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Abstract

This paper introduces approximate estimators for the scale parameters,
reliability, and hazard rate functions of the exponential Rayleigh distribution using
Modified Maximum Likelihood and Bayesian method. The Modified Maximum
Likelihood estimator requires iterative techniques such as the modified Newton—
Raphson method due to the unavailability of closed-form expressions. Bayesian
estimators are derived using both symmetric and asymmetric loss functions, and
Lindley's approximation method is employed for integrals that lack closed-form
solutions. Finally, the estimators obtained are compared through Monte Carlo
simulation study.

Keywords: Exponential Rayleigh Distribution; Modified Maximum Likelihood;
Bayes Estimation; Lindley’s Approximation; scale invariant squared Error Loss
Function; Squared Error Loss Function; linear-exponential (Linex) Loss Function;
precautionary Loss Function.
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1. Introduction
The hazard rate has been widely used to analysis survival data. The reliability function,
which refers to the probability of survival is now widely employed not just by engineers and
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practitioners, but also by retailers who use it to explain product pricing and performance.
They emphasize the importance of quality, dependability, security, and customer service in
the event until failures occur, etc [1].The Bayes' method adopts a different approach to the
non - Bayesian methods, as this method attentions on the use of initial information about the
unknown parameter to be estimated, as it is assumed that relying on the current sample
information alone is not sufficient in statistical analysis because this parameter represents a
random variable that has a probability distribution and is not a fixed value. This method was
adopted when the estimators obtained in the non-Bayesian school became sometimes
inconsistent with the available initial information about some of the parameters. Here, the
estimation will depend on initial information about the parameter to be assessed as well as the
sample observations information. This method of estimation was introduced in (1702-1761),
by Thomas Bayes. The word Bayesian, however, originated into use only around 1950, and it
is not clear that Bayes would have recognized the very broad understanding of probability
that is associated with his name [2] . There has been a great deal of concern in the use of
many kinds of parametric models lately for the analysis of what is variously denoted to as
lifetime, survival time or failure time data that have as end point the time until the failure
occurs [3].

In this paper using non — Bayesian inference such as modified maximum likelihood
estimation and Bayesian inference to estimate the two-parameters, reliability and hazard rate
functions of Exponential Rayleigh ER distribution.

The probability density function of Exponential Rayleigh (ER) distribution can be obtained

by [4]:

- (yx + Exz)
fOsv,.B)er=(r +Bx) e 2 ;x> 0;y,8 > 0. (1)
And zero otherwise, where y and [ are scale parameters.
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Figure 1: Plot of the probability density function of ER distribution for f = 0.4 and different
values of

(y=0.2,04,0.6,0.8,1) [Mathcad 15].

The cumulative distribution function of ER distribution is given by:

B
FOiv,B)er=1— e P**2%) ;x> 0;9,8 > 0. )
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Figure 2: Plot of the cumulative distribution function of ER distribution for f = 0.4 and
different values of (y = 0.2,0.4, 0.6, 0.8,1) [Mathcad 15].

The reliability and the hazard rate functions at task time (t) are given by [4]:
_ B2
ety Bl = e VT2 e 0;7,8> 0. (3)
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Figure 3: Plot of the Reliability function of ER distribution for f = 0.4 and different values
of (y = 0.2,0.4,0.6,0.8,1) [Mathcad 15].
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Figure 4: Plot of the hazard rate function of ER distribution for f = 0.4 and different values
of (y = 0.2,0.4,0.6,0.8,1) [Mathcad 15].
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2. Non-Bayesian estimation method
* Modified maximum likelihood estimation
Let x = (x4, %3, ..., x,) be a random sample of size (n) drawn from ER distribution with

p.d.f. given by Equation (1). The complete data likelihood function LF(y, 8| x )¥&E for a
given random sample can be given by:

LE(r, Bl 2 )M = T £ G v, B = Ty [0 + e ™0+ 55D )

So, the natural log — likelihood function is obtained by:

LYEE = InLF (y, Bl x )Yk = By In(y + Bx) — ity (v +52). (6)
Now,

fly aLER =Y (y+Bx) =YY", x;=0. (7)

L= ‘”ER = Yy + Bx) -5 B, ®)

The maximum likelihood estimators denoted by PMEE and SMLE are the value of ¥y and
that maximizes LF(y, B| x )¥5E can be obtained by the solution of Equations (7) and (8).
Since the above equations which are nonlinear equations then we need apply the numerical
approaches to solve it. One of these approaches is Modified Newton — Raphson method (M-
NR).

