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Abstract  

     In the current research, we dealt with the numerical method of Newtonian flow 

through the conical nozzle under incompressibility constraint by using a Taylor 

Galerkin Pressure Correction (TGPC) finite element algorithm. The governing 

equations that describe such problem consist of time-dependent equations for the 

conservation of momentum and continuity equation. The essential feature of this 

investigation is concerned with the effect of outlet dimeter of nozzle, length of the 

cylinder and conical angle on the component of solution. There, we found that the 

levels of velocity and pressure are increased as these parameters increase, it was 

found that the maximum velocity increased from 38.39 to 1254.67 when the ratio 

𝐼2/𝑑2 increased from 1 to 5 and the maximum pressure also increased from 753.83 

to 1254.67. The effect of conical angle was also studied, increasing the β angel from 

21.8 to 90 resulted an increasing in the maximum velocity from 13.53 to 30.79 and 

an increase in the maximum pressure from 214.26 to 615.7. While the maximum 

velocity decreased from 675.8 to 67.79 when the outlet diameter increased from 0.5 

to 1.5 also the maximum pressure decreased from 15.79 ∗ 104 to 2268.21.  

 

Keywords: Conical nozzle; Finite element method; Taylor Galerkin Pressure 

Correction; Newtonian fluids. 
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المشكلة من معادلة الاستمرارية لحفظ الكتلة والمعادلات المعتمدة على الزمن لحفظ الزخم. السمة الرئيسية لهذه  
هناك، وجدنا  خروطية على مكونات الحل. و الدراسة هي تأثير قطر مخرج الفوهة وطول الاسطوانة والزاوية الم

إلى    38.39أن مستويات السرعة والضغط تزداد بزيادة هذه المعلمات، ووجدنا أن السرعة القصوى زادت من  
النسبة  1254.67 زادت  من    5إلى    1من  𝐼2/𝑑2 عندما  أيضًا  الأقصى  الضغط  إلى    753.83وزاد 
إلى    90إلى    21.8من   β . و تمت دراسة تأثير الزاوية المخروطية أيضًا، حيث أدى زيادة زاوية1254.67

. بينما  615.7إلى    214.26وزيادة الضغط الأقصى من    30.79إلى    13.53زيادة السرعة القصوى من  
كما انخفض    1.5إلى    0.5عندما زاد قطر المخرج من    67.79إلى    675.8انخفضت السرعة القصوى من  

15.79الضغط الأقصى من   ∗     .2268.21إلى  104
 

1. Introduction 

    Nozzles are utilized in a different of industries several reasons, including accelerating flow 

for the atomization of liquid phases, enhancing kinetic energy and accelerating gas in rocket 

engines, and accelerating gas velocity in natural gas production wells and ets. In addition, 

cone flow researches are often achieved in the industrial sector to address the relevant 

problems in this field. Basically, the nozzle shape represents crucial matter to produce choked 

flow conditions. Also, improvement of the nozzle design represents one of the majority 

applications to reduce pressure loss brought on by higher velocities at the nozzle throat. 

Moreover, conical nozzles and their structure play an important role in outflow problems over 

widely fields of industrial. In this context, the many designs have been proposed to treat 

different types of applications (see for example T. Jiang et al, J. Li et al and Y. Lu et al [1-3]). 

Therefore, and for these reasons we highlighted on this problem, especially on the nozzle 

geometry design and the effects of geometric parameters (for more detail see T. Jiang et al 

[1]). The last decade has seen considerable advance in the treatment of such problem. In this 

context, numerous numerical studies have been conducted and takes a wide area in literature. 

Accordingly, many studies have been conducted to see the impact of nozzles geometric 

characterise on the flow Z.-Y. Sun et al [4]. Schmidt et al. [5] used a two-phase, two-

dimensional and transient model of cavitating nozzle flow to see the influence of the 

parameters of nozzle. Numerical study of compressible, cavitating flow is conducted by Jian 

et al. [6]. There the numerical results are compared with experiment data. Echouchene et al. 

[7] adopted a mixture model based on a single fluid to study the impact of wall roughness in 

the turbulent and cavitating flow developing within a Diesel injector numerically. Numerical 

analysis is applied to study the influences of cavitation upon a proportional, directly-operated, 

hydraulic and directional valve by Amirante et al. [8].  Chunyan et al. [9] studied the 

influence of geometric parameters on cavitation characteristics. These authors analyzed the 

effect of conical angle, inner-wall roughness and ratio of orifice length to diameter. Ahmed 

N. Abdulhasan and Alaa H. Al-Muslimawi [10] developed a numerical method to treat the 

flow through a conical channel of Newtonian laminar fluids based on Galerkin finite element 

method. 

 

     There are many numerical methods for solving flow problems for example, (see M. F. 

