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Abstract: 

     Caristi’s Theorem plays as an important rule to guaranties the existence of the 

fixed point for a single valued mapping and a Set-valued mapping that defined on 

complete partial b-metric spaces. In our paper some new generalizations of Caristi’s 

condition have been introduced and we use them in them in our work to give the 

guaranties in which the single and set-valued mappings have a fixed point on partial 

b- metric spaces. As well as, some applications have been studied to illustrate the 

mechanism of using these generalizations of Caristi’s condition. 
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b  شرط كارستي في الفضاءات المترية الجزئية من النوع تعميم  
 

 , سعاد ناجي كاظم   *لقاء جميل خليل

 قسم الرياضيات , كلية العلوم , جامعة بغداد ,  بغداد  ,  العراق 
 

 الخلاصة 
في الفضاءات    المعرفة    نظرية كارستي تلعب دور مهم في اثبات وجود النقطة الثابتة للدوال المفردة والمتعددة

 المترية الجزئية .
كارستي  أ       لشرط  التعميمات  هذا بعض  بحثنا  في  امتلاك    وعطينا  اثبات  في  التعميمات   استخدمنا هذه 

   -والمتعددة للنقاط الثابتة المعرفة على الفضاءات المترية الجزئية من النوع  bالتطبيقات المفردة .  
النقاط    وجود  برهان  في  كارستي  لشرط  الجديدة  الصيغ  استخدام  الية  لتوضيح  التطبيقات  بعض  درسنا  كما 

    الفضاء الثابتة في هذا 
 

1. Introduction   

        Caristi in 1976 [1] proved the existence for a fixed point of a function f which defined 

on a metric space 𝑋 if it satisfies the condition:  𝑑(𝑥, 𝑓 (𝑥)) ≤  𝜑(𝑥)  −  𝜑(𝑓 (𝑥)) for all 𝑥 ∈
 𝑋.  
Czerwik in 1993 [2] introduced the concept of the b-metric space by modifying the triangle 

inequality for the metric space. 

 

     In 1994 [3] Matthews introduced the notion of the partial metric space by adding the non-

self-distance property and proved the Banach contraction principle in this space. Aydi H. et 
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al. in 2013 [4] gave some notes on the modified proof of Caristi’s fixed point theorem on 

partial metric spaces. 

 

     Shukla in 2014 [5] defined the partial b-metric by connecting with the Czerwiks space and 

Mathews’ space. Franz-Viktor Kuhlmann et al. in 2018 [6] showed that a metric space is 

complete if and only if all of its Caristi–Kirk ball spaces are spherically complete. 

Hakan Karayılan, Mustafa Telci in 2019 [7] extended the generalized Caristi’s fixed point 

theorem point theorem on complete fuzzy metric spaces. 

 

     In 2019 [8] Bota M.et al. established some fixed point  (𝛼 − 𝜓)- ciric -type contractive 

multivalued operators in b-metric spaces. In 2020 [9] the existence of a fixed point for set 

valued mappings with some modification of the Banach construction principle in Mathews’ 

space was proved.   

 

     Panel Takashi Ishizuka in 2021 [10] considered the complexity of finding a fixed point 

whose existence is guaranteed by an order-theoretic such as Caristi and Brondsted's fixed 

point theorems. Nattawut Pholasa et al. in 2021 [11] studied Caristi’s fixed point theorem in 

complete Mv-metric space.  

EL Kouch Youness et al. in 2021 [12] gave a generalization version of some new fixed point 

theorems of mappings satisfying Caristi type conditions. Md. Abdul Mannan et al. in 2021 

[13] discussed Caristi’s fixed point theorem for mappings on normed spaces. Fatemeh Lael et 

al. in 2022 [14] provided a brief proof for Caristi-Kirk fixed point result for single and set-

valued mappings in cone metric spaces. Nikola Savanovic et al. in the same year [15] 

discussed some theorems in b-metric spaces  

 Piotr Nowakowski and Filip Turobo´s in 2023 [16] proved several properties, with 

convergence in semi-metric spaces and put several open questions connected with this notion. 

In this work, the existence of fixed points for single valued and set valued mappings defined 

on complete partial b-metric spaces that satisfying Caristi’s condition are established with 

new generalization and some applications.  

 

2.  Preliminaries   

     In this section we recall all the basic concepts that we need in this work such as the 

definitions of b - metric, partial metric and partial b-metric spaces, as follows: (See [2, 3, 5]).  

 

Definition 2.1: [2]  

The space b-metric space (𝑌, 𝑑, 𝑠)  is a set 𝑌 ≠ ∅  and  𝑑: 𝑌 𝑥 𝑌 →  (0 , ∞)  such that:  
(𝑀𝑏1)𝑑(𝑎, 𝑏) = 0  if and only if 𝑎 = 𝑏  for all  𝑎, 𝑏 ∈ 𝑌; 

(𝑀𝑏2) 𝑑(𝑎, 𝑏) = 𝑑(𝑏, 𝑎) for all 𝑎, 𝑏 ∈ 𝑌; 

(𝑀𝑏3) 𝑑(𝑎, 𝑏)  ≤ 𝑠[𝑑 (𝑎, 𝑐) + 𝑑 (𝑐, 𝑏)] , where 𝑠 ≥ 1  and  𝑎, 𝑏, 𝑐 ∈ 𝑌. 