In Modified Newton — Raphson method, the solution of the likelihood equation at
iteration (h + 1) is extracted, through the following iterative process,

QLMLE
,\MLE(h+1) AMLE(h) dy
[ MLE(h+1)] [ MLE(h)] ](h) 9 LMLE ;h=012,..;0<0<1
(’)ﬁ y= 7EIl'§zLE(h)
= ﬂMLE(h)
where
ME e
ay? ayop
Jiny = | g2c1ee 92 LMLE
apay 0B? | ypMLE®
p= Bg/ILE(h)

as where the first partial derivatives as in Equations (7), (8) and the second partial derivatives
are given by,

. 92LMLE 51 P )2
Ly == |Y=Tj: a7+ fx) )
MLE 'Bzﬁ

A %L o+ Bx.) "’

T "
B=B

R 92LYLE ; O LpR" P+ Bx)

Ly =T |,y = Lpy =Tl |, = - S +Ax) . (D)
B=p p=p

Now, based on an invariant property, the reliability and hazard rate functions at task time
(t) of the ER distribution are as follows:
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MLE BI\E/II%E 2
~ s, MLE _ — (¥ t+—=—t%)
&y, Ber” =e VER 2 .

(12)
&y, B)er = VERT + BEREL. (13)

3. Bayesian estimation

In this section we considered Bayes estimation theory to estimate the scale parameters
along with the reliability and hazard rate functions of ER distribution. In order to obtain
Bayes Estimators, with respect to the squared error and scale invariant squared error as
symmetric loss functions and the linear-exponential (Linex) and precautionary as asymmetric
loss functions respectively. Let the prior distributions of y and f of ER distribution are taken
to be independent exponential (¢) and Gamma (a,b),respectively with probability
distribution functions as:

n(y)=ce”™ ;¢c>0,y>0. (14)
b g
n(p) =i Bt e PP i p>0ab> (15)

The joint prior distribution of unknown parameters can be written as:
b® 1 -
n(y,B) = n() m(p) = o B e~ (VHED, (16)

The joint posterior density function of ¥ and [ denoted by G(y, B |£) can be obtained by
merging Equations (5) and (16), as follows:
_ LF (v.,B12) m(v.B)
6(r.p1x) Ip I, LF(v.B12) m(y.B)dy 4B (50
The formula of squared error loss function (SELF) and scale invariant squared error loss
function (SISELF) for the parameter w are respectively given by [5] [6]:
L(&s, w) = (s — w)?
where @g is an estimate of w under SELF.
~ N2
L(@g, ) = (%) )
where @g; is an estimate of w under SISELF.
The Bayes estimators of w under SELF and under SISELF are given respectively by:

Wps = E(w|£). (18)
Bps = EEZ:B : (19)

The formula of Linex loss function (LLF) and precautionary loss function (PLF) for w
are respectively [7]and [1]:

LB, w) = d[ez(‘?’L“") —z(B, —w) — 1] ;z#0,d>0,
where @y, is an estimate of w under LLF, z is shape parameter and d is scale parameter.
~ (Dp — w)?
L(@p, w) = ——F—
wp

where @p is an estimate of w under PLF.
So, Bayes estimator of w under LLF when d=1 and under PLF are given, respectively, by:

Dp, = —= In[E(e™x)]. (20)

Bpp = [E(0?2)]F = [E(0?)x). @1)

Depending on the Equations (18), (19), (20) and (21), Bayes estimation of any function of the
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parameter say k(y, B), based on squared error, scale invariant squared error, linear-
exponential (Linex) and precautionary loss functions can be written respectively as:

kes(y,B) = E(k(y, B)|x)
_Jg J, kB LF(y.B1x) n(y.B)dy df

(22)
Ig J, LF(v.B1x) n(y.B)dy dB
- E((kB) '1x) g
kesi(v,B) = ————= 5 =—. 23
Bs1(v, B) E((k(y'ﬁ)) 2|£) E (23)
Where,
kw.8) " LF(y, v.B)dy d
EI:f,;fy( v.B)  LF(v.Blx) n(y.B)dy B (24)

Ig J, LE(v.Blx) n(y.B)dy dB
And
Ig I, (k)" LE(y.plx) m(y.B)dy dB
E = : (25)
Ig I, LF(v.Blx) n(y.B)dy ap
~ 1 _
kgL(v,B) = — ;ln[E(e Zk(y'ﬁ)li)]
_ 1y [fﬁ §, e 0B LF(y.B1x) m(y.p)ay dﬁl

Ig Jy LF(v.BIx) n(y.B)dy dp

(26)

zZ

ke () = [E((k(y, B)?[x)]E = JE((k(y,ﬁ))zm)

1

s (k(v.8))" LF (v, B12) (v, ) dy d B|*
Ip J, LE(v.Blx) n(y. ) dy d B

g b, kB) LF(y.B12) m(y.B)dy dB
Ig I, LF.Blx) ny.Brdy ap

(27)

It is clear that, the above ratio of two integrals cannot be simplified into a closed form.
SoJwe applied an approximation forms to get Bayes estimators of the y, B, €, (t) and €, (t) of
ER distribution.

