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Abstract

Let A be a 2- torsion free prime I' — ring, and L be a square closed Lie ideal of A
i.e. xfx € L for all x € L and 8 € T, suppose that u is an endomorphism of A, and
f is a right u — centralizer which is not the identity map on L, satisfying
f([x,b],) = Flx,b],(or f(xér) = Fxbr) forallx,b € L,y €T, then L < Z(A).
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1.Introduction
Let A and I' be two additive abelian groups. Suppose that there is a mapping from ATA —
A, such that (a, a, ¢) — aac which satisfies the following conditions
(i) dam € A.
(i) (d+m)aq =daq + maq
d(a +y)m = dam + dym.
da(m + q) = dam + daq
(i) (dam)yq = da(myq).
Foralld,m,q € Aand a,y € T,then AiscalledaTI — rin [1].
Everyring AisaTl — ring with A = T'. However, a I' — ring need not be a ring. Gamma rings,
more general than rings, were introduce by Bernes [1].

Let A be aT — ring. A right (left) ideal of A is an additive subgroup J of A such that
JTA c J(AT] c ]). If J is both left and right ideal, then we say J is an ideal or two-sided of A
[2]. AT —ring A is a 2- torsion free if 2x= 0 implies x= 0 for all x€ A. An ideal Py ofa Tl —
ring A is said to be prime [2] if for any ideal H and M of A. HT'M < P; implies HEP; or

*Email: officeuser127@gmail.com

678


mailto:officeuser127@gmail.com

Ahmad and Majeed Iragi Journal of Science, 2025, Vol. 66, No.2, pp: 678- 684

MCP;. An ideal P, of al’ — ring A is said to be semiprime if for any ideal H of A, H THSP,,
implies HEP,>. A T — ring A is called a prime if h[TA'm = (0) implies h=0 or m=0 where
h,m € A. Aswell asaI' — ring A is called a semiprime, if ATATh = (0) implies h=0 or h €
A [2].

Furthermore, A is said to be commutative T' — ring if hBm = m Sh for all h, me€ A and
B € I.Theset Z(A) = {h € A: hym = myh,m € A} is called center of the I' — ring A. If A
isal —ring, then [x,m]s = xdm — méx for all x, m € A,§ € I'is called the commutator [3]
of x and m with respect to §.

An additive mapping F: A—= A is a left (right) centralizer [4] if F(xér) =
F(x)6r(F(x6r)) = x8F(r) holds for all x, 7 € A and§ € T. Let A be aT — ring, if there
exists n € Z* such that nx = 0 for all x € 4, then the smallest positive integer with this
property is called the characteristic of A, which is dented by Char (A)=n, if no exist then
char(A)=0 [2]. An additive subgroup ] of A is said to be a Lie ideal of A if whenever j€ J,a €
Aand g €T ,then [j,alg €], andifuau,forallu € U, a Lie ideal of this type is called
sequer closed Lie ideal [5]. Many researchers have studied centralizers and derivations in
prime and semiprime I'- rings [6-16].

The purpose of this paper is to prove that when A be a 2- torsion free prime I' — ring and L
be a square closed Lie ideal of A such that xfx € L for all x € L and S € L, if we suppose
that i is an endomorphism of A, and f is a right 4 — centralizer which is not the identity map
onL.If f([x,bl,) = Flx,bl,(if f(x6r) = Fxér) forallx,b € L,y €T, then L S Z(A).
Throughout this paper, we use the conditionmanpt=mpnat, forallm,n,t€ A and a, B
€ I and this is represented by property (*).

2. Basic Concepts and Fundamentals Results
In this section we will give the following definition and consequence results.

Definition 2.1: [4] Let A be a 2- torsion free semiprime I'— ring and let u be an
endomorphism of A, an additive mapping T: A — A is called left (right) u — centralizer if
T(xay) = T(x)u(y) (T(xay) = ,u(x)aT(y)) holds forall x,y € A,a €T,

if T is left and right u — centralizer then it is natural to call T a u- centralizer.

Remark 2.2:
LetAbeal —ringandr,s,t € Athen 5,8 €T
(I) [TﬂS, t]5 = Tﬂ[S, t]5 + [T, t]&ﬁ S.
(") [T, S:B t]5 = Sﬂ[T, t]6 + [T, S]G,B t.
(iii)y  (rfs)est=rf(s o 8t) —[r,t]sh s
= (x o Bt)bs + rB[s, t]s.
(iv) 1o p(sét) = (xBs)dt — SB[r, t]s
= SB(rét) + [r,s]spt.
(V) (rBs)dx = rB(séx).

Lemma 2.3: [5]
If a prime I' — ring A contains a commutative non-zero right ideal. Then A is commutative.