 

Definition 2.2: [3] 

A partial metric space  (𝑌 , 𝑃) is a set  𝑌 ≠ ∅  and a function 𝑝 ∶    𝑌 × 𝑌 → [0, +∞) 

satisfies: 

 𝑝1) Non-negativity and a self-distance:  0 ≤ 𝑝 (𝑎, 𝑎)  ≤  𝑝(𝑎, 𝑏),  
𝑝2) Indistancy implies equality, if  𝑝 (𝑎, 𝑎) = 𝑝(𝑏, 𝑏) =  𝑝(𝑎, 𝑏) then  𝑎 = 𝑏 ,   
𝑝3) Symmetry, 𝑝 (𝑎, 𝑏) = 𝑝 (𝑏, 𝑎), 
𝑝4) Triangular property:  𝑝 (𝑎, 𝑐)  ≤  𝑝 (𝑎, 𝑏)  +  𝑝(𝑏, 𝑐)  −  𝑝(𝑏, 𝑏). 
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Definition 2.3: [5] 

A partial b-metric space( 𝑌 , 𝑃𝑏)  is a set 𝑌 and a function 𝑃𝑏 ∶  𝑌 × 𝑌 → [0, +∞)  such that 

for all  𝑢, 𝑣, 𝑤 ∈ 𝑌: 
 (𝑃𝑏1) 𝑎 = 𝑏  if and only if  𝑃𝑏 (𝑎, 𝑎) = 𝑝𝑏(𝑎, 𝑏) = 𝑝𝑏(𝑏, 𝑏) ; 
 (𝑃𝑏2) 𝑃𝑏 (𝑎, 𝑎)  ≤ 𝑝𝑏(𝑎, 𝑏) ;  
 (𝑃𝑏3) 𝑝𝑏(𝑎, 𝑏) =  𝑝𝑏 (𝑏, 𝑎) ;  
 (𝑃𝑏4)𝑃𝑏 (𝑎, 𝑏)  ≤  𝑠[𝑝𝑏(𝑎, 𝑐) + 𝑝𝑏(𝑐, 𝑏)] − 𝑝𝑏(𝑐, 𝑐) , 𝑠 ≥ 1  ,  𝑎, 𝑏, 𝑐 ∈ 𝑌. 

 

Definition 2.4: [16] 

 The sequence { 𝑦𝑛 } in  ( 𝑌 , 𝑃𝑏) is: 

1- Converges   if  lim
𝑛→∞

𝑝𝑏(𝑦𝑛, 𝑦) = 𝑝𝑏(𝑦, 𝑦) , 𝑦 ∈ 𝑌.  

2- Cauchy if lim
𝑛,𝑚→∞

𝑝𝑏(𝑦𝑛, 𝑦𝑚)  exists and it is finite.  

3- ( 𝑌 , 𝑃𝑏) is complete if every Cauchy sequence satisfies: 

lim
𝑛,𝑚→∞

𝑝𝑏(𝑦𝑛, 𝑦𝑚) = lim
𝑛→∞

𝑝𝑏(𝑦𝑛, 𝑦) = 𝑝𝑏(𝑦, 𝑦) , 𝑦 ∈ 𝑌. 

 

Definition 2.5: [17] 

Let 𝐶𝐵𝑝𝑏 (𝑌) be all the closed bounded subsets of  (𝑌, 𝑝𝑏), then for all 𝑀, 𝑁 ∈ 𝐶𝐵𝑝𝑏(𝑌), 

Housedorff  partial b-metric space which denoted by 𝐻𝑝𝑏 on  (𝑌, 𝑝𝑏) is defined by : 

  𝐻𝑝𝑏 (𝑀, 𝑁) = max{𝜕𝑝𝑏(𝑀, 𝑁), 𝜕𝑝𝑏(𝑁, 𝑀)},  
where: 

 𝜕𝑝𝑏(𝑀, 𝑁) = sup{ 𝛽𝑝𝑏(𝑢, 𝑁): 𝑢 ∈ 𝑀} ;  
    𝜕𝑝𝑏(𝑁, 𝑀) = sup { 𝛽𝑝𝑏(𝑣, 𝑀): 𝑣 ∈ 𝑁};   

 𝛽𝑝𝑏(𝑢, 𝑁) = inf{𝑝𝑏(𝑢, 𝑢̀), 𝑢̀  ∈ 𝑁}. 
 

Definition 2.6: [17] 

Let (𝑌 , 𝑝𝑏)  be a partial b- metric space. A single valued mapping 𝑇 ∶ 𝑌 → 𝑌 is said to be a 

Caristi mapping if there exists a lower semi continuous bounded below function ℎ: 𝑌 →
(−∞ , +∞ ) such that     𝑝𝑏(𝑦, 𝑇𝑦) ≤  ℎ(𝑦) −  ℎ(𝑇𝑦)  for 𝑦 ∈ 𝑌.  
 