To evaluate the ratio of two integrals, Lindley (1980) introduced an approximation as follows
[8]:
J; 8) e*® d/1. (28)
Sy 9 ef@ da
Where,
A = (A4, 43,43, ..., A,) are the vector of parameters to be estimated, L(1) denote the natural
log — likelihood function and @(4) or g(A) denote any function of A.
Now, let g(4) denote the prior density function of A and @(1) = k(1)g(A), such that k(1)
denote any function. So, Equation (28) yields:
B(l(n) = LD 0
[, ef®+v@ dz
Thus, depending on Lindley the expected value can be asymptotically approached as,

E(k(D) = [k + %ZiZj(kij + 2k )n;; + %ZiZj Y2 Lijeniine ks (30)

(29)

Such that
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.. _ _ 0k _ 9%k 9
l,],f,l—1,2,3,...,m,k=k(ﬂ.), ki_a_li' kij_M'Lijf _W'

Y=yY@) =Ingd); ¢; = —;;p, and 7;; is the (i, /)" elements of matrix [
]
Now, form = 2; 1 = (44, 4,) = (v, B), Equation (29) becomes,

[o [ k(y,B) eL0BIX)+ VWP qy ap
E(k(y,Blx)) = 2 fyj e
By = ydp

2

]—1
6/1i61j )

(€2Y)

Where,
k(y,B) denote function of y and B only, L(y,f]|x) denote the natural log — likelihood

function defined by Equation (6) and ¥/(y, ) denote the natural log — joint prior density
function.

So, for sufficiently large sample size, the ratio of two integrals [ (g) =F (k(y, Blx )) can be
expressed it as follows [9]:

~ 1[/e AN A ~ Ay ~ SN A
I(x) =k + 2 [(kw + 2ky Py ) iy + (kyp + 2k, Pp) fiyp + (Rpy + 2kg Py ) iy +
~ ~A N A 10,0 4 ~ A P PO P
(kg + 2kp ) ipp] + 5 [(kg fiyp + Ky Ty ) (Lypptips + Loy gy + Lygy fiyg + Lyyy fiyy) +
(kp figp + ky gy ) (Lppp Tipp + Loyp Tipy + Lypp Tlyp + Lyyp ﬁw)]- (32)
Where, 7 and f are the MLE’s of y and f3, respectively

_52 -
n;j is the (i, J)t" elements of matrix [%} ; where sub-scripts (i, j) denote of y and
B, respectively.
Now,
Y, B) =Inn(y,p)
=alnb+(a—1)InB— cy—pBb+Inc—InTl(a). (33)
7 dinn(y,p)
gy =20 | = ¢ (34)
B=B
R 69)
i B=B g
And,
fpo=—t a1 5 _—n —_1 ___1
Ty = ﬁw » "Bp EBB' ve ey ﬁyﬁ ﬁﬁ’y. (36)
And
~ 63LMLE R N -3
Lyyy = ayEsR |y=)7 =230 (7 + Bx) (37)
MLE BzB
A 3L ~ 5 -3
Lepp = =54 ey =253 (7 + Bx) ™. (38)
B=B
R 3 MLE N 3, MLE . 3 MLE A -
Y8 = ZYZE},R,;; ‘V=f =Lypy = ,fyf;ffay ‘V=f = Lgyy = ;Bl,;?ay ‘y=f =238 % (7 + Bx) ’ (39)
p=B = B=B
. 93 MLE R 93 MLE ~ . =3
Lovs = 352y 35 |y=z =Lypp = 3,3505 |y=z =23 xf (7+Bx) . (40)
B=p B=pB

So, based on above defined expressions, the values of approximate Bayes estimators of
the parameters y, [, reliability and hazard rate functions of ER distribution under SELF,
SISELF, LLF and PLF can be found in the next subsection:
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3.1 Approximate Bayes estimate under SELF

e Suppose that k(y, ) =y, then

ky = 1andkw = k[; = kﬁﬁ = kyﬁ = kﬁ]/ = 0.

So, Bayes estimate of y under SELF based on Lindley’s approximation, is given by:
755 = E(vx)

~ . ~ . 1 A A . A P
=V +dy iy + iy + 2 vy (LygpNipp + Loyy gy + Lyay g + Lyyy Tyy)

+ gy (Laaatips + Loyp gy + Lypp iyp + Lyyp yy)]- (41)

o Suppose that k(y, ) = B, then

kﬁ = 1andk53 = ky = kyy = ky/; = k/;y = 0.

So, Bayes estimate of § under SELF based on Lindley’s approximation, is given by:

Bis(t) = E(Blx)

S B
=B+ gy +Ypipp + P [y (Lypplipp + Leyy Mgy +Lypy yp + Lyyy yy)

+ s (Lpppnipp + Loy Mgy + Lyppyp + Lwﬁ yy)]- (42)
. Suppose that k(y,f) = €,(t) = e~ t+3 2t , then
k,=—te -re+Eer Lk = _? o 0t +5e2) k=% e -t +5e)
_tt g+l gt —(yt+ Lezy
kﬁﬁ_: e 2 and kyﬁ_kﬁy_? e

So, Bayes estimate of €; (t) under SELF based on Lindley’s approximation, is given by:
€ips(O) = E(e1(8)1x)

= € (yH_t ) + (kw + 2k d’y) Myy + (kyﬁ + 2k wl) fyg +(EBV +
2kp Py) iy + (kg + 2kgp) Tigp] + 5 [(Feg Tiyp + Fey Ty ) Lyppipp + Lgyy gy +
Lygy fyp + Lyyy Myy) + (kg fipp + ey gy ) Logp fipp + Loysfipy + Lyppivs +
Lyyp Tiyy)]- (43)

Suppose that k(y, ) = €,(t) =y + St, then

k, =1, kg =tand kgg =k, = kyp = kg, = 0.

