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Abstract 
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 الخلاصة

الاسـقاطي وكـذلك  Mالصغير كتعميم لمقـاس  δالاسقاطي من النوع  Mفي هذا البحث ندرس مفهوم مقاس      
 .الاسقاطي الزائف Mالصغير كتعميم لمقاس  δالاسقاطي الزائف من النوع  Mندرس مفهوم مقاس 

 
1. Introduction 

    All rings in this paper are associative rings with identity, and all modules are unitary left R-
modules. Let M be an R-module. A submodule A of M is called essential (denoted by A ⊆ReR M) if 
every nonzero submodule of M has a nonzero intersection with A [1]. If A is a submodule of M, then 
the annihilator of A (denoted by Ann (A)) is defined as Ann (A) = {r ∈R | rA = 0} [1]. If M is R-
module, then Z(M) ={x ∈ M : Ann (A) ⊆ReR R} is called the singular submodule of M . If Z(M) = M 
,then M is called the singular module. If Z(M) = 0 then M is called nonsingular module [1]. A 
submodule N of a module M is called δ-small in M (denoted by N ≪RδR M), if whenever N + X = M 
with M/X singular, we have X = M [2]. An epimorphism f: M → N is said to split if there exists a 
homomorphism g: N → M with fog = IRNR [3]. A non-zero module M is called δ-hollow, if every proper 
submodule in M is δ-small in M [4]. An R-module P is called M-projective, if for any epimorphism g: 
M → N and any homomorphism f: P → N, there exists a homomorphism h: P → M such that goh = f 
[5]. A module P is called projective if it is M-projective for every R-module M [3]. Let N and L be 
submodules of M. N is called a δ-supplement of L if M = N + L and N ∩ L ≪RδR N [4]. A module M is 
called Semisimple if it is a direct sum of simple modules [3]. An epimorphism g: M → N is said to be 
δ-small epimorphism if ker g is δ-small in M. [6]. A homomorphism f: M→N is said to be factor 
through g and h. if it is the composite of homomorphisms f = g ◦ h [7]. A module N is called M-
pseudo projective if for every submodule A of M, any epimorphism α: N → M/A can be lifted to a 
homomorphism β: N → M [8]. 
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2. δ-small M-Projective Modules 
     In this section, we introduce the definition of δ-small M-Projective Modules as a generalization of 
M-projective module. Also we introduce the definition of  δ-small short exact sequence.  
Definition (2.1): let N and M be modules. Then N is called δ-small M-projective, if for any given 
module A, any δ-small epimorphism g: M → A and any homomorphism f: N → A, there exists a 
homomorphism h: N → M such that goh = f. i.e. the following diagram is commutative: 
 
                                                                  P 
 
                                                    h                f 
 
                                            M                  N                 0  , kerg ≪RδR M.   
                                                       g 
 
Definition (2.2): A module N is called δ-small projective if it is δ-small M-projective for every R-
module M,[6]. 
Definition (2.3): Let K, M, N be modules A short exact sequence 
0 → K 

𝑓
→ M 

𝑔
→ N → 0 is said to be δ-small short exact sequence if Kerg ≪RδR M.   

Proposition (2.4): Let U and M be modules, the following are equivalent: 
(a) U is a δ-small M-projective module;   
(b) For every δ-small short exact sequence with middle term 
0 → K → M → N → 0, the sequence  

0 → Hom(U,K) 
𝐻𝑜𝑚(𝐼,𝑓)
�⎯⎯⎯⎯⎯� Hom(U,M) 

𝐻𝑜𝑚(𝐼,𝑔)
�⎯⎯⎯⎯⎯� Hom(U,N) → 0 is short exact; 

(c) For any δ-small submodule K of M, any homomorphism 
 h: U → M/K factor through the natural epimorphism π: M → M/K. 
Proof: (a ⇒ b) By proposition (16.6 in [7]) (b) holds. It is enough to show that, Hom(1, g) is an 
epimorphism. Let fR1R ∈ Hom(U, N). Since g is a δ-small epimorphism and U is a δ-small M-projective 
module, there exists a homomorphism h: U → M such that goh = fR1R.   
Now, Hom(1, g)(h) = goh = fR1R.   