Definition 2.7: [17] 

Let (𝑌, 𝑝𝑏) be a partial b- metric space. The mapping 𝐺 ∶ 𝑌 → 𝐶𝐵(𝑌) is said to be a Caristi 

mapping if there exists a lower semi continuous bounded below function ℎ: 𝑌 → (−∞, +∞) 

such that  

     𝑝𝑏(𝑎, 𝑏) ≤ ℎ(𝑎) − ℎ(𝑏)  for 𝑎 ∈ 𝑌 and for each 𝑏 ∈ 𝐺𝑦.   
Fixed point theorem with Caristi’s condition in partial b- metric spaces will be established. 

 

 The two important lemmas which have an essential rule in the proof of the mean results in 

this section will be necessary to recall.   

 

Lemma 2.8: [18] 

Let (𝑌, 𝑝𝑏) be a partial b-metric space, and 𝑀, 𝑁 be closed bounded subsets of  𝑌. For all 

𝑢 ∈ 𝑀, then there exists 𝑦 = 𝑦(𝑢) ∈ 𝑁 and 𝑘 > 1 with   𝑝𝑏(𝑢, 𝑦) ≤ 𝑘𝜕𝑝𝑏(𝑀, 𝑁). 

 

Lemma 2.9: [18] 

Let (𝑌, 𝑝𝑏) be a partial b-metric space and 𝐴, 𝐵, 𝐶  be three closed bounded subsets in  𝑌: 

a- 𝐻𝑝𝑏 (𝐴, 𝐴) ≤  𝐻𝑝𝑏 (𝐴, 𝐵), 
b- 𝐻𝑝𝑏 (𝐴, 𝐵) = 𝐻𝑝𝑏 (𝐵, 𝐴), 
c- 𝐻𝑝𝑏 (𝐴, 𝐵)  ≤  𝑠[𝐻𝑝𝑏 (𝐴, 𝐶) +  𝐻𝑝𝑏 (𝐶, 𝐵)] − inf𝑐∈𝐶 𝑝𝑏(𝑐, 𝑐). 
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To show the prove, see [19]. 

3.  Main results 

     New generalizations of the Caristi’s condition have been established and used for proving 

the existence of a fixed point for single and set valued mappings on partial b- metric spaces.  

 

     The generalization of Theorem 5, [20] will be considered in the following theorem, such 

that we prove that the co-domain of the function h is extended for all the real numbers, while 

in Theorem 5, [20] proved the co-domain of the corresponding function was restricted to the 

only real positive numbers. 

 

Theorem 3.1: 

     Let (𝑌 , 𝑝𝑏) be a partial b- metric space,  ℎ: 𝑌 → (−∞ , +∞ )   be bounded below and 

lower semi continuous function. Let 𝑇: 𝑌 → 𝑌  satisfied  𝑝𝑏(𝑦, 𝑇𝑦) ≤ ℎ(𝑦) − ℎ (𝑇𝑦) for all 

𝑦 in 𝑌, then there exists a point  𝑢 in 𝑌 such that   𝑢 =  𝑇𝑢. 

Proof: 

Let 𝑢 ∈ 𝑌. Define a set 𝑊 as:  

 𝑊 = { 𝑦 ∈ 𝑌 such that 𝑝𝑏(𝑢, 𝑦) ≤     ℎ(𝑢) − ℎ (𝑦)}. 

It is clear that 𝑊 is a non-empty subset of 𝑌.  

 

Now, for each 𝑦 ∈ 𝑊,  

         𝑝𝑏(𝑢, 𝑦) ≤ ℎ(𝑢) − ℎ (𝑦)   . . .   (3.1)              

 

But T satisfy the Caristi’s condition, we have 

     ℎ (𝑇𝑦)  ≤ ℎ(𝑦) − 𝑝𝑏(𝑦, 𝑇𝑦).   . . .  (3.2)     

From Relations (3.1) and (3.2), one can get the following relation   

 

ℎ (𝑇𝑦)  ≤ ℎ(𝑦) −  𝑝𝑏(𝑦, 𝑇𝑦) + ℎ(𝑢) − ℎ (𝑦)  − 𝑝𝑏(𝑢, 𝑦) 

             ≤ ℎ (𝑢) − [𝑝𝑏(𝑦, 𝑇𝑦) + 𝑝𝑏(𝑢, 𝑦)]  
             ≤ ℎ (𝑢) − [𝑠[𝑝𝑏(𝑦, 𝑢) + 𝑝𝑏(𝑢, 𝑇𝑦)] − 𝑝𝑏(𝑢, 𝑢)+  𝑝𝑏(𝑢, 𝑦)] 
             ≤ ℎ (𝑢) − [𝑠[𝑝𝑏(𝑦, 𝑢) + 𝑝𝑏(𝑢, 𝑇𝑦)]+  𝑝𝑏(𝑢, 𝑦)] 
             ≤ ℎ(𝑢) − 𝑠𝑝𝑏(𝑦, 𝑢) − 𝑠𝑝𝑏(𝑢, 𝑇𝑦) − 𝑝𝑏(𝑢, 𝑦) 