Ahmed et al and F. Ali & N. Summayya [11, 12]). But the current study, we used a time 

stepping Taylor Galerkin Pressure Correction (TGPC) finite element technique, which was 

proposed by Townsend and Webster (see [13]). In this algorithm, two methods, a Taylor 

Galerkin approach and a pressure correction approach are applied to develop the current 

method. Taylor Galerkin method is a two-step Lax-Wendroff time stepping procedure 

(predictor-corrector), extracted via a Taylor series expansion in time (see Donea [14]). In 

contrast, the pressure-correction method accommodates the incompressibility constraint to 

ensure second-order accuracy in time (see Ren & Liu. [15], Shen & Liu. [16]). Recently, this 

method has been employed widely to address various fluid problems in both Cartesian 
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coordinates system and cylindrical coordinates system (for more details see N. Thongjub and 

R. B Khokhar et al [17, 18]). The present article expands upon the important numerical 

themes by using one of efficient algorithm to provide a detailed study of Newtonian flow 

through the conical nozzle. Here, we consider the performance of the TGPC-method to 

address conical nozzles problem for first time, which represents a novel idea did not address 

by researchers previously. Practically, the design of the conical nozzle directly affects the 

thrust or flow rate, making it a critical component for achieving desired operational goals. So, 

a special structure of conical is used in this study with specific dimensions to provide 

efficient benefit in the flow of jet propulsion systems. In order to highlight this issue, the 

influence of geometric parameters of conical nozzles, such as downstream length, outlet 

diameter and cone’s half-angle is investigated widely in this article. 

 

     The following sections of the study are introduced as, mathematical model of the 

Newtonian fluid flow in the next section. The discretization method that utilized to treat the 

governing equations will be introduced in Section 3. The specification of problem and 

numerical findings will be presented in Sections 4 and 5, respectively.   

 

2. Mathematical modelling 

     With ignoring body forces, the momentum and continuity equations of incompressible 

flow  under isothermal circumstances are as follows (see A. Khayyer et al and E. 

DiBenedetto & U. Gianazza [19, 20]): 

                                                            𝛻 ⋅ (𝑢) = 0,                                                        (1)                                                                          

                                           𝜌 ((
𝜕𝑢

𝜕𝑡
) + 𝑢 ⋅ 𝛻𝑢) = −𝛻𝑝 + 𝛻 ⋅ (2𝜇 𝑔).                                    (2) 

 

     Here, 𝑢, 𝑝 and 𝜌, indicate velocity, pressure, and density, respectively, while 𝜇 represents 

solvent viscosity, as well as, 𝑔 =
1

2
(𝛻𝑢 + 𝛻𝑢𝜏) is the rate of deformation, and 𝛻 is the 

operator for derivatives. 

In addition, the relavent equation can alternatively be defined by non-dimensional Reynolds 

number groups, by utilizing the relationship 𝑅𝑒 = 𝜌
𝑍𝐿

𝜇
,  ( see D. Chandran et al and G. 

Kefayati [21, 22]) as well as (𝑍), (𝐿) and (𝜌) characteristic velocity, density and length, 

respectively see A. Khayyer et al, E. DiBenedetto & U. Gianazza, D. Chandran et al and G. 

Kefayati [19-22]. Thus, in this instance, in general Newtonian, the non-dimensional 

formulation of the numerical solution may be stated as: 

                                        𝑅𝑒 ((
𝜕𝑢

𝜕𝑡
) + 𝑢 ⋅ 𝛻𝑢) = −𝛻𝑝 + 𝛻 ⋅ (2𝜇 𝑔).                                       (3) 

 

3. Numerical method 

      To solve the governing equations numerically, (TG-PC)-method is employed in this 

study. Actually, this approach consists of three fractional stages. The first stage contains two 

steps, in the first step the initial velocity and pressure fields are used to compute  un+
1

2 and in 

second step u* components is evaluated using a two-step predictor-corrector process. During 

the second stage, differential pressure [𝑃𝑛+1 − 𝑃𝑛] is computed utilizing u∗and the Choleski 

technique. In the third stage, ((𝑃𝑛+1 − 𝑃𝑛)) and (𝑢∗) are employed to compute the velocity 

𝑢𝑛+1 using "Jacobi iteration". These partial stages are exported as: 

Stage [1a]: 
2𝑅𝑒

𝛥𝑡
 [( 𝑢𝑛+

1

2  − 𝑢𝑛 )] =  𝐿 [(𝑢𝑛, 𝑔𝑛)]  −  (𝛻𝑝𝑛),                          (4)   

                       Stage [1b]:  
𝑅𝑒

𝛥𝑡
 ([ 𝑢∗ − 𝑢𝑛]) =  𝐿 [(𝑢𝑛+

1

2, 𝑔𝑛+
1

2)] − (𝛻𝑝𝑛),                          (5)    
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                      Stage[2]: 𝛻2[( 𝑝𝑛+1 − 𝑝𝑛)] =
𝑅𝑒