(b ⇒ c) Let K be a δ-small submodule of M and let h: U → M/K be an epimorphism. Consider 
the following δ-small short exact sequence:    
0 → K 

𝑖
→ M 

𝜋
→ N → 0  where i is the inclusion homomorphism and π is the natural epimorphism. By 

(b), the homomorphism Hom(I, π): Hom(U, M) → Hom(U, M/K) is an epimorphism.   
i.e. there exists a homomorphism f ∈ Hom(U, M) such  that h = Hom(I, π)(f) = πof.   

(c ⇒ a) Let g: M → B be a δ-small epimorphism and f: U → B be any homomorphism. 
Consider the following diagram:  
 
                                                                   U 
                                                            γ        f 

 
                                                      M         B            0    ,ker g ≪RδR M          
                                                              g 
                                                           π         fR1 
 
                                                                 M/K 
 
Where K = Kerg, π: M → M/K is the natural epimorphism and fR1R: B → M/K is an isomorphism. By 
(c), there exists a homomorphism γ: U → M such that πoγ = fR1Rof. and by (the factor theorem p.45 in 
[7]) we have fR1Rog = π. Now, fR1Rogoγ = πoγ = fR1Rof. Thus goγ = f, since fR1R is an isomorphism.        
Proposition (2.5): Let M be an R-module and {URαR}Rα∈ΛR be an indexed set of Modules. Then ⊕ 

𝛼∈𝛬Uα is 
a δ-small M-projective if and only if every URαR is a δ-small M-projective. 
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  Jα     

g     

α∈Λ 

α∈Λ α∈Λ 

α∈Λ 

Proof: (⇒) Let ⊕ 
𝛼∈𝛬Uα be a δ-small M-projective and let α∈Λ. Consider the following diagram:   

 
                        ⊕ 

𝛼∈𝛬Uα                                UR 
 
                          h        hRaR                            f 
 
                           M                               B               0           
 
Where g: M → B is a δ-small epimorphism, f: URαR → B is any homomorphism, ρRαR and JRαR are the 
projections and the injection homomorphisms, respectively. Since ⊕ 

𝛼∈𝛬Uα is δ-small M-projective, then 
there exists a homomorphism h: ⊕ 

𝛼∈𝛬Uα → M such that goh = foρRαR. Let hRαR = hoJRαR: URαR→ M. ⇒ 
gohRαR = gohoJRαR = foρRαRoJRαR = foI = f.  

(⇐) Let g : M → B be a δ-small epimorphism and let f : ⊕ 
𝛼∈𝛬Uα→ B be any homomorphism.For 

each α∈Λ, consider the following diagram:  
 
                            U                                  R

⊕ 
𝛼∈𝛬Uα 

 
                            hR                      Rh                         
 
                             M                               B                0           
 
Where JRαR: URαR → ⊕ 

𝛼∈𝛬Uα is the injection homomorphism. Since URαR is δ-small M-projective, for each 

α∈Λ, so there exists hRαR: URαR→ M, such that gohRα R= foJRαR; for each α∈Λ.  Define h: ⊕ 
𝛼∈𝛬Uα→ M by h(ψ) 

= ∑ hRαR(ψ(α)). Clearly h is well-defined and a homomorphism. 
  

Now (goh)(ψ) = g(h(ψ)) = g ( ∑  hRαR (ψ(α)))  
 

=  ∑ (gohRαR)(ψ(α)) =  ∑(foJRαR)(ψ(α)) = f(∑ JRαR(ψ(α))) =f(ψ). 
 

Thus ⊕ 
𝛼∈𝛬Uα is δ-small M-projective module.  