             ≤ ℎ(𝑢) − [𝑠𝑝𝑏(𝑦, 𝑢) + 𝑠𝑝𝑏(𝑢, 𝑇𝑦) − 𝑝𝑏(𝑢, 𝑢) + 𝑝𝑏(𝑢, 𝑢)] 
             ≤ ℎ(𝑢) − [𝑝𝑏(𝑢, 𝑇𝑦) + 𝑝𝑏(𝑢, 𝑢)]  
             ≤ ℎ(𝑢) − 𝑝𝑏(𝑢, 𝑇𝑦) − 𝑝𝑏(𝑢, 𝑢). 
Thus,  ℎ (𝑇𝑦)  ≤ ℎ(𝑢) − 𝑝𝑏(𝑢, 𝑇𝑦), which means   𝑇𝑦 ∈ 𝑊. 

 

Claim,   𝑢 = 𝑇 𝑢.  

Suppose 𝑢 ≠ 𝑇 𝑢    ∀ 𝑢 ∈  𝑊. 

 Then, for each  𝑢 ∈ 𝑊 , there exists 𝑎 ∈ W such that 𝑢 ≠ 𝑎 and 

     𝑝𝑏( 𝑎, 𝑢) ≤ ℎ(𝑎) − ℎ (𝑢).           
Hence, there exists a ∈ W, with 

    ℎ(a) = inf  ℎ (𝑢)  ≤ ℎ(𝑇a).  
Then: 

    0 < 𝑝𝑏(a, Ta)  ≤ ℎ(a) −   ℎ (𝑇a)  
                            ≤ ℎ(𝑇a) −   ℎ (𝑇a) = 0.   

Which is a contradiction, since when 𝑇𝑢 =  𝑢, means 𝑢  is a fixed point for 𝑇.  
 

 Fixed point theorem with Caristi’s condition for set-valued mappings in partial b- metric 

spaces will be established in the following lemma: 
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Theorem 3.2: 

     Let ( 𝑌 , 𝑝𝑏 ) be a partial metric space, 𝐺 ∶ 𝑌 → 𝐶𝐵(𝑌), such that for each 𝑦 ∈ 𝑌, there 

exists 𝑤 ∈ 𝐺(𝑦) such that  𝑝𝑏(𝑦, 𝑤) ≤ ℎ(𝑦) − ℎ(𝑤). Where ℎ: 𝑌 → (−∞, +∞) is bounded 

below and lower semi continuous function. Then 𝐺  has a fixed point. 

 

Proof:  

Let 𝐺 ∶ 𝑌 → 𝐶𝐵(𝑌 ), 𝑤 ∈ 𝐺(𝑦). Then, for every 𝑦 ∈  𝑌, we have 

         𝑝𝑏(𝑦, 𝑤) ≤ ℎ(𝑦) − ℎ(𝑤).  
Let  𝑀 =  { 𝑦 ∈ 𝑌 ∶ ℎ (𝑦) ≤ ℎ(𝑦0) − 𝑝𝑏(𝑦0, 𝑦 ) − 𝑝𝑏( 𝑦0 , 𝑦0 ) }  for some 𝑦0 ∈ 𝑌.  
Clearly, from our hypothesis that    𝑀 ≠  ∅. 
One can get: 

   ℎ(𝑤) + 𝑝𝑏(𝑦, 𝑤) ≤ ℎ(𝑦)  ≤ ℎ(𝑦0) − 𝑝𝑏(𝑦0, 𝑦 ) − 𝑝𝑏( 𝑦0 , 𝑦0 ).  
So, ℎ(𝑤)  ≤ ℎ(𝑦0) − [𝑝𝑏(𝑦0, 𝑦 ) + 𝑝𝑏( 𝑦0 , 𝑦0 ) + 𝑝𝑏(𝑦, 𝑤)] 

      ℎ(𝑤) ≤ ℎ(𝑦0) − 𝑝𝑏(𝑦0, 𝑤) − 𝑝𝑏(𝑦, 𝑦) −  𝑝𝑏( 𝑦0 , 𝑦0 )   
      ℎ(𝑤)  ≤ ℎ(𝑦0) − 𝑝𝑏(𝑦0, 𝑤). 
This implies  𝑤 ∈  𝑀. By using Theorem 3.4 one can obtain 𝑤 ∈ 𝑌 such that 𝑤 ∈ 𝐺𝑤.  
 

4. Generalization of Caristi’s condition  

     The generalization Caristi’s fixed point theorem for a single valued mapping will be stated 

and proved in this section.  

