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Abstract

In this paper we study the concepts of &-small M-projective module and 8-small
M-pseudo projective Modules as a generalization of M-projective module and M-
Pseudo Projective respectively and give some results.
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1. Introduction

All rings in this paper are associative rings with identity, and all modules are unitary left R-
modules. Let M be an R-module. A submodule A of M is called essential (denoted by A <. M) if
every nonzero submodule of M has a nonzero intersection with A [1]. If A is a submodule of M, then
the annihilator of A (denoted by Ann (A)) is defined as Ann (A) = {r eR |rA =0} [1]. If M is R-
module, then Z(M) ={x € M : Ann (A) <. R} is called the singular submodule of M . If Z(M) =M
,then M is called the singular module. If Z(M) =0 then M is called nonsingular module [1]. A
submodule N of a module M is called 6-small in M (denoted by N «; M), if whenever N + X = M
with M/X singular, we have X = M [2]. An epimorphism f: M — N is said to split if there exists a
homomorphism g: N — M with fog = Iy [3]. A non-zero module M is called 3-hollow, if every proper
submodule in M is 8-small in M [4]. An R-module P is called M-projective, if for any epimorphism g:
M — N and any homomorphism f: P — N, there exists a homomorphism h: P — M such that goh = f
[5]. A module P is called projective if it is M-projective for every R-module M [3]. Let N and L be
submodules of M. N is called a é-supplementof LifM =N+ Land N N L <5 N [4]. A module M is
called Semisimple if it is a direct sum of simple modules [3]. An epimorphism g: M — N is said to be
d-small epimorphism if ker g is d-small in M. [6]. A homomorphism f: M—N is said to be factor
through g and h. if it is the composite of homomorphisms f = g ° h [7]. A module N is called M-
pseudo projective if for every submodule A of M, any epimorphism a: N — M/A can be lifted to a
homomorphism : N — M [8].
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2. &-small M-Projective Modules

In this section, we introduce the definition of 6-small M-Projective Modules as a generalization of
M-projective module. Also we introduce the definition of 5-small short exact sequence.
Definition (2.1): let N and M be modules. Then N is called 3-small M-projective, if for any given
module A, any d-small epimorphism g: M — A and any homomorphism f: N — A, there exists a
homomorphism h: N — M such that goh = f. i.e. the following diagram is commutative:

M K > —o—kerg «<; M.
g

Definition (2.2): A module N is called 5-small projective if it is 6-small M-projective for every R-
module M,[6].
Definition (2.3): Let K, M, N be modules A short exact sequence

0->K £> M % N = 0 is said to be 5-small short exact sequence if Kerg <s M.
Proposition (2.4): Let U and M be modules, the following are equivalent:

(a) U is a 8-small M-projective module;

(b) For every 8-small short exact sequence with middle term

0 >K—->M— N -0, the sequence
Hom(Lf) Hom(l,g) .
0 - Hom(U,K) —— Hom(U,M) —— Hom(U,N) — 0 is short exact;

(¢) For any 8-small submodule K of M, any homomorphism
h: U —» M/K factor through the natural epimorphism n: M — M/K.
Proof: (a = b) By proposition (16.6 in [7]) (b) holds. It is enough to show that, Hom(1, g) is an
epimorphism. Let f; € Hom(U, N). Since g is a 6-small epimorphism and U is a 6-small M-projective
module, there exists a homomorphism h: U — M such that goh = f;.
Now, Hom(1, g)(h) = goh = f;.

(b = ¢) Let K be a 3-small submodule of M and let h: U — M/K be an epimorphism. Consider
the following 6-small short exact sequence:

0->K 5 M 5 N — 0 where i is the inclusion homomorphism and = is the natural epimorphism. By
(b), the homomorphism Hom(I, ): Hom(U, M) — Hom(U, M/K) is an epimorphism.
i.e. there exists a homomorphism f € Hom(U, M) such that h = Hom(I, 7)(f) = mof.

(c > a) Let g: M — B be a é-small epimorphism and f: U — B be any homomorphism.
Consider the following diagram:

M B—> QL lrg<;M

X

Where K = Kerg, 1: M — M/K is the natural epimorphism and f;: B — M/K is an isomorphism. By
(c), there exists a homomorphism y: U — M such that moy = f;0f. and by (the factor theorem p.45 in
[7]) we have f;0g = n. Now, fiogoy = noy = f10f. Thus goy = f, since f; is an isomorphism.

Proposition (2.5): Let M be an R-module and {U,}.. be an indexed set of Modules. Then Q%AUG is

a 6-small M-projective if and only if every U, is a 6-small M-projective.
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Proof: (=) Leta%AUa be a 8-small M-projective and let a.e A. Consider the following diagram:

Pa
 —
® —
aeAUo' 1, UD
| _-
v ]
V‘/” g
M B , _0 ,

Where g: M — B is a &-small epimorphism, f: U, — B is any homomorphism, p, and J, are the
projections and the injection homomorphisms, respectively. Since Q%AUa is 0-small M-projective, then
there exists a homomorphism h: ae';AUa—> M such that goh =fop,. Let h, = hoJ,: U,—> M. =
goh,, = gohoJ, = fop,0J, =fol =1.