Proposition (2.6): If N is δ-small M-projective module, then every δ-small epimorphism g: M → N 
splits. 
Proof: Let N be a δ-small M-projective, I: N → N be the identity and g: M → N be a δ-small 
epimorphism, then by δ-small M-projectivity there exists a homomorphism f: N → M such that g ◦ f = 
I. so the δ-small epimorphism g: N → M splits. 
 
                                                                    N 
 
                                                       f             I 
 
 
                                             M                N                 0  , kerg ≪RδR M.   
                                                       g 
 

Proposition (2.7): Let M and Q be an R-module. If 0 →  Mʹ
𝑓
→ M  

𝑔
→ Mʹʹ→ 0 is a δ-small short exact 

sequence and Q is a δ-small M-projective, then Q is δ-small M′ and M′′-projective. 
Proof: First we show that Q is a δ-small M′′-projective, let α: M′′→ N be a δ-small epimorphism and 
let h: Q → N be any homomorphism. Consider the following diagram:  
 
 

  Jα     

g  
    

 ρα  
   

α∈Λ 
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                                                                   Q 
 
                                             ψ                      h 
 
 
                              M               M"             N                 0  , kerg ≪RδR M.   

                             g              α                                                                              
 
Since α and g are δ-small epimorphism so αog is δ-small epimorphism [6], and since Q is δ-small M-
projective, there exists a homomorphism ψ: Q → M such that αogoψ = h, i.e., goψ is the required 
homomorphism.   
Now to show that Q is δ-small M′-projective, we may assume that M′ ≤ M, let g′: M′→ B be a δ-small 
epimorphism and f′: Q → B be homomorphism. Consider the following diagram:  
                                                                  Q 
 
 
                                                  h P

*
P                 f ʹ 

 

                                 Mʹ 
     𝑔ʹ      
�⎯⎯⎯� B                 0           ,ker g ʹ ≪RδR M ʹ          

 
                                             i   h                     i′ 
 

                           M 
            𝜋      
�⎯⎯⎯⎯⎯� M/kergʹ           0    ,ker π ≪RδR M          

 
Where i be the inclusion homomorphism and π is the natural epimorphism.  
Define i′: B → M/Kerg′ by i′(b) = a + Kerg′, where b = g′(a), for some a ∈ M′. Its clear that g is well 
define and homomorphism. Since Q is a δ-small M-projective module, there exists a homomorphism 
h: Q → M such that πoh = i′of′. We claim that h(Q) ≤ M′. Let w ∈ h(Q), then there exists q ∈ Q such  
that w = h(q). Now, πh(q) = i′of′(q) = i′og′(a) for some a ∈ M′.  
Hence πh(q) = a + Kerg′ and therefore a − h(q) ∈ Kerg′ ≤ M′. Thus h(q) ∈ M′ and consequently h(Q) 
≤ M′. Define hP

*
P: Q → M′ by h(x) = h*(x), for all x ∈ Q. Now, i′og′oh* = πoioh* = πoh* = πoh = i′of′. 

Since i′ is a monomorphism, we get g′oh* = f′.   
Hence Q is δ-small M′-projective module.   
Corollary (2.8): Let Q be a δ-small M-projective module, if N ⊆ M, then Q is δ-small N-projective 
and δ-small M/N-projective.  
Proof: Its clear from the short exact sequence 0 → N → M → M/N → 0 and proposition (2.8).  
Proposition (2.9): If M is δ-hollow module then every M-projective module is δ-Small M-projective. 
Proof: Follows by the fact every submodule of M is δ-small in M. 
Proposition (2.10): Let MR1R and MR2R be modules, with M = MR1R⊕ MR2R, then the following are 
equivalent:   
(1) MR2R is a δ-small MR1R-projective;   
(2) For any submodule N of M, such that MR1R is a δ-supplement of N in M, there exists a submodule 
NR1R of N such that M = MR1R⊕ NR1R.   
Proof: (1 ⇒ 2) Let MR1R be a δ-supplement of a submodule N in M, then M = N + MR1R with N ∩ MR1R ≪RδR 
MR1R. Let π: MR1R → MR1R/N∩MR1R be the natural epimorphism. Define f: MR2 →RMR1R/N∩MR1R by f(x) = y + N ∩ 
MR1R, for all x ∈ MR2R, we have x = y + n, for some y ∈ MR1R and n ∈ N. Cleary f is well-defined and a 
homomorphism. Consider the following diagram:   
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                                                                         M2 
 
