(𝜏(𝑡2)))  ≤  
1

𝑝(𝑡2)𝑝(𝜏(𝑡2))
 𝜑(𝑡2) − 2𝛿,    

  𝜑(𝜏2(𝑡2)) ≤
1

𝑝(𝑡2)𝑝(𝜏(𝑡2))𝑝(𝜏−1(𝑡2))
 𝜑(𝜏−1(𝑡2))– 3𝛿.            

Repeating this procedure 𝑚 times to get 

𝜑(𝜏𝑚(𝑡2)) ≤ 𝜑(𝜏−1(𝑡2)) ∏
1

𝑝(𝜏𝑖−1(𝑡2))

𝑚

𝑖=0
− (𝑚 + 1)𝛿.  (2.27) 

As 𝑚 → ∞, taking into account condition (2.26), it can be concluded that (5.27) implies 

 limsup
𝑡→∞

𝜑(𝑡) < ∞. On the other side,  lim
𝑡→∞

𝜓(𝑡) = ∞ implies that lim
𝑡→∞

𝜑(𝑡) = ∞,  we get a 

contradiction.   

Case 2 If 𝜓′(𝑡) < 0, 𝑡 ≥ 𝑡1, so either 𝜓(𝑡) < 0 or 𝜓(𝑡) > 0, 𝑡 ≥ 𝑡2 ≥ 𝑡1, thus there are two 

possible subcases to consider.  

Case 2.1  𝜓(𝑡) < 0, 𝑡 ≥ 𝑡2, in this case, in similar way as pervious cases one can get  

lim
𝑡→∞

𝜓(𝑡) = −∞, which implies  lim
𝑡→∞

𝜑(𝑡) =  ∞.  

Case 2.2  𝜓(𝑡) > 0, 𝑡 ≥ 𝑡2, this case is similar to case 2.1 in theorem 2, so it can be obtained 

 lim
𝑡→∞

𝜓(𝑡) = 0, which implies  lim
𝑡→∞

𝜑(𝑡) = 0.   
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3.  Examples 

    In this section, some examples were given to illustrate the obtained results  

Example 1. Consider the equation with periodic coefficient 

[𝜑(𝑡) − (1 −
1

2
sin2 𝑡) 𝜑(𝑡 − 2𝜋)]

′′

+ 10 cos2 𝑡 𝜑(𝑡 − 𝜋) +
5

2
 sin2 𝑡 𝜑(𝑡 − 2𝜋) = 0.    (3.1)  

𝑃(𝑡) = 1 −  
1

2
sin2 𝑡 , 𝑄1(𝑡) = 10 cos2 𝑡 , 𝑄2(𝑡) =

5

2
 sin2 𝑡 , 𝜏(𝑡) = 𝑡 −  2𝜋, 𝜎1 = 𝜋 

𝜎2 = 2𝜋,   𝜎 = 𝜋,   0 ≤ 𝑝(𝑡) ≤
1

2
,   𝑄1, 𝑄2  ≥ 0, 𝑛 = 2, 

∫ 𝑄1(𝑡)
𝜎

0

𝑑𝑡 = 10 ∫ cos2 𝑡
𝜋

0

𝑑𝑡 = 5𝜋,   ∫ 𝑄2(𝑡)
𝜎

0

𝑑𝑡 =
5

2
∫ sin2𝑡

𝜎

0

𝑑𝑡 =
5𝜋

4
.  

Hence  𝜎̂ =
5𝜋

4
,    𝑛𝜎̂ =

5𝜋

2
> 1 

So all conditions of theorem 1 holds, hence according to theorem 1, every solution of eq.(3.1) 

oscillates, for instance 𝜑(𝑡) = 4 sin3 𝑡 is such an oscillatory solution. 

 

 
 

Example 2. Consider the second order neutral equation with periodic coefficients: 

[𝜑(𝑡) − (1 +  𝑎 cos2 2𝑡)𝜑(𝑡 + 𝜋)]′′ − 80𝑎 sin22𝑡𝜑 (𝑡 −
𝜋

2
) − 20𝑎 cos2 2𝑡 𝜑(𝑡 − 𝜋)

= 0, (3.2) 

𝑝(𝑡) = 1 +  𝑎 cos2 2𝑡 ,   𝑎 > 0,   𝑄1(𝑡) = −80 𝑎 sin22𝑡, 𝑄2(𝑡) = −20𝑎 cos2 2𝑡, 

 𝜏(𝑡) =  𝑡 +  𝜋,   𝜎1 =  
𝜋

2
,   𝜎2 = 𝜋,   𝜎 =

𝜋

2
,   𝑎 > 0,   𝑛 = 2,   1 ≤ 𝑝(𝑡) ≤ 1 + 𝑎 

∫ |𝑄1(𝑡)|

𝜋
2

0

𝑑𝑡 = 80𝑎 ∫  sin2

𝜋
2

0

2𝑡 𝑑𝑡 = 20𝑎𝜋,    

∫ |𝑄2(𝑡)|

𝜋
2

0

𝑑𝑡 = 20𝑎 ∫  cos2

𝜋
2

0

2𝑡 𝑑𝑡 = 5𝑎𝜋.    

Thus  𝜎̌ = 5𝑎𝜋, 𝑛𝜎̌ = 10𝑎𝜋 > 1 if 𝑎 ≥ 0.032 . Hence all conditions of theorem 2 hold. 

According to theorem2, each solution of (3.2) oscillates, for instance 𝜑(𝑡)  = 3 cos3 2𝑡 is such 

an oscillatory solution.  
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4.  Conclusion 

In this research, neutral second-order differential equations with periodic coefficients were 

studied, and from this study some sufficient conditions were obtained to ensure the oscillation 

of each solution of these equations or the convergence of non-oscillatory solutions to zero. 

Through these conditions, it is shown the extent to which periodic coefficients affect oscillation 

or convergence is revealed. The extracted conditions are easily applicable as shown in the 

examples presented above. 
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