(<) Let g : M — B be a &-small epimorphism and let f Za%AUa—> B be any homomorphism.For
each ae A, consider the following diagram:

Ja

U =@ Ua
| -
h v h .- l
] P
mVal 9 g ——>

Where J,: U, —> Q%AUais the injection homomorphism. Since U,, is &-small M-projective, for each
aeA, so there exists h,: U,— M, such that goh, = foJ,,; for each ae A. Define h: aiAUa—> M by h(y)

=2 hy(y(a)). Clearly h is well-defined and a homomorphism.
aeA

Now (goh)(w) = 9(h(w)) = g ((1 EA ho (w(@)))
=aZ A(gOhot)(\V(a)) = X(fodo)(w(a)) = L( Z/\Ja(\lf(a))) =f(y).

aeA
Thus afAUa is ©0-small M-projective module.

Proposition (2.6): If N is 5-small M-projective module, then every &-small epimorphism g: M — N
splits.

Proof: Let N be a d-small M-projective, I: N — N be the identity and g: M — N be a d-small
epimorphism, then by &-small M-projectivity there exists a homomorphism f: N — M such that g o f =
I. so the 3-small epimorphism g: N — M splits.

N
f )’
A”
M —N—> —B—kerg <; M.
s

Proposition (2.7): Let M and Q be an R-module. If 0 — M'L M 5 M"— 0 is a 6-small short exact
sequence and Q is a 8-small M-projective, then Q is &-small M" and M"’-projective.

Proof: First we show that Q is a 8-small M"'-projective, let a: M""— N be a 6-small epimorphism and
let h: Q —> N be any homomorphism. Consider the following diagram:
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Q
v /"Tl
A”’/
M —My N O kerg; M
g a

Since a and g are 6-small epimorphism so owg is &-small epimorphism [6], and since Q is &-small M-

projective, there exists a homomorphism y: Q — M such that aogoy = h, i.e., goy is the required
homomaorphism.

Now to show that Q is 8-small M’-projective, we may assume that M’ <M, let g": M'— B be a 6-small
epimorphism and f': Q — B be homomorphism. Consider the following diagram:

Q .
%
L1
* .’ //
h 4
. /;
g! K Il Y
M —— S0 kerggi&s M’
| ;
1 ’
ih |/ i’
A 4 ! \ 4

T ¥

M ——— M/kerg’ 0 ,kernm<«K SL
Where i be the inclusion homomorphism and = is the natural epimorphism.
Define i": B —» M/Kerg' by i'(b) = a + Kerg’, where b = g'(a), for some a € M'. Its clear that g is well
define and homomorphism. Since Q is a &-small M-projective module, there exists a homomorphism
h: Q — M such that moh = i’'of’. We claim that h(Q) < M'. Let w € h(Q), then there exists q € Q such
that w = h(q). Now, th(q) = i'of'(q) = i’0g’(a) for some a € M'.
Hence nth(q) = a + Kerg' and therefore a — h(q) € Kerg’' < M’. Thus h(q) € M’ and consequently h(Q)
< M'. Define h": Q — M’ by h(x) = h*(x), for all x € Q. Now, i'og’oh* = moioh* = moh* = 70h = i'of".
Since i' is a monomorphism, we get g'oh* = f'.
Hence Q is 6-small M'-projective module.
Corollary (2.8): Let Q be a 6-small M-projective module, if N < M, then Q is 6-small N-projective
and &-small M/N-projective.
Proof: Its clear from the short exact sequence 0 - N — M — M/N — 0 and proposition (2.8).
Proposition (2.9): If M is d-hollow module then every M-projective module is 5-Small M-projective.
Proof: Follows by the fact every submodule of M is 3-small in M.
Proposition (2.10): Let M; and M, be modules, with M = M;® M;, then the following are
equivalent:
(1) M3 is a 6-small M;-projective;
(2) For any submodule N of M, such that M, is a &-supplement of N in M, there exists a submodule
N; of N such that M = M;® N;.
Proof: (1 = 2) Let M, be a 8-supplement of a submodule N in M, then M =N + M; with N N M; <5
Mi. Let m: M1 — M1/NNM; be the natural epimorphism. Define f: M, ,M{/NNM; by f(X) =y + N
My, for all x € M,, we have x =y + n, for some y € M; and n € N. Cleary f is well-defined and a
homomaorphism. Consider the following diagram:
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M, —  MANNM, — 0>
T

Since M, is a &6-small M,-projective, there exists a homomorphism h: M,— My, such that mh = f.
Define N;={y — h(y): y € M,}. We claim that N; ¢ N. Let x € Ny, then x = w — h(w), for some w e
M,. Now, th(w) = f(w). Since M =N + M; and w € M;, thenw =n+ v forsomen e Nandv € M;.
But h(w)+NnM; = f(w) =v + NmM;. This implies that h(w) —v € N and thusw —h(w) € N, i.e,, X €
N. It is clear that M =M + N;. Letw € M;NNy, sow =Yy — h(y) for somey € M,. Thusw + h(y) =y
=0. Thusw=0. Hence M = M;® Nj.