𝜃𝛥𝑡
 (𝛻 ⋅  𝑢∗),                                                 (6) 

            Stage[3]:  𝑢𝑛+1 = (𝑢∗) −
𝜃𝛥𝑡

𝑅𝑒
 [𝛻([𝑝𝑛+1  −  𝑝𝑛])].                                          (7)      

Where, 

                                   𝐿 [𝑢, 𝑔] = [𝛻 ⋅  (2𝜇  𝑔) − 𝑅𝑒  𝑢 ⋅ (𝛻𝑢)].                                       (8) 

 

     Also, 𝜃 ∈ [0,1], if you choose 𝜃 = 1/2, the "Crank-Nicolson" scheme (a temporal approach 

of second order) is commonly employed and is known as the "Crank-Nicolson" parameter. 

The following formulae can be used to approximate velocity and pressure: 

                                          𝑢(𝑥, 𝑡) = ∑𝑗=1
𝐽𝑢  𝑢𝑗(𝑡)𝜙𝑗(𝑥),                                                           (9) 

                                          𝑝(𝑥, 𝑡) = ∑
𝑗=1

𝐽𝑝  𝑝𝑗(𝑡)𝜓𝑗(𝑥),                                                         (10) 

 

     where [ 𝐽𝑢] signifies the all-nodes number and [ 𝐽𝑝]  the number of triangular vertices. The 

vectors [𝑢𝑗(𝑡)] and [𝑝𝑗(𝑡)] indicate the vectors of velocity and pressure nodal values, 

respectively. [𝜙𝑗(𝑥)] and [𝜓𝑗(𝑥)] are the (Interpolation or shape) functions. (𝑢∗) and 

pressure difference are represented by comparable shapes. The domain 𝛺 is subdivided into 

elements, as well as the velocity at the nodes on the half and vertex, pressure is calculated 

using only the vertices nodes of a triangle. Among the several shape functions, [𝜙𝑗(𝑥)] is the 

basis function has been chosen as a quadratic function and [𝜓𝑗(𝑥)] is the linear basis 

function. Hence, the equivalent (TGPC) derived from (4), (5), (6), and (7) may be expressed 

in the matrices form as follows. 

 

Step [1a]: [
2𝑅𝑒

𝛥𝑡
𝑀 +

1

2
𝑆] (𝑍𝑛+

1

2 − 𝑍𝑛) = {−[𝑆 + 𝑅𝑒 𝑁(𝑍)]𝑍 + Ꝓ𝑇𝑃}
𝑛

,                             (11) 

Step [1b]: [
𝑅𝑒

𝛥𝑡
𝑀 +

1

2
𝑆] (𝑍∗ − 𝑍𝑛) = {−𝑆𝑍 + Ꝓ𝑇𝑃}

𝑛
− 𝑅𝑒( [𝑁(𝑍)𝑍])𝑛+

1

2,                       (12) 

Step [2]: 𝐾(𝑃𝑛+1  −  𝑃𝑛) = −
𝑅𝑒

𝜃𝛥𝑡
 Ꝓ𝑍∗,                                                                           (13) 

Step [3]:
𝑅𝑒

𝛥𝑡
𝑀([𝑍𝑛+1  −  𝑍∗]) = 𝜃Ꝓ𝑇([𝑃𝑛+1 − 𝑃𝑛]).                                                          (14) 

 

     Where, 𝑍𝑛,  𝑍𝑛+1  and 𝑃𝑛, 𝑃𝑛+1 are the velocity and pressure nodal vectors through the 

moment [𝑡𝑛 ] and [𝑡𝑛+1]; and [ 𝑍∗] is presented the intermediary velocity vector in Step 1b. 

M, N, S, Ꝓ, and K depict mass matrix, convective, momentum diffusion, pressure 

gradient/divergence, and matrix of pressure stiffness, respectively.  

 

4. Specification of the problem and its boundaries: 

     In this current work, flow through benchmark 2D conical axisymmetric channel for 

Newtonian fluid flow is presented under isothermal conditions. Accordingly, the triangular 

finite element mesh, namely fine mesh (FM), is implemented in this study. This mesh and 

geometric configuration diagrams are shown in Figure.1, with mesh characteristic parameters 

per region are presented in Table 1. For this investigation, the equations were processed using 

a Matlab programme. 
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Boundary conditions (BCs): The boundary conditions of current canonical nozzle are set as:  

(a) Zero radial velocity is imposed at the inlet with Poiseuille (Ps) flow for axial velocity.  

(b) Free axial velocity (uz) is assumed through axis of symmetry with ignoring radial 

velocity.     