 

Theorem 4.1: 

      If 𝑇  is a self-single valued mapping defined on a complete partial b- metric space 𝑌 such 

that   𝑝𝑏(𝑦, 𝑇 𝑦) ≤  𝜑( 𝑓 (𝑦))( 𝑓 (𝑦) −  𝑓 (𝑇 𝑦)) for each 𝑦 ∈  𝑌 , where  𝑓 ∶  𝑌 →

 (−∞, +∞) is a lower semi continuous bounded below function and  𝜑 ∶  (−∞, +∞)  →
(0, +∞) is a non-decreasing function. Then there exists 𝑦0  ∈  𝑌  such that 𝑇 𝑦0  =  𝑦0. 
Proof: 

 Let  𝑢 ∈  𝑌 and  𝑀 =  {𝑦 ∈  𝑌 ∶  𝑓 (𝑦) ≤  𝑓 (𝑢)}. 
 That is  inf 𝑓 (𝑦) ≤  𝑓 (𝑢).  
Clearly, 𝑀 is not an empty set, and this is by the condition of the theorem.  

For any  𝑦 ∈  𝑌, and by our assumption, we have 𝑓 (𝑇𝑦)  ≤  𝑓 (𝑢) and hence 𝑇𝑦 ∈ 𝑀. 

 By contradiction we obtain 𝑇 𝑦 ≠ 𝑦 for all 𝑦 ∈  𝑀.  So, there exists  𝑣 ∈  𝑀 , 𝑇 𝑣 ∈
𝑀  and 𝑇 𝑣 ≠  𝑣.  By assumption, we have  𝑝(𝑣, 𝑇 𝑣)  ≤ 𝜑(𝑓 (𝑣))(𝑓 (𝑣)  −  𝑓 (𝑇 𝑣)).  
Cauchy sequence {𝑢𝑛} in 𝑌 will be construct as follows: 

Let 𝑢1  =  𝑢.  

Define 𝑆𝑢𝑛 = {𝑦 ∈ 𝑌 ∶ 𝑝( 𝑢𝑛, 𝑦)  ≤   𝜑 (𝑓(𝑢𝑛))( 𝑓(𝑢𝑛) − 𝑓(𝑦))}. 

Then choose 𝑢𝑛+1 ∈ 𝑆𝑢𝑛  such that 

   𝑓(𝑢𝑛+1)  ≤ inf{𝑓(𝑦), 𝑦  ∈ 𝑆𝑢𝑛 } +  
1

𝑛
 .   

That is        

   𝑓(𝑢𝑛+1)  ≤  𝑓(𝑢𝑛)   for each n ∈ N.  

This means{ 𝑓(𝑢𝑛)} is non-increasing. Since 𝑓 is bounded below and lower semi continuous. 

Then,  lim
𝑛→∞

𝑓(𝑢𝑛)  exists and finite.   

Now, claim that {𝑢𝑛} is a Cauchy sequence. Indeed, for  𝑛, 𝑚 ∈ 𝑁 such that 𝑚 > 𝑛 , one 

can get  𝑝(𝑢𝑛, 𝑢𝑚) ≤  𝜑( 𝑓 (𝑢𝑛))( 𝑓 (𝑢𝑛) −  𝑓 (𝑢𝑚)). But  𝜑 is a non-decreasing function, 

so  

 𝜑(𝑓 (𝑢𝑛)) ≤   𝜑(𝑓 (𝑢𝑛−1))         

                   ≤   𝜑(𝑓 (𝑢𝑛−2))  
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                    ⋮               
                  ≤   𝜑(𝑓 (𝑢1)). 

 Then, lim
𝑛,𝑚→∞

𝑝(𝑢𝑛, 𝑢𝑚) exists and finite, which means {𝑢𝑛} is a Cauchy sequence. 

 By completeness of  (𝑌, 𝑝𝑏) the Cauchy sequence {𝑢𝑛} converges to some 𝑢0 in 𝑌. 
By using the relation:   

inf  {𝑓 (𝑦), 𝑦 ∈ 𝑌 } ≤  𝑓 (𝑢0 ), one can find 𝑣1 ∈ 𝑌 𝑤𝑖𝑡ℎ  𝑣1  ≠  𝑢0  such that  

 𝑝(𝑢0, 𝑣1) ≤   𝜑( 𝑓 (𝑢0))( 𝑓 (𝑢0) −  𝑓 (𝑣1)). But, 𝑓 is lower semi continuous function and 

{𝑢𝑛} converges to 𝑢0. 

So, 

𝑓 (𝑢0)  ≤  lim
𝑛→∞

inf 𝑓( 𝑢𝑛)   ≤  𝑓(𝑢𝑖)   for all 𝑖 ∈  𝑁. 

Then, for all 𝑛, 𝑚 ∈ 𝑁 such that 𝑚 > 𝑛: 

   𝑝𝑏(𝑢𝑛, 𝑢𝑚) ≤   𝜑( 𝑓 (𝑢𝑛))( 𝑓 (𝑢𝑛) −  𝑓 (𝑢0)).   
And   

   𝑝𝑏(𝑢0, 𝑣1)  ≤   𝜑( 𝑓 (𝑢0))( 𝑓 (𝑢0) −  𝑓 (𝑣1)) 

                         ≤   𝜑( 𝑓 (𝑢𝑖))( 𝑓 (𝑢0) −  𝑓 (𝑣1))   for all 𝑖 ∈ 𝑁.  

