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Abstract

In this paper, an ecological model with stage-structure in prey population, fear,
anti-predator and harvesting are suggested. Lotka-Volterra and Holling type Il
functional responses have been assumed to describe the feeding processes . The local
and global stability of steady points of this model are established. Finally, the global
dynamics are studied numerically to investigate the influence of the parameters on the
solutions of the system, especially the effect of fear and anti-predation.
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1. Introduction:

In a predation world, there is a natural biological interaction between many organisms, in
which a living being is killed, another being becomes its prey, and when the prey is discovered,
the predator evaluates whether he must snatch it, as this may include a trick that is waiting for
him. Sometimes predation occurs several times and then prey is pursued until the prey is killed
by the predator completely, then any inedible parts are removed, and predators are very
specialized through a number of sharp senses for instance hearing, vision or pungent odor, and
in the world of predation, animals, Vertebrate (strong) and invertebrate (weak) alike, they have
jaws or sharp claws to holding and slicing their prey, and predation has a strong selective
influence on prey, like prey and predator in an arms race, predation has been a major driver of
evolution, since the beginning of the geological ages, since at least the Cambrian period.
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Obviously, if we were asked about the meaning of predation, we would answer with the
encyclopedic definition of the word, which states that predation is the process of attack by a
predator on alive prey and damage it, and its time does not last long. Moreover, the
confrontation between the predator and the prey does not last long. In general, a predator is
not always be an animal, but it can be a plant that captures small insects to feed on. Most of the
predators are carnivores. Specifically, they include vegetable and carnivorous organisms on
their list. In some situations, predation may not be the killing of alive prey, but rather, a predator
may swallow the prey, while it is alive, and as long as it swallows it completely, it can swallow
part of it and cast other parts.

There are many means that animals use to protect themselves from predators examples
include the release of toxic substances. For instance, we find some animals, such as the
millipede, circumvent themselves when exposed to attack, and secrete a substance that causes
sensitivity to the eye and skin of the attacker, stealth and identification with the surrounding
environment: Examples of such animals, cancer spider, which has the shape and color of the
flower petals, which makes it difficult to see when standing still on the flower, warning using
bright body colors: One of the most prominent examples of this kind of animal is the poisonous
strawberry frog, whose colors are bright; to warn predators, and to alert them to its toxicity.
Simulation of poisonous animals occurs when some animals may be non-poisonous, but they
color in a similar way to poisonous animals, so that they protect themselves in case they have
the same predators, and examples of that include some types of insects that imitate or emulate
the color of the wasp, or the bees [1-7].

Growth is the stages of fertilizing the egg and the stages of its development to produce a
small child that goes through different age stages until it is able to reproduce again. The
embryo's journey begins with the fertilized egg in the womb to turn into a fully developed fetus,
but the stages of the development of the fetus differ in animals from humans. It gives birth to a
baby, called baby animals, and some of them lay eggs, such as poultry and reptiles. Also, the
process of pollinating an egg differs. Among animals, what fertilizes the egg internally,
including what is pollinated after the female lays eggs, as in fish female begin the rapid growth
process into mature organisms able to reproduce again. Therefore, the age factor has an
important influence on the level of growth and reproduction, see [8-12].

Another important factor that plays an important role in the life of living beings is fear which
is the feeling caused by the threat to which living organisms are exposed and in turn it causes a
change in the body's organic and metabolic functions and ultimately leads to a change in
performance such as flight, freezing, or hiding toward painful procedures that the individual
envisions, Fear is closely linked to tension, but we must differentiate between fear and tension,
which happens as a result of dangers that are seen as not controllable or inescapable  [4-7].
The fear reply helps the instinct to survive by generating appropriate behavioral responses in
organisms. Zhang et.al [7], proposed an ecological model to examine the fear effect on the
prey-predator model incorporating refuge for prey.

In addition to all of the above, there are many models that have taken into account the harvest
[13-16].

In this paper, an ecological model with a stage-structure of prey with fear and anti-predator
involving harvesting of all species has been examined. Two types of functional response are
assumed in this model Lotka-Volterra and Holling type Il for feeding processes . The local
and global stability of this model are studied analytically and numerically.
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2. Mathematical Model
Consider the following ecological model

dMl ulMZ U,3M1M3
= 1-M;) —u,M; ————— usMy,
ar - 1o T M) m My — e~ usMy
dM,
7 = ule - u6M2M3 - u7M2, 1
dM3_u8M1M3

= + ugM,M5; — u, oM, My — uy Mz — uq, Ms.
dt U + M, oiVlp M3 10 M3 11M3 12M3

Interpretation of model parameters are explained in the following table :