Lemma 2.4: [5]
Let A be a semiprime I' — ring and | be any non-zero one sided ideal of A then Z(I) < Z(A).
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Lemma 2.5: [7]

If L £ Z(A) is a Lie ideal of A, and if xfLéa = 0,thenx =0 or a =0 forall x,a € A, B,6 €
I.

Lemma 2.6: [8]

Let A be a 2- torsion free prime I' — ring and L be a non-zero Lie ideal of A. If L is a
commutative Lie ideal of A then L € Z(A).

3. Main Results
Lemma 3.1:
Let A be a semiprime I' — ring and | be anon-zero ideal of A if f is a non-zero right centralizer
on I, then f is non-zero on A.
Proof: Let f(a) =0fora € I, welet f(af k) =0 wherea €,k € A, B €T.
It follows that
LB f(k) = {0}and aB f (k) = 0 hence ITf (k) = {0}. (1)
Since A semiprime it must contain a family P = {Pr:r € A} of a prime ideal such that
N B. = {0}, (see [2], p.121 for more detailes).
If P atypical member of P, then from (1) it follows that
LT f(A) = {0} =n P, and hence LT f(A) < P, . By primness of P

either I € Por f(A) € P. (2)
Now using the tact that n P, = {0}, we conclude that
either I = 0 or f(A4) = 0. 3)

Since I is non-zero ideal then we get f(A4) = 0.

Theorem 3.2:
Let A be a semiprime I' — ring | non-zero ideal of A and f be a non-zero right centralizer on
A, such that f(I) € Z(A). Then I € Z(A).

Proof:
Since f(I) € Z(A), then

[f(a),x]g =0,forall a,x €1, B ET. (D
Replacing aby z @ a in (1), we get

[f (zaa),x]z = 0, forallz,a,x,€I,a,f €T. (2)

So, [zaf(a),x]g = 0. By Remark 2.2 (i), we have

za[f(a),x]p + [z, x]gaf (a) = 0.
Using (1), we get

[z,x]gaf(a) =0 forall z,x,a €l,a,p €T. 3)
Replacing x by ydx in (3), we get
[z,y6x]gaf(a) =0, forallx,y,z,a € l,a,B,y €T 4)

From Remark 2.2 (ii), we have
yélz,x]g af (a) + [z,y]lp 6xaf (a) = 0.
Using (3), we get

[z,y]gT' LT f(a) =0 forall a,z,y €1, f€T. (5
Since A semiprime I' — ring, it must contain a family P = {B.:r € A} of prime ideal such that
N Pr = {0}, (see [2], p. 121) if P is atypical member of P, then form (5), it follows that
[z, y]gTLT f(a) = {0} =n P,
And hence [Z, y]zTIT f(a) € P.
By primness of P.
Either

f(a)€Por[z,ylgTL €P forall z,y €1, € T. (6)

Now using the fact that n B. = {0} we conclude that either
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f(@=0 or [z,y]gl'I =0 forall z,y€l,B €T. @)
Since f is a non-zero on A, then by Lemma 3.1, f is a non-zero on |
[z,y]gl = 0and hence [z,y]z 'l = {0} =N P,
Then either
IS Por(zyls €Pforallz,y €1, fET. (8)
Using the fact that N B. = {0}, we conclude that either
I=0orl[zylz =0, forallz,y €1, B €T. 9)
Since L non-zero ideal. Then [z, y]; = Oforall z,y €1, f €T.
Therefore, | is commutative and hence I € Z(A) by Lemma 2.4.

Corollary 3.3:
Let A be a prime I — ring, | be a non-zero ideal of A and f be a non-zero centralizer on A
such that f(I) € Z(A), then A is commutative.

Lemma 3.4:
Let L be a square closed Lie ideal of A, then 2ay x € L forall a,x € L,y € T.
Proof:
Since L is square closed Lie ideal of A, we get
uyv+vyu = (u+v)y(u+v) —uyu —vyv forallu,v € Landy €T
That is

uyv + vyu € L. (@D)]
Also, we have

uyv — vyu € L. (2

From (1) and (2), we get 2uyv € L.

Theorem 3.5:

Let A be a 2- torsion free prime ' — ring and L be a square closed Lie ideal of A such that
xBx € L forall x € Land B € T, suppose that u is an endomorphism of A and f is a right
u — centralizer such that u is not the identity map on L. If f([x, b]y) = [x, b], forall x,b €
L,y €T thenL c Z(A).