So, Bayes estimate of €, (t) under SELF based on Lindley’s approximation, is given by:
Eps() == E(e€ (t)lx)

= 7+ B+ [Dyiiyy + Dpiyp +t Py gy + tDpigs] + 5 [(¢ fiyp + Ay ) (Lypptips +

Lgyy gy + Lygy iy + Lyyyfiyy) + (t g + gy ) (Lppptips + Lovstipy + Lyppivg +

ﬁwﬁ ﬁw)]- (44)

3.2 Approximate Bayes estimate under SISELF

e Suppose that k(y,B) =y

To compute E; suppose that (k(y, )™ =y~1, then

ky = —]/_2 ; k]/]/ =2)/_3 and kﬁ = kﬁﬁ = k]/ﬁ = kﬂ]/ =0

E] = E(V_llﬁ)
~ A A—2 T ~ 1 S\ — A F A £ j
=y [ =772y )iy — 7 syl — 5 DLy (Lypprips + Loy gy
tLypy ﬁyﬁ t Ly ﬁyy) + ﬁﬂy (Lﬁﬁﬁ ﬁﬁﬂ + Lgyp ﬁﬁy + Lypp ﬁyﬁ tLyyp ﬁw)]' (45)

Now, to compute E; suppose that (k(y,8))™* = y~2, then
ky = —2]/_3 ; kyy = 6}/_4 and k[)’ = kﬁ[)’ = kyﬁ = kﬁ)/ =0
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E;=E (V_2|x)
— 52 - 3
=V ot [(37 Y= 2973 )iy — 273 ’71//)’] 771/1/( Lygg 77/?/? + Lgyy gy +
Lygyfiys + Lyyy iyy) + gy (Lppp fipp + Lpyp 77/?1/ + Lypp fiyg + Lyyp )], (46)
So, Bayes estimate of y under SISELF based on Lindley’s approximation can be obtained by:

oL _ Er _ E(rtx)
VBSI - E; - E(y‘2|g)' (47)

. Suppose that k(y,B) = ,B
To compute E; suppose that pre” ﬁ)
kg = -2 ; kgp = 273 and k, = ky,, =k, = kg, = 0.
E; = E(,B_1|x) X
p2

= 71, then

=B =B 2y gy + (B2 = B2 p) figp ——— Uvp(Lysp pp + Loyy fipy

+ Lygy yp + Lyyy Tyy) + 15 (Lppp pp + Lpyp Mgy + Lyﬂﬁ Myg + Lwﬁ )l (48)

Now, to compute E; suppose that (k(y,$))™% = B~%, then
2 6
kﬁ:_ﬁ; kﬁﬁ:ﬁ and kyzkw:kyﬁzkﬁyzo.
S O E=E(?x) ) )
= B2 =267 by figy + (387 — 257> Wg) figp — B>[vp (Lygptipe + Loyy Ny
tLypy yp + Lyyy Myy) +11pp(Lppp ipp + Loy gy + Lypp lyp + Lyyp )] (49)

So, Bayes estimate of # under SISELF based on Lindley’s approximation can be obtained by:

B = = 2= (50)
. Suppose that k(y,B) = €,(t) = e~ (V”Etz)

B
(El(t)) = e t+5tH) , then
2

B .2 B
— (rt+5t%) _t (Vt+ t%) _ 42 ,C . _t
ky—te 2 ’kﬁ_z e ,kw—t e 2 ’kBB_I e

To compute E; Suppose that (k(y, B)) 1=

t3 B 2
_ — e Vt+7t9)
kYﬁ - kﬁ)/ - 2 :

E, = E<e (yt+§t2)|£>.

er B L U

= ey % [(kw + 2k, ‘l’y) Myy + (kyﬁ + 2ky wﬁ)nyﬁ + (kﬁy + 2kg wy)"ﬁy +
~ A\ 17/7 4 ~a A R A PN

(kpp + 2kg Pp) figp] + [ (kg Tiyp + Ky iy ) (Ly g ipp + Layy gy + Lypy fiyp +

LyyyTiyy) + (kpipp + ky gy ) (Lpppfipp + Loyptipy + Lyppivg + Lyypiyy)] (51

-2 -2 B
= (e,(®) “=¢? Vt+2)  then

Now, to compute E; Suppose that (k. B))
_ pap2 0t + 5D

B B B
k :ZteZ(yHth), kg —tz 2(yt+2t2); kyy=4t262(yt+2t2);kﬁﬁ

kg, = kg = 263205,
E =E (ez(yt+;t2)|£).
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o 2L+ B2y 4+ 1 (kYY + 2k wy)nyy 4+ (kyﬁ + 2k 1/;,3) Ny + (kﬁy + Zkﬁ llJy)mi’y

(Akﬂﬁ + 2k ) "ﬁﬁ 2 ; [(Rg 1 Myp + ky Tiyy) (Lysp figs + Loy figy + Lygy fiys +
Lyyy ) + (kg igp + ky gy ) Lppp igp + Lovptipy + Lysp fiys + Lyyp fiyy)] (52)
So, Bayes estimate of € (t) under SISELF based on Lindley’s approximation, is given by:

E((ex(®) 1)

1 B((@®) ) 3)

1351(t) E

. Suppose that k(y, B) = €,(t) =y + ft.
To compute E; Suppose that (k(y,,B))_l = (y + pt)71, then
ky=—@+B) % ky, =20+ B3 kg =—t (r + )2 kgg =2 (y +pt)~°
ky,; =kg, =2t (y+pt)"3
=E((y + B x)

=(7+ Bt) t3 (kw + 2k ‘/’y) fyy + (kyp + 2k, ¥p) iy + (kgy + 2kg ) fig,

(kgp + 2kg ¢B) gp ]+ 5 (kg iy + Ky Ty ) Lyp i + Loy gy + Lysy fivp +
Lyyy Ty + (kg i + ey gy ) Lpgpptips + Loysipy + Lypsivg + Lyyp fiyy)]- 54

Now, to compute E; Suppose that (k(y,8))™% = (v + ft)~%, then
ky==2@+Pt)3 kyy=6(+Bt) kg =—2t(y+Bt)>, kg = 6 t2(y + pt)~*
kyg = kg, =6ty + pt)~*
E = E((r + B)7?Ix)

N 1 . a” - ~ ~ - ~ a o~
={F+hp)7+ 5 [(kyy + 2k, W) fiyy + (yp + 2ky D) Byp + (py + 2kg y) figy +

R I 1 L
(kgp + 2kg ) gl + 5 [(kg yp + ky Ty ) Lysp Tipp + Loyy gy + ey fiys +
Lyyy Tiyy) + (kg figp + Ky gy )(Lopp fips + LoypTipy + Lypp fiys + Lyyp )] (55)
So, Bayes estimate of €, (t) under SISELF based on Lindley’s approximation, is given by:
E((e20) ' Ix)

EJ " 5((&0) ) (56)

62351 (t)

3.3 Approximate Bayes estimate under LLF

. Suppose that k(y,B) =y
e ZkW.B) = =7V then

ky =—ze ? ;k]/]/ = Z2 e ?Y and kﬁ = kﬁﬁ = k]/[i’ = kﬁy = 0.
So, Bayes estimate of y under LLF based on Lindley’s approximation, is given by:

1
Phy = — tnlE(e71x)]
Where,
1 o~
E(e™|x) =™ +5[(z* €™ —22e™V Py ) fiyy — 22777 P fiyg]

—Z

Y[ 7y (LaBB Ngp + Loy Mgy + Lypy g + Lyyy fiyy) + 1y (Lpppipp +
Lpyp Mgy + Lypp iy + Lyyp yy)]- (57)

. Suppose that k(y,B) = B
e Zk(V.B) = 0=2B then

— -z . — 2 = — — — —
kg =—ze zB ; kpp =z° e ZB and k, =k,, =k,p=kg, =0.
So, Bayes estimate of § under LLF based on Lindley’s approximation, is given by:

1
— —Ze
2
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B =~ i In[E(e~"|x)].

Where,
E(e ?P|x)] = e P 4+ % [—2z e~2P Py, figy + (z2 2P _ 2 7 ¢~7B ’lz,ﬁ) fgp
- %Z e B[nyﬁ (LyspTips + Loyy gy +Lygy fiyp + Lyyy Tyy)
+1ips (Lops figp + Loye gy + Lypptivs + Lyyp )] (58)
. Suppose that k(y,B) = €,(t) = e~ (re+5¢)
e ZkV.B) = o2 e—(yt+§c2) then
k, =zt e—(yt+ ) e (y:+§:2) g = Zz_tz e—(yt+ ) o (V”gfz)
ky, =zt% e (yt+‘8t2) (V”gtz)[ze—(yugtz)_u
kBB:ZL}_t‘L e—(yt+ﬁ ) o (vt+§t2)[ze (yt+§ ) 1]
kVﬂ:kﬂy:ZZ_tB e—(7t+ﬁ ) , (V”gtz) Ze—(yt+gt2)_1 .

So, Bayes estimate of €, (t) under LLF based on Lindley’s approximation, is given by:

aBL t)=—~ ln[E(e #a®)x)].
Where,

- At+Et2
E( _Zel(t)|x) =e”° <V ’ ) + - [(Ew +2k @V)?Tw + (E gt 2k i\bﬁ)’fhfﬁ (Eﬁy +
2kg y) fipy + (kpp + 2kp p) Wﬂﬂ] + 3 (kﬂ fyp + ky iy )(Lyppfips + Loy fipy +

Lygy fivg + Lyyy Tiyy) + (kg figp + Ky ’Iﬁy)(ﬁﬂﬂﬂ figs + Loy gy + Lypp Ty +
Lyyp yy)]- (59)

J Suppose that k(y,[) = €,(t) =y + it

e 7kWB) = o=2(+Bt) then

k,=—z e ~Zr+pL) . kg =—zt e Zr+B0) . k,, = 72 =2y +Bt)
kgg = z%t2 e 2 +FY and k,p = kg, = 72t e T7VHFO),