Thus,          𝑓 (𝑢0)  ≥   𝑓 (𝑣1)   . . . (4.1) 

 

On the other hand, by last property for partial b- metric spaces, one can get,  

for each 𝑛 ∈ 𝑁, 

 𝑝𝑏(𝑢𝑛, 𝑣1) ≤ 𝑝𝑏(𝑢𝑛, 𝑢0) +  𝑝𝑏(𝑢0, 𝑣1) − 𝑝𝑏(𝑢0, 𝑢0)  
                    ≤   𝜑( 𝑓 (𝑢𝑛))( 𝑓 (𝑢𝑛) −  𝑓 (𝑣1)).    

Hence,  𝑣1  ∈ 𝑆(𝑢𝑛) for each 𝑛 ∈ 𝑁,  

so, 𝑓 (𝑢0)  ≤  𝑓 (𝑢𝑛+1)  ≤   𝑓 (𝑣1) +  
1

𝑛
 for all 𝑛 ∈ 𝑁   

            𝑓 (𝑢0)  ≤  𝑓 (𝑣1).   . . . (4.2) 

By Relations (1) and (2), we get  𝑓 (𝑢0) =   𝑓 (𝑣1).   Also, we can obtain, 𝑝(𝑢0, 𝑣1) = 0.  
Again, there exists 𝑣2  ∈ 𝑌  with 𝑣1  ≠  𝑣2  such that  

   𝑝𝑏(𝑣1, 𝑣2) ≤   𝜑( 𝑓 (𝑣1))( 𝑓 (𝑣1) −  𝑓 (𝑣2)).  
Then, 

 𝑓 (𝑣1)  ≥  𝑓 (𝑣2)  and for each 𝑛 ∈ 𝑁 , we have  

 𝑝(𝑢𝑛, 𝑣2) ≤ 𝑝𝑏(𝑢𝑛, 𝑣1) +  𝑝𝑏(𝑣1, 𝑣2) − 𝑝𝑏(𝑣1, 𝑣1)  
                  ≤ 𝑝𝑏(𝑢𝑛, 𝑣1) +  𝑝𝑏(𝑣1, 𝑣2)  

                  ≤   𝜑( 𝑓 (𝑢𝑛))( 𝑓 (𝑢𝑛) −  𝑓 (𝑣2)). 

 That means, 𝑣2  ∈ 𝑆𝑢𝑛 for each 𝑛 ∈ 𝑁, and so  

𝑓 (𝑢0)  ≤  𝑓 (𝑢𝑛+1)  ≤   𝑓 (𝑣1) +  
1

𝑛
   for all 𝑛 ∈ 𝑁   

Then                 𝑓 (𝑢0)  ≤  𝑓 (𝑣1), 
and hence,       𝑓 (𝑢0)  =   𝑓 (𝑣1). 
Also, we can obtain, 𝑝(𝑣1, 𝑣2) = 0.  Again, by using the fourth property of a partial b-metric 

space, we get  

𝑝𝑏(𝑢0, 𝑣2) ≤ 𝑝𝑏(𝑢0, 𝑣1) +  𝑝𝑏(𝑣1, 𝑣2) − 𝑝𝑏(𝑣1, 𝑣1) 

                  ≤ 𝑝𝑏(𝑢0, 𝑣1) +  𝑝𝑏(𝑣1, 𝑣2) = 0.  
So, 𝑝𝑏(𝑢0, 𝑣2) = 0, and we have 𝑣1 =  𝑣2 and that is a contradiction  

Therefore, there exists 𝑢0  ∈ 𝑌  such that 

        𝑓(𝑢0) = inf  { 𝑓(𝑦), 𝑦 ∈ 𝑌}  ≤ 𝑓(𝑇𝑢0).   
Then 

 𝑝𝑏(𝑢0, 𝑇 𝑢0) ≤  𝜑( 𝑓 (𝑢0))( 𝑓 (𝑢0) −  𝑓 (𝑇 𝑢0)), means 𝑝𝑏(𝑢0, 𝑇 𝑢0) = 0, thus 𝑢0 is a 

fixed point for 𝑇, and this completes the proof. 
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Now, the generalization Caristi’s type mapping of set-valued mappings in complete partial b- 

metric spaces will be stated and prove as follows. 

 

Theorem 4.2: 

     Let 𝐺 be a mapping defined from a complete partial b- metric space 𝑌 into the family of 

all closed bounded subsets of  𝑌. Suppose that for each 𝑎 ∈  𝑌, there exists 𝑏 ∈  𝐺𝑦 such that   

𝑝𝑏(𝑎, 𝑏)  ≤   𝜑( 𝑓 (𝑎))( 𝑓 (𝑎)  −  𝑓 (𝑏)), 

where  𝑓 ∶  𝑌 →  (−∞, +∞) is a lower semi continuous bounded below function and 

  𝜑 ∶  (−∞, +∞)  → (0, +∞) is a non-decreasing function.   