Proof:
By the given hypothesis, we have.

f([x,bl,) = [x,b], forall x, b€ Ly €T (1)
By using Lemma 2.4 replacing b by 2xab in (1), we get

f([x, 2x a b]y) = [x,2xa b], forall x,b € La,y €T (2)

Using the fact that Char A#2, and from Remark 2.2, we get

f(xalx,b],) = xalx, b],,
which implies that

p(x)af[x,bl, = xa[x,b],.
By using (1), we get

p(x)alx,bl, = xa[x, b],.

And hence

(u(x) —x)alx,b], =0 forall x,b€E€L,a,y €T 3)
By Lemma 2.4 replacing b by 2b£z in (3), we get

(u(x) —x)alx,2bpz], = 0, forall x,b,z€ La,y,pB €T. 4)

Using the fact that Char A # 2 and from Remark 2.2 (ii), we get
(u(x) —x)a bB[x,z], + (u(x) —x)a [x,z], fz = 0.
Using (3), we get
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(u(x) —x)a b plx,z], =0, forall x,b,z€ La,y,f €T, (5)

S0,
(u(x) = x)TLT[x,z], = 0.
From Lemma 2.5 we have
(u(x) —x) =0 orlx,z], = 0.
Since u is not the identity map on L, then (u(x) — x) # 0.
And hence
[x,z], =0, forall x,z€L, y€T. (6)

So, L is commutative and hence L € Z(A4) by Lemma 2.6.

Corollary 3.6:

Let A be a 2- torsion free prime I'— ring | be an ideal of A suppose that u is an
endomorphism of A and f is aright u -centralizer such that p is not the identity map on | if
f([d,elg) =[d,elp, foralld,e €1,p €T, then Aisacommutative.

The proof of the following theorm is similar to Theorem 3.5.

Theorem 3.7:

Let A be a 2- torsion free prime I' — ring and L be a square closed Lie ideal of A such that
bab € L, forallb € L,a €T. Suppose that u is an endomorphism of A and fis a right u —
centralizer such that u is not the identity map on L. If

f([b,ylg) = —[b,yls, forall by €L,BeT, thenL < Z(R).

Corollary 3.8:

Let A be a 2- torsion free Prime I' —ring and | be an ideal of A Suppose that u is an
endomorphism of A and f is aright - centralizer such that a is not the identity map on I if
f(c,dl,)] = —[c,d], forall c,d € I,y €T then A is commutative.

Theorem 3.9:

Let A be a 2- torsion free prime I' — ring and L be a square closed Lie ideal of A such that
xBx € L,forall x € L and § € T. Suppose that u is an endomorphism of A and f is a right u-
centralizer such that u is not the identity map on L. If f(xab) = xab for all x,b € L,a €T
then L € Z(A).

Proof: By the given hypothesis, we have

f(xab) = xab, forall x,b € L, a €T. (1)
By using Lemma 2.4 replacing x by 2byx in (1), we get
f((2byx)ab) = (2byx)ab forall x,b € L, a,y €T. (2

Using the fact that A is 2- torsion free
f((byx)ab) = (byx)ab.
By Remark 2.2 this can be rewritten as
f (by (xab) = by (xab),
u(b)yf (xab) = by (xab).

u(b)y(xab) = by(xab),

which implicit that

By using (1), we get

and hence

(u(b) — b)y(xab) =0, forall x,b€eL y,apf€T. (3)
Using Lemma 2.4 replacing x by 2xSy in (3), we get

(u(b) — b)y(2xBy)ab) =0, forallx,b,y €L y,a,p €T. 4)
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Using the fact that char A # 2, and from Remark 2.2, we get.
(u(b) — b)y (xab)By + (u(b) — b)yxBly,bls = 0. ®)
Using (3), we get

(u(b) — b)yxBly,bls =0, forall x,b,y €L, y,B,6 €T,
so,
(u(b) — b)TLI[y, b]s = 0.

By Lemma 2.5, we have either (u(b) —b) = 0 or [y, b]ls = 0.
Since u is not the identity map on L, then u(b) — b # 0.
And hence

[y,bls =0, forall y,beL, § €T. (6)
So, L is commutative and hence L € Z(A) by Lemma 2.6.

Corollary 3.10:

Let A be a 2- torsion free prime I' —ring and | is an ideal of A. Suppose that u is a right u-
centralizer such that u is not the identity map on I. If f(kdy) = kéy forall k,y €1, § €T,
then A is a commutative.

The proof of the following theorm is similar to Theorem 3.9.

Theorem 3.11:
Let A be a 2- torsion free prime I' —ring and L be a square closed Lie ideal of A, such that
xax € L for all x € L and a € T suppose that u is an endomorphism of A and f is aright u-
centralizer such that u is not the identity map on L. If f(x6r) = —xér forall § €T, x,r € L,
then L € Z(A).
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