 
                                                      h                      f 
 
 
 
                                     MR1R                         MR1R/N∩MR1                                      R 0          
                                                     π 
Since MR2R is a δ-small MR1R-projective, there exists a homomorphism h: MR2R→ MR1R, such that πoh = f. 
Define NR1R= {y − h(y): y ∈ MR2R}. We claim that NR1 R⊆ N. Let x ∈ NR1R, then x = w − h(w), for some w ∈ 
MR2R.  Now, πh(w) = f(w). Since M = N + MR1R and w ∈ MR2R, then w = n + v for some n ∈ N and v ∈ MR1R.  
But h(w)+N∩MR1R = f(w) =v + N∩MR1R. This implies that h(w) − v ∈ N  and thus w − h(w) ∈ N, i.e., x ∈ 
N. It is clear that M = MR1R + NR1R. Let w ∈ MR1R∩NR1R, so w = y − h(y) for some y ∈ MR2R. Thus w + h(y) = y 
= 0. Thus w = 0. Hence M = MR1R⊕ NR1R.   
(2 ⇒ 1) Let π: MR1R→ MR1R/B be the natural epimorphism, where B ≪RδR MR1R and let f: MR2R→ MR1R/B, Define 
N = {x − y | f(x) =π(y), where x ∈ MR2R, y ∈ MR1R}. It is clear that M = MR1R + N. We claim that N ∩ MR1R ⊆ 
B. Let w ∈ N ∩ MR1R, so w ∈ N and hence w = mR2R − mR1R, for some mR2R ∈ MR2R, mR1R∈ MR1R, where f(mR2R) 
= π(mR1R). Thus w + mR1 R= mR2R = 0, since M = MR1R ⊕ MR2R. Therefore π(mR1R) = 0 which implies that mR1R∈ B 
and hence w ∈ B. But B ≪RδR MR1R, thus N ∩ MR1R≪RδR MR1R. Thus MR1R is a δ-supplement of N in M. By (2), 
there exists a submodule NR1R of N such that M = MR1R⊕ NR1R. Define α: MR2R → MR1R by α(w) = v, where w 
= n + v for some n∈NR1R and v ∈ MR1R. Clearly α is well-defined and homomorphism. 
Now for the diagram  
 

                                                              MR2 
 
                                                      α           f 
 
                                              MR1                    RMR1R/B          0          
                                                       π 

 
Let w ∈ MR2R, then w = n + v, where n ∈ NR1R and v ∈ MR1R, but n ∈ N, so n = x − y, where f(x) =π(y). 
Hence w = x − y + v which implies that w − x = v − y ∈ MR1R∩ MR2R= 0. Thus w = x and v = y. Therefore 
πα(w) = π(v) = π(y) = f(x) = f(w).  Consequently MR2R is a δ-small MR1R-projective module. 
Proposition (2.11): Let M, N and K be modules, where K is δ-small projective. Let f: K → M be an 
epimorphism. Then M is δ-small N-projective if for every homomorphism φ: K → N, there exists a 
homomorphism φ*: M → N such that φ*of = φ.   
Proof: Let g: N → B be δ-small epimorphism and h: M → B be any homomorphism. Consider the 
following diagram:   
 
  
                        K 
 
                      Φ                    ϕ*                     h 
 
 
 
                         N                                     B                         0   
 

  g    

  f    
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By δ-small projectivity of K, there exists a homomorphism φ: K → N, such that goφ = hof. By our 
hypothesis, there exists a homomorphism φ*: M → N, such that φ*of = φ, and so goφ*of = goφ = hof. 
Now For m ∈ M, we have (goφ*)(m) = g(φ*(m)) = g(φ*(f(x))), where m = f(x),  for some x ∈ K. 
Hence (goφ*)(m) = (goφ*of)(x) = (goφ*)(f(x)) = (goφ)(x) = h(f(x)) = h(m) ⇒ goφ* = h. Therefore M 
is δ-small N-projective module.   