Then there exists 𝑎0 ∈ 𝑌 such that 𝑎0  ∈ 𝐺(𝑎0).   
Proof:  

Let  𝑏 ∈  𝐺𝑌,  such that 

𝑝𝑏( 𝑎, 𝑏)  ≤   𝜑( 𝑓 (𝑎))( 𝑓 (𝑎) −  𝑓 (𝑏)). 
Then, by applying Theorem 3.4, there exists 𝑎0  ∈  𝑌 such that  𝑎0  ∈ 𝐺𝑎0.  

 

5.  Some applications  

     In this section, two prepositions and an example will be studied as applications for 

generalization of Caristi’s condition in complete partial b- metric spaces.  

 

Proposition 5.1: 

     Let  𝑀: 𝑌 → 𝐶𝐵(𝑌) be a set – valued mapping defined on a partial b- metric and 𝑀𝛿(𝑦) ∶

𝑌 → 𝐶𝐵(𝑦)    such that 𝑀𝛿(𝑦) =  {𝑞 ∈ 𝑀𝑦 ∶ 𝑝𝑏(𝑞, 𝑀𝑦) ≥  
𝑝𝑏(𝑞,𝑦)

(1+𝛿)
 }   for each 𝑦 ∈

𝑌 .Where 𝛿 ∈ (0 ,
1

𝑟
 − 1)  and 𝑟 ∈ (0,1) . 

If   𝑀𝛿(𝑦)  ∩ 𝐵 ≠  ∅   for all 𝑦 ∈  𝐵 , 𝐵 is a non-empty closed subset of 𝑌, then 𝑀  has a 

fixed point in 𝐵. 

 

Proof: 

 Let   𝐽𝑦 =  𝑀𝛿(𝑦)  ∩ 𝐵    for each  𝑦 ∈ 𝐵. Since 𝑀𝛿(𝑦)  ∩ 𝐵 ≠ ∅, then one can choose  𝑤 ∈

  𝐽𝑦  such that for each 𝑦 ∈  𝐵 

    𝑝𝑏(𝑦, 𝑤) ≤ (1 + 𝛿)𝑝𝑏(𝑦, 𝑀𝑦) . 
 

Since           𝑝𝑏(𝑤, 𝑀𝑤)  ≤ 𝐻(𝑀𝑦, 𝑀𝑤 ), … (5.1)      

and             𝐻(𝑀𝑦, 𝑀𝑤 )  ≤ 𝑟 𝑝𝑏(𝑦, 𝑤)    … (5.2)        

Then, from (5.1) and (5.2) one can say  

             𝑝𝑏(𝑤, 𝑀𝑤)   ≤ 𝑟 𝑝𝑏(𝑦, 𝑤).  
Now, the inequality: 

 𝑝𝑏(𝑦, 𝑀𝑦) − 𝑝𝑏(𝑤, 𝑀𝑤) ≥   𝑝𝑏(𝑦, 𝑀𝑦) − 𝑟 𝑝𝑏(𝑦, 𝑤)  

            ≥   
1

1+𝛿
 𝑝𝑏(𝑦, 𝑤) − 𝑟 𝑝𝑏(𝑦, 𝑤) 

            ≥ ( 
1

1+𝛿
− 𝑟 ) 𝑝𝑏(𝑦, 𝑤). 

Then,  

𝑝𝑏(𝑦, 𝑤)  ≤  [
1

1+𝛿
− 𝑟]

−1
[𝑝𝑏(𝑦, 𝑀𝑦) − 𝑝𝑏(𝑤, 𝑀𝑤)]                              

 ≤   [
1

1+𝛿
− 𝑟]

−1

𝑝𝑏(𝑦, 𝑀𝑦) −   [
1

1+𝛿
− 𝑟]

−1

𝑝𝑏(𝑤, 𝑀𝑤).  

 

Let  𝜔 (𝑦) =   [
1

1+𝛿
− 𝑟]

−1

𝑝𝑏(𝑦, 𝑀𝑦) ,  𝜔 (𝑤) =   [
1

1+𝛿
− 𝑟]

−1

𝑝𝑏 (𝑤, 𝑀𝑤)   

Then,  𝑝𝑏(𝑦, 𝑤) ≤  𝜔 (𝑦) −  𝜔 (𝑤).    So, there exists  𝑧 ∈ 𝐵  such that z  ∈ 𝐽𝑧 . 
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This implies  𝑧 ∈ 𝑀𝑧 ∩ 𝐵 , so 𝑧 ∈ 𝑀𝑧,  and hence 𝑀 has a fixed point in 𝐵     
 

 

Proposition 5.2:  

     Let ( 𝑌 , 𝑃𝑏 ) be a partial metric space and let 𝐺 ∶ 𝑌 → 𝐶𝐵(𝑌 ), if  

 

1- there exists a lower semi continuous function 

 ℎ ∶ [0, ∞) → [0,1) , ℎ (𝑦) =  
1

𝑏−𝑎
 𝑝𝑏(𝑦, 𝐺𝑦) , 0 < 𝑎 < 𝑏 < 1 , for any 𝑦 ∈ 𝑌. 