So, Bayes estimate of €, (t) under LLF based on Lindley’s approximation, is given by:

1
&p, () =— Eln[E(e‘ZEZ(t)m)].
Where, )
E(em0x) = e 27+h0) + ; [(Ew + 2k ’lz’y)/ﬁw + (kyp + 2ky Pp) yp +
(kgy +2kg by,) figy + (kpp + Zkﬁ ¥p) figg] + 5 (kB fyp + kyfyy ) (Lyppfigp +

Layy figy + Lypy fivg + Lyyy Tiyy) + (kg figp + ky fgy) Lpps ipp + Lovs gy + Lypp yp
+Lyyp Tiyy)] (60)

3.4 Approximate Bayes estimate under PLF
. Suppose that k(y,8) =y

(k(y,$))? = y? then
ky = 2]/, k]/y = 2 and kﬁ = kﬁﬁ = k]/ﬁ = kﬁ]/ = 0.
So, Bayes estimate of y under PLF based on Lindley’s approximation, is given by:

PEp = /E(Vzlx)-
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Where,
E;'(VZ lx) = ?AZ +(1+27 1) ?w +27 ¥p ﬁyﬁ + Vmwf Lyppfipg + Lgyy gy +
Lygy fyg + Lyyy Tiyy) + 11y (Lppp g + Loyp gy +LyppTlys + Lyyp i)l (61)
. Suppose that k(y,B) =
(k(y,B))? = B? then
k,B :Zﬁ,kﬁ[; = 2 and k]/:k]/]/:kyﬁ :kﬁy:()'
So, Bayes estimate of § under PLF based on Lindley’s approximation, is given by:

Bl = |E(B2Ix) where E(B?1x) = B2 +2 By figy + (1+ 28 g ) g +
B [yp(Lyppips + Loyy gy Lypy fiyp + Lyyy Tiyy) + 71 (Lppp s + Loyp gy +
LyppTivg + Lyyp fiyy)]- (62)
— (vt + B t2)
. Suppose that k(y,B) = €,(t) = e 2
B B
ey, B> = (™ 0+ 202 = o2 (436) ey
k, =2t o2 (yt+§t2) kg = 2072 (yt+§t2); kyy = 4 2 o2 (yt+§t2)

B _ B
kgp = 4 o2 (yt+;t2); kg = kg, =2 3 g2yt +5t%)

So, Bayes estimate of € (t) under PLF based on Lindley’s approximation, is given by:

G (0 = [E((®)?1x) , where

5 —2()7t+§t2) 1 /e AN A ~ 2T\ A
E((e1(0)?|x) = e 3 [(kyy + 2ky Wy) iy + (kyp + 2k, Pp) 1yp +
~ PO ~ PR 1170 A ~a A R

(Kay + 2k ¥y ) figy + (Rgp + 2k g ) figg] + 3 [(kp fhyp + Ky 1y ) (Lypp g +

Lgyy gy + Lypy Tivg + Lyyy Tyy) + (kg igp + ky fipy ) (Lppp ipp + Lovptipy +

Lygptiyg + Lyyp ﬁw)]- (63)
. Suppose that k(y,B) = €,(t) =y + Bt

(k(y, B)? = (y + Bt)?, then

ky =2y +Bt) s kg =2t (v + Bt) s kyy = 25 kgp = 2t%; kg = kg, = 2t.
So, Bayes estimate of €, (t) under PLF based on Lindley’s approximation, is given by:

&5 (® = [E(((0)?1x) , where

E ((ez(t))2|£) = (v + B1)? +% [(kyy + 2k y) iy + (Ryp + 2k, Pp) fiyp +
(kgy + 2kg y) figy + (kgp + 2kg ‘f’ﬁ) fipp] + %[(Eﬁ flyg + key fiyy) gﬁyﬁﬁﬁﬁﬁ +
Ly Nigy + Lygy iyp + Lyyy Tyy) + (kg figp + &y figy ) (Lopp figs + Lpyafipy +

ﬁyﬁﬁ ﬁyB + ijYB ﬁw)]'
(64)

4. Numerical experiments

In this manuscript, a Monte Carlo style study was performed to generate an independent
identical distributed random sample [10], according to ER distribution through the adoption
of inverse transformation method with size n = 20,50 and 200 to take care of small,
medium and large data sets. The number of samples replicated chosen to be (L = 1000). The
modified maximum likelihood and approximation Bayes estimators of the unknown
parameters along with the reliability and hazard rate functions of ER distribution have been
computed with five different cases as shown below,

Parameters Casel Case2 Case3 Cased Case5
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Y 0.4 0.9 1 0.9
B 0.8 0.8 0.8 1 1

The initial values required for proceeding with the Modified maximum likelihood chosen to
be the mean and the iterative process stops when the absolute difference between two
successive iterations becomes less than er = 0.0001and o = 0.1. The values of
hyperparameter associated with prior distributions are chosen to be a = b = ¢ = 0.0001.
Choose the value of Linex loss function constant z = 2. The comparisons between parameter
estimates were based on values from Mean Square Error (MSE) while it was based on values
from Integrated Mean Square Error (IMSE) for the estimates of the reliability function and it
were based on Integrated mean absolute percentage error (IMAPE) of the hazard rate
function [11]:

MSE(y) = Sy 225, (65)
¥mm = is the estimate of y at the rAnth rezplicate.