(c) No-slip BCs are imposed on the up walls of the channel. 

 

Table 1: Conical nozzle's primary geometric characterizes.   

Item Value 

Inlet Diameter [d1] 10 

Outlet Diameter [d2] 2 

Length of the conicity, [ 𝐼1] 10 

Length of the cylinder,[ 𝐼2] 8 

Conical angle, (𝛽) 21.8 

 

5. Results and discussion 

     In Figure 2 the contour distribution of pressure and velocity are presented with the outlet 

diameter (𝑑2= 2) and various value of (𝐼2/ 𝑑2=1, 2, 3, 4, 5), for that see ( Table 2). The results 

reveal that, whenever the value of 𝐼2/ 𝑑2  increases, it will be accompanied by an increase in 

speed of flow and pressure due to the increase in the length of the cylinder according to 

Bernoulli's equation. In addition, increase in the value of (𝐼2/ 𝑑2) had effect on the intensity 

of the cavity as shown by the contour distribution. 

 

Table 2: Details about the conical nozzle's I2/d2. 

Diameter Length Ratio 

d2 2 𝐼2/𝑑2 

 

 

I2 

2 

4 

6 

1 

2 

3 

 8 4 

 10 5 

 

Figure 1: Conical nozzle geometry drawing 
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Figure 2: Velocity and pressure fields: effect of different 𝐼2/ 𝑑2 (𝑑2 = 2) 
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     For more detail, the profiles of velocity and pressure are presented as functions of 𝐼2/ 𝑑2 in 

Figure 3, for same setting f conical nozzle parameters. From the results, we observed that 

increase in the ratio 𝐼2/ 𝑑2 leads to rise in the level of velocity and pressure. In contrast, 

increase in the outlet diameter gives decrease in the pressure and velocity. For example, with 

𝑑2=1 the maximum velocity with 𝐼2=8 is around 182 units, while for 𝑑2=2 and 𝐼2=8 the 

maximum value of velocity around 46 units almost O (74%) reduction. The present results 

are consistent with the results of previous studies [9]. To give more details we presented the 

fields of velocity and pressure under the effect of outlet diameter in Figure 4. 
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Figure 3: Maximum velocity and pressure under different (𝐼2/𝑑2) 
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     Addition to above, the velocity and pressure profiles are illustrated in Figure 5 through 

centerline of the conical geometry for the various levels of d2={1, 2, 3}. The findings give 

that, the velocity is increased until reach to the maximum level at the exit of the conical, 

while an opposite feature is appeared for the pressure.   

 

 

 

 

 

 

 

 

 

 

 

Influence of version of conical angle β ={21.8, 25, 30, 40, 50, 60, 70, 90} on the pressure and  

 

Velocit Pressur

e

Figure  4: Velocity and pressure in [d2=0.5, 1, 1.5] 

 

Figure 5: Velocity and pressure in [d2=1, 2, 3] 
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Velocity has been presented in Figure 6 with 𝑑2=2 and 𝐼2=10 . From the contours we can see 

that, increase in the conical angles leads to reduce the pressure and change the direction of 

flow inside the nozzle. Moreover, insignificant reduction in the level of velocity is occurred 

as conical angles increases from 21.8 to 90, (see table 3). In addition, one can conclude that 

the effect of the ratio 𝐼2/ 𝑑2 on the solutions is higher than the influence of conical angle (see 

Figure 2). 

 

Table 3: Detailed detail about the conical nozzle 

Item 1 2 3 4 5 6 7 8 9 

𝜷 21.8 25 30 40 50 60 70 80 90 
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     In Figure 7, the maximum levels of velocity and pressure are plotted as functions of (β) 

with 𝑑2=2 and 𝐼2=10. The profiles in both cases reveal that, are is significant rise in the 

velocity and pressure as increased β from 21.8 to 40, while the increase is very modest for the 

rest of the β-values. That is reflect that the effect of β on the solution components is 

insignificant compared to that of 𝑑2-variation and 𝐼2-variation. 

β 

=50 

β 

=60 

β 

=70 

β 

=90 

Figure 6: Maximum level of velocity and pressure under different (β ) 
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6. Conclusions      

     A numerical study for incompressible Newtonian fluid through a conical nozzle is 

achieved under the isothermal condition by using Taylor Galerkin Pressure Correction 

(TGPC) finite element. In this investigation, the effect of e geometric parameters such as the 

outlet diameter (𝑑2), Length of the cylinder (𝐼2) and conical angle (β) on the components of 

solution are presented. From the results, we deduced that there is a significant effect of the 𝑑2 

and 𝐼2. There, we found that there is increasing in the levels of velocity and pressure as these 

parameters increase, which is in line with previous studies. In contrast, the effect of conical 

angle was also studied, where the impact from β-variation on the solution behaviour is 

modest. 
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