2- lim
𝑟→𝑡+

𝑠𝑢𝑝 ℎ (𝑟)  < 1 , 𝑡 ∈ [0, ∞). 

3-  There exists 𝑤 ∈ 𝐺(𝑦) satisfying  

 𝑏𝑝(𝑦, 𝑤) ≤ 𝑝𝑏(𝑦, 𝐺𝑦)  and   𝑝𝑏(𝑤, 𝐺𝑤)  ≤ 𝑎𝑝𝑏(𝑦, 𝑤).   
Then 𝐺  has a fixed point, so there exists  𝑧 ∈ 𝑌  such that 𝑧 ∈ 𝐺𝑧. 

 

Proof: As 

 𝑝𝑏(𝑦, 𝐺𝑦) =   
1

𝑏 − 𝑎
 [(𝑏 − 𝑎)𝑝𝑏(𝑦, 𝐺𝑦)] =  

1

𝑏 − 𝑎
 [𝑏𝑝(𝑦, 𝐺𝑦) − 𝑎𝑝𝑏(𝑦, 𝐺𝑦)] 

then by condition 3, there exists 𝑤 ∈ 𝐺(𝑦) such that  

             𝑝𝑏(𝑤, 𝐺𝑤)  ≤ 𝑎𝑝𝑏(𝑦, 𝑤).  

So,      𝑝𝑏(𝑦, 𝐺𝑦)  ≤  
1

𝑏−𝑎
 [𝑏𝑝(𝑦, 𝐺𝑦) −  𝑝𝑏(𝑤, 𝐺𝑤)]. 

But,    𝑏𝑝(𝑦, 𝐺𝑦)  ≤  𝑝𝑏(𝑦, 𝐺𝑦). 

Hence,  𝑝𝑏(𝑦, 𝐺𝑦)  ≤  
1

𝑏−𝑎
 [𝑝𝑏(𝑦, 𝐺𝑦) −  𝑝𝑏(𝑤, 𝐺𝑤)] 

             =  
1

𝑏−𝑎
 (𝑝𝑏(𝑦, 𝐺𝑦)) −  

1

𝑏−𝑎
( 𝑝𝑏(𝑤, 𝐺𝑤)).  

 That is, 

                   𝑝𝑏(𝑦, 𝐺𝑦)  ≤ ℎ(𝑦) − ℎ( 𝐺𝑦). 
Hence, 𝐺 satisfied Caristi’s condition, so according to Theorem 3.1, it has a fixed point.  

 

Example 5.3: 

Let 𝑌 = [ 0 , 2 ] and  𝑝𝑏(𝑎, 𝑏) = max{𝑎, 𝑏} for  any 𝑎, 𝑏 in 𝑌. Then 
(𝑌, 𝑝𝑏) is a complete partial  𝑏 − metric space  
 

Now, if we define  𝐺 ∶ 𝑌 → 𝐶𝐵(𝑌) as :   

     

  𝐺(𝑎) = {
𝑏 ∈ 𝑌: 

𝑎

3
 ≤ 𝑏 ≤  

𝑎

2
 , 𝑎 ∈ 𝑌 ∩ 𝑄;

𝑏 ∈ 𝑌: 
𝑎

5
 ≤ 𝑏 ≤  

𝑎

4
 , 𝑎 ∈ 𝑌 − 𝑄.

      

Where 𝐶𝐵(𝑌) the set of all closed bounded subsets of  𝑌, and 𝑄 the set of rational numbers. 

Let   𝜇(𝑎) = 2𝑎, then for any 𝑎 ∈ 𝑌 and 𝑏 ∈ 𝐺(𝑎),  
       𝑝 𝑏(𝑎, 𝐺𝑎) = inf{𝑝𝑏(𝑎, 𝑏), 𝑏 ∈ 𝐺(𝑎)} = inf{max{𝑎, 𝑏}, for each 𝑎 ∈ 𝐺(𝑎)}  = 𝑎. 
So, 

  𝑝𝑏(𝑎, 𝐺(𝑎)) ≤  𝜇 (𝑎) −  𝜇(𝐺(𝑎)). 

 

Hence, by using Theorem 3.6, 𝐺(𝑎) has a fixed point. It’s clear that  0 ∈ 𝐺(0). 
  

6. Conclusions  

     We show in our work, that the  single valued mapping can have a fixed point in a complete 

partial b-metric space if it is satisfied new generalization for Caristi’s condition. Also, we 

have been discussed the existence of fixed points for a set valued mapping defined on 
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complete partial b-metric spaces if it is satisfied same specific Caristi’s condition. Some 

applications are illustrated the previous results.   
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