MSE(B) = Bhyoy Entl, (66)
B, = is the estimate of 8 at the m'" replicate

< re (am(ti)—el(ta)z)
i=1 r
IMSE(&(0) = Ty _ l| 67
)

1 = is the number of times chosen to be 4 (where t = 1, 2, 3, 4)
€., (t;) = is the estimate ofe, (t) at the m*" replicateand i‘" time
re |(c2m(®) -&@m(t)
(Zi=1 e2m(ti) ‘

IMAPE(&(1)) = -3k, , (68)

Tt

&, (t;) = is the estimate ofe, (t) at the m'" replicateand i*" time.

Table 1: MSE of the estimates the Parameter y of ER distribution for different sample sizes

Cases Estimates of y Best Estimate
n

Y B ViR Vis Visi VL Vip ofY

04 0.8 0.0050831 0.0099610 0.0100323  0.0285540  0.0099500 MLE

09 08 04681152 1.0151821 1.0190918  0.9009856  1.0142139 MLE

20 1 0.8 0.6324724  1.3571389  1.3599063  1.2298908  1.3564509 MLE
0.9 1 0.2378978  0.5546275  0.5616290  0.4334765  0.5529055 MLE

1 1 0.3824130  0.8610120  0.8688998  0.7099256  0.8590662 MLE

04 0.8 0.0037083  0.0049876  0.0049918  0.0240514  0.0049870 MLE

09 0.8 0.4340271 0.9548039  0.9555191 0.8411406  0.9546254 MLE

50 1 0.8 0.6082837  1.3129878  1.3141600  1.1855733  1.3126955 MLE
0.9 1 0.2059748  0.4952687  0.4958907  0.3763031  0.4951134 MLE

1 1 0.3458621  0.7931901  0.7945588  0.6472083  0.7928487 MLE

04 0.8 0.0024198 0.0012717  0.0012720  0.0209602  0.0012716 PLF

09 0.8 04276180 0.9434166  0.9434630  0.8297639  0.9434050 MLE

200 1 0.8 0.5970435  1.2915602  1.2916707  1.1643740  1.2915326 MLE
0.9 1 0.1181990  0.4791555  0.4792328 0.3611808  0.4791361 MLE

1 1 0.3315027  0.7660132  0.7661015  0.6198825  0.7659912 MLE
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Table 2: MSE of the estimates the parameter 3 of ER distribution for different sample sizes

Cases Estimates of 8 Best Estimate
n —~ —~ —~ —~ —~
vy B ER Bks Bisi Bb. Bgp of B
20 04 08 0.1498505 0.1791646 0.1754924 0.2743217 0.1802931 MLE

0.9 0.8 0.3415608 0.5642187  0.5534060 0.6601824  0.5665655 MLE
1 0.8 0.3547434 0.5946436  0.5879103  0.6884973  0.5961756 MLE

09 1 0.3440228  0.4945332  0.4808370  0.6429151  0.4977292 MLE
1 1 0.3824130  0.5854082  0.5598214  0.7213730  0.5794723 MLE
50 04 08 0.1363115 0.1537411  0.1525546  0.2476700  0.1540339 MLE

09 0.8 03124351 0.5079313  0.5063886  0.6037469  0.5083091 MLE
1 0.8 03367209 0.5593682  0.5568883  0.6530982  0.5599668 MLE
09 1 0.3062567 0.4197749  0.4187146  0.5669869  0.4200380 MLE
1 1 0.3458621  0.5030750  0.5009649  0.6487923  0.5035944 MLE

200 04 0.8 0.1289290 0.1387902 0.1387174  0.2330422  0.1388083 MLE
09 0.8 03069435 04971512 0.4970554  0.5930308 0.4971751 MLE
1 0.8 0.3281777 0.5418177 0.5415988  0.6354602  0.5418722 MLE
09 1 0.2970338  0.4019835  0.4018542  0.5483369  0.4020158 MLE
1 1 0.3315027  0.4738677  0.4737371  0.6199817  0.4739003 MLE

Table 3: IMSE of the estimates the reliability function of ER distribution for different sample

sizes
Cases Estimates of €,(t) Best Estimate

"y b &Fe Gk ak,®  ahm  ahm  oal
04 08 0.0066091 0.0051270  0.0051830  0.0051135  0.0051081 PLF

09 08 0.1059359  0.0941876  0.0933256  0.0941358  0.0942289 SISELF

20 1 0.8 0.1212146  0.1107062  0.1102064  0.1106746  0.1107514 SISELF
0.9 1 0.0318309  0.0280943  0.0281349  0.0280303  0.0280437 LLF
1 1 0.0443648 0.0397714  0.0397264  0.0395038  0.0397068 LLF
04 08 0.0043947  0.0034652  0.0034817  0.0034615  0.0034607 PLF