(2=1) Let t: M;— M/B be the natural epimorphism, where B «<s M; and let f: M,— M//B, Define
N ={x -y | f(X) =n(y), where x € M,,y € M1}. Itisclear that M = M; + N. We claimthat N n M;
B. Letw € N My, so w € N and hence w = m, — my, for some m, € M,, mye My, where f(m;)
=n(my). Thus w + my =m; =0, since M = M; & M,. Therefore n(m;) = 0 which implies that m; B
and hence w € B. But B <5 My, thus N n M;<s M;. Thus M is a 6-supplement of N in M. By (2),
there exists a submodule N; of N such that M = M;® N;. Define a: M, — M, by a(w) = v, where w

=n+v for some neN; and v € M;. Clearly a is well-defined and homomorphism.
Now for the diagram

M,

Ml —_—> M]_/B_y 0
I

Letw € My, thenw=n+v, wheren € N; andv € My, but n € N, so n =x —y, where f(x) =n(y).
Hence w = x —y + v which implies thatw - x=v -y € My~ M,=0. Thus w = x and v =y. Therefore
na(w) = n(v) = n(y) = f(x) = f(w). Consequently M, is a 5-small M;-projective module.

Proposition (2.11): Let M, N and K be modules, where K is 6-small projective. Let f: K — M be an
epimorphism. Then M is 6-small N-projective if for every homomorphism ¢: K — N, there exists a
homomorphism ¢*: M — N such that ¢*of = ¢.

Proof: Let g: N — B be 6-small epimorphism and h: M — B be any homomorphism. Consider the
following diagram:

<G------
R\

1939



Al-Muthafar & Taher Iragi Journal of Science, 2014, Vol 55, No0.4B, pp:1935-1941

By &-small projectivity of K, there exists a homomorphism ¢: K — N, such that go$ = hof. By our
hypothesis, there exists a homomorphism ¢*: M — N, such that ¢*of = ¢, and so gop*of = go¢ = hof.
Now For m € M, we have (go¢*)(m) = g(¢*(m)) = g(¢*(f(x))), where m = f(x), for some x € K.
Hence (go¢*)(m) = (godp*of)(x) = (god*)(f(x)) = (god)(x) = h(f(x)) = h(m) = god* = h. Therefore M
is -small N-projective module.
3. 8-Small M-Pseudo Projective Modules

In this section, we give new definitions, definitions of 5-Small pseudo projective module and &-
Small M-Pseudo Projective Module as a generalization of pseudo projective module and M-Pseudo
Projective Module respectively and give some results. Recall that An R-module M is called pseudo
projective if for any given module A and epimorphisms f: M—A and g: M— A, there exists an h in
End (M) such that f = g o h. also recall that a module N is called M-pseudo projective if for every
submodule A of M, any epimorphism a: N — M/A can be lifted to a homomorphism f: N — M.
Definition (3.1): An R-module M is said to be 6-small pseudo projective if for any module A, with 8-
small epimorphism g: M — A and epimorphism f: M — A there exists an h €End (M) such that f =g
o h. i.e. the following diagram is commutative:

Definition (3.2): An R-module N is called 8-small M-pseudo projective module if for any submodule
A of M, any &-small epimorphism f: N — M/A can be lifted to a homomorphism h: N — M. i.e. the
following diagram is commutative:

N

h F (ke f < N)

4
4

‘/
M —MA> 60—

l

Proposition (3.3): Let N be a 3-small M-pseudo projective module, then any epimorphism f: M — N
splits.

Proof: Let f: M — N be an epimorphism. Then N 2 M/ker(f) so g: N — M/kerf is an isomorphism,
since N is 8-small M-pseudo projective then g can be lifted to homomorphism f;: N — M. thus f° f; is
the identity map, therefore the epimorphism f: M — N splits.

0

fl ,/g
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Proposition (3.4): Let N be a 3-hollow R-module the following conditions are equivalent:
(1) N is 8-small M-pseudo projective module.
(2) N is M-pseudo projective module.

Proof(1) = (2) Let N be a 6-small M-pseudo projective module. Let K be any submodule of M, let f:

N — M/K any epimorphism. Since N is 6-hollow module so every proper submodules of N are -
small in N. so Ker f «; N, and by (1) the homomorphism f can be lifted to a homomorphism h: N —
M. such that mog = f. with m: M — M/K. i.e. the following diagram is commutative:

Thus, N is M-pseudo projective module.
(2) = (1), it clear by definition.

Proposition (3.5): If M = P @ N is d-small pseudo projective then P @ N is &-small P-pseudo
projective as well as 6-small N-pseudo projective.

Proof: Let f: M — P/X be any d-small epimorphism where X is a submodule of P, m: M — P be the
projection map and v: P — P/X be the natural epimorphism. Then by 3-small pseudo projectivity of M
there exists h: M —M such that the following diagram is commutative:

i.e. f = vempeh, define y = mpoh thus vey = f and hence M is 6-small P-pseudo-projective. Similarly we
can show that M is 8-small N-pseudo-projective.
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