3. δ-Small M-Pseudo Projective Modules 
    In this section, we give new definitions, definitions of δ-Small pseudo projective module and δ-
Small M-Pseudo Projective Module as a generalization of pseudo projective module and M-Pseudo 
Projective Module respectively and give some results. Recall that An R-module M is called pseudo 
projective if for any given module A and epimorphisms f: M→A and g: M→ A, there exists an h in 
End (M) such that f = g o h. also recall that a module N is called M-pseudo projective if for every 
submodule A of M, any epimorphism α: N → M/A can be lifted to a homomorphism β: N → M. 
Definition (3.1): An R-module M is said to be δ-small pseudo projective if for any module A, with δ-
small epimorphism g: M → A and epimorphism f: M → A there exists an h ∈ End (M) such that f = g 
◦ h. i.e. the following diagram is commutative:  
 
                                                                M 
 
                                                       h             f 
 
 
                                             M                A            0  , kerg ≪RδR M.   
                                                       g 
 
                                                                 0 
 
Definition (3.2): An R-module N is called δ-small M-pseudo projective module if for any submodule 
A of M, any δ-small epimorphism f: N → M/A can be lifted to a homomorphism h: N → M. i.e. the 
following diagram is commutative: 
 
                                                                N 
 
                                                       h             f (ker f ≪RδR N) 
 
 
                                             M                M/A            0     
                                                        
 
                                                                 0 
 
Proposition (3.3): Let N be a δ-small M-pseudo projective module, then any epimorphism f: M → N 
splits. 
Proof: Let f: M → N be an epimorphism. Then N  M/ker(f) so g: N → M/kerf is an isomorphism, 
since N is δ-small M-pseudo projective then g can be lifted to homomorphism fR1R: N → M. thus f ◦ fR1R is 
the identity map, therefore the epimorphism f: M → N splits.  
 
                                                                 N 
 
                                                       fR1R             g 
 
 
                                             M                 M/kerf                  0     
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Proposition (3.4): Let N be a δ-hollow R-module the following conditions are equivalent: 
(1) N is δ-small M-pseudo projective module. 
(2) N is M-pseudo projective module. 

Proof(1)  (2) Let N be a δ-small M-pseudo projective module. Let K be any submodule of M, let f: 
N → M/K any epimorphism. Since N is δ-hollow module so every proper submodules of N are δ-
small in N. so Ker f ≪δ N, and by (1) the homomorphism f can be lifted to a homomorphism h: N → 
M. such that πog = f. with π: M → M/K. i.e. the following diagram is commutative: 
 
                                                                N 
 
                                                       h             f  
 
 
                                             M                M/K            0     
                                                        π   
 
                                                                 0 
Thus, N is M-pseudo projective module. 
(2)  (1), it clear by definition.  
 
Proposition (3.5): If M = P ⊕ N is δ-small pseudo projective then P ⊕ N is δ-small P-pseudo 
projective as well as δ-small N-pseudo projective. 
Proof: Let f: M → P/X be any δ-small epimorphism where X is a submodule of P, πRPR: M → P be the 
projection map and ν: P → P/X be the natural epimorphism. Then by δ-small pseudo projectivity of M 
there exists h: M →M such that the following diagram is commutative: 
 
                                                                 M 
 
 
                                                 h           ψ                f  
  
                         M                   P              P/X            0     
                                   πRPR                 v   
 
                                                                 0 
 
i.e. f = v◦πRPR◦h, define ψ = πRPR◦h thus v◦ψ = f and hence M is δ-small P-pseudo-projective. Similarly we 
can show that M is δ-small N-pseudo-projective. 
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