09 08 0.0860386  0.0805243  0.0804929  0.0805120  0.0805288 SISELF

50 1 0.8 0.1092829  0.1020770  0.1019675  0.1020609  0.1020935 SISELF
0.9 1 0.0240267  0.0223576  0.0223731 0.0223531 0.0223535 LLF
1 1 0.0347095 0.0326035  0.0326313  0.0325930  0.0325956 LLF
04 08 0.0031601 0.0024021 0.0024032  0.0024019  0.0024018 PLF

09 08 0.0822716  0.0777460  0.0777450  0.0777452  0.0777463 SISELF

200 1 0.8 0.1025472  0.0966006  0.0965949  0.0965989  0.0966019 SISELF
0.9 1 0.0222763 0.0207861 0.0207881 0.0207855  0.0207856 LLF
1 1 0.0312589  0.0296133  0.0296154  0.0296127  0.0296128 LLF
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Table 4: IMAPE of the estimates the hazard function of ER distribution for different sample
sizes

Cases Estimates of €,(t) Best Estimate

Y B Gp(t) EGpe(D) GYMO) CGROIG0) of €2(t)

n

0.4 0.8 0.3733574  0.2919368 0.2795575  0.2842135  0.2949865 SISELF
0.9 0.8 0.7388867  0.6976275 0.6842282  0.6938133  0.7005718 SISELF

20 1 0.8 0.7618303  0.7272667 0.7193601 0.7250947  0.7290798 SISELF
0.9 1 0.5666635  0.5020543 0.4861704  0.4923933  0.5057665 SISELF
1 1 0.6123020  0.5588770 0.5399736  0.5467110  0.5603530 SISELF

0.4 0.8 0.3503542  0.2734094 0.2700109  0.2712790  0.2742447 SISELF

0.9 0.8 0.7090616  0.6747264 0.6727215  0.6740593  0.6752177 SISELF

50 1 0.8 0.7439795  0.7120920 0.7090919  0.7111822  0.7128177 SISELF
0.9 1 0.5364756  0.4822055 0.4809474  0.4813848  0.4825172 SISELF

1 1 0.5854914  0.5371673 0.5349307  0.5358238  0.5377168 SISELF

0.4 0.8 0.3389581 0.2640841 0.2638735  0.2639506  0.2641367 SISELF

0.9 0.8 0.7035472  0.6705270 0.6704017  0.6704843 0.6705583 SISELF

200 1 0.8 0.7361720  0.7058381 0.7055708  0.7057538  0.7059047 SISELF
0.9 1 0.5289994  0.4754265 0.4752728  0.4753255 0.4754648 SISELF

1 1 0.5749528  0.5278662 0.5277273  0.5277817  0.5279009 SISELF

5. Concluding remarks from numerical experiments

Modified maximum likelihood and approximate Bayes Estimates have been used to estimate
of the two unknown parametersy and 8, reliability and hazard rate functions of ER
distribution. We offer a numerical comparison through using a Monte Carlo style to obtained
estimates the two unknown parameters y and 3, reliability and hazard rate functions. By
MSE, IMSE and IMAPE, respectively.

The most essential concluding observations of the numerical results are:

e Concluding from Table (1): The modified maximum likelihood estimates showed the
best performance in comparison with other estimates with all cases and for all sample sizes
except for large sample size with parameters, y = 0.4, § = 0.8, where approximate Bayes
estimate under precautionary loss function was the best; also, we found approximate Bayes
estimate under Linex loss function gave the best performance in comparison with other
approximate Bayes estimates for all sample sizes and in all cases except for the case, y =
0.4, 8 = 0.8, where approximate Bayes estimate under precautionary loss function was the
best.

e Concluding from Table (2): The modified maximum likelihood estimates showed the
best performance in comparison in other estimates with all cases and for all sample sizes also.
We found approximate Bayes estimate under scale invariant squared error loss function give
the best performance in comparison with other approximate Bayes estimates for all sample
sizes and with all cases.

e Concluding from Table (3): Approximate Bayes estimate under precautionary loss
function showed the best performance in comparison in other estimates for all sample sizes
with case,y = 0.4, = 0.8.We found approximate Bayes estimate under scale invariant
squared error loss function gave the best performance in comparison with other estimates for
all sample sizes with two cases, y = 0.9, = 0.8 and y = 1, § = 0.8. and approximate Bayes
estimate under Linex loss function gave the best performance in comparison with other
estimates for all sample sizes and with two cases,y = 0.9, =landy =1, = 1.
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Concluding from Table (4): Approximate Bayes estimate under scale invariant squared error
loss function showed the best performance in comparison with other estimates for all sample
sizes under all scenarios.

Based on our findings, we recommend primarily employing modified maximum likelihood
estimates for estimating the two parameters of the ER distribution. For estimating the
reliability function of the ER distribution, we suggest using approximate Bayes estimates
under the precautionary loss function with y=0.4 and B=0.8, and under the scale-invariant
squared error with y=0.9,1 and B=0.8. For the hazard rate function of the ER distribution, we
recommend using approximate Bayes estimates under the scale-invariant squared error loss
function.
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