Table 1: Interpretation of the parameters and variables

Parameter Representation

My (t) The number of juvenile prey individuals at time ¢
M, (t) The number of adult prey individuals at time ¢
M;(t) The number of predator individuals at time ¢
Uy The growth rate of juvenile prey
L Fear rate
U; Grown up rate
y The rate of attacks on the juvenile prey

3 Half saturation rate
Uy
u The juvenile prey harvest rate
us The rate of attacks on the adult prey
uﬁ The harvesting rate of adult prey

[ 8910 The uptake rates of food from the juvenile , adult prey, and the
Uit =157 anti-predator rate of adult prey respectively

Predator disease rate in the absence of food and the predator

u, i =11,12 harvest rate respectively

Theorem (2.1): The solutions of model (1) are uniformly bounded.
Proof.
Let (M, (t),My(t),M3(t)) be a solution of model (1) with initial
condition (M, (0), M,(0), M5(0)). Let Z(t) = M,(t) + M,(t) + M3(t).
Therefore,
M, M;

dz
ar <uyM(1—-M,;) — (uz — us)m — (ug — ug)MyM3 — usM; — u,; M,

—(uqq + ug2)Ms.
Now, hence from the natural facts ug < us, and uq < ug , thus

dZ u; .
ESZ—mZ, where m = min { us,u;,u;; +uqp -
Now, by the comparison theorem [10], we get:

Z(t) < :—;l+ (Z(O) —:—;l) e”™mt

Thus 0 < Z(t) < :_;1 as t — oo, and the proof is complete m
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3. The equilibrium points (EPs):
System (1) has three steady points as explained below.
1) The trivial EP E, = (0,0,0) always exist.
2) The EP E, = (M, ,M, ,0), where:
i, = Uz [uluz—(u2+u5)u7] ,and M, = UgUz—(Uz+us)Uy
ug Luguz+(uztus)uy UgUz+(Uz+us)uy

exist provided that:

U Uy < (uy +us)u; . (3.2a)

3) The EP E; = (M7, M5, M3) exists if and only if :

M, (1-M,) u, — Ml M, =0 3.3
1+ LM, 2) M Ty oM, T T (3:3a)
u2M1 - u6M2M3 - u7M2 = 0 (33b)
ugM; Ms
Uy + My

From Eq. (3.3¢), we get,

M, = Ltuads (3.3d)

Usg1+g1My’
By replacing Eqg. (3.3d) in Eq. (3.3Db) it follows:
M. = Uy g1 M7 + {UpUs gy — U792} My — UsU;7 g5
; Usg2 M1 + UsUeg3 .
Also, from Egs. (3.3d) , (3.3e) and (3.3a), we get :

(3.3¢)

G M] + G,MS + G3M7 + GuM{ + GsM3 + GeM? + G,M; + Gg = 0 (3.39)

where:
Gy = —ujusLgf,
G, = g2 ~Usga{Uiegs + upusLgy 9o} —
2uyuzLg,{2uyus91 — U792}
Gs = [ ugg3{gs — 923 — Uauégsg:1292{g> + 2{293 — ug} — usuelg,*(u, +
us){2uusg1{g3 + 292} — g2{urua g1 — U792} — usLgr*{uus + 4u, g1 {ususgs —
Uz g2} + [UpUagr — ur9,]% — 2UyUsU7 g1 93},
Gy = [Wugg2[9:1{9,(1 + uy)} + 393} — 92{2u9:9,}]
— Us*Us®G1° 9420492 (293 — ug) + Upusg1 (395 — ug) + (293 — ug)]
—uyLg:?[ueg1 (393 — ug) + 2uyuzus g1 {UrUs g1 — Uz 9}
+ 2uz{[uzus gy — U7921° — 2UUsU7 G193} — 2U3Us g3{UaUs gy — U7 g2}
— uzug g1 9.},
Gs = [wuaulg,[91{2u29295 + 93* + (293 — ug) [Usga + 2uz93}]
— 9392[us93 + 2u,(gs + ug) + 14 (393 — 2ug)|—ufué (u,
+us)g1[91{93{uags + 4us} + us9,%} + 2g93{uags + U293 — ug}]
- UZU6L94912[u2u29193 + 3uy g {uus g1 — ur 92}
+ u4u7(g3(3g3 —ug) + (393 — us)) — U391 [uég2{usg, + 2u, 93}
+ uﬁLgl{[u2u4g1 - u7g2]2 — 2UpUsU7 193} — Uz g3{uztis gy — u7g2}],
Ge = [wufuggs[9:{(29;: — ug)(2uz9, + g3} + g2{us g, + g3} — 9392{2u, (395 — 2ug)
+uy — us(gs + ui2)}H — uZug 9291 9512us{tiags + up 9,3 + 919s)
— u3uslg1°g3galus{zue gy — us923 + us{29; + g23 + 1
— U3, 01 93[ue{2Uz9, + g3} — 2ufu;L g {Ususgr — Uz 9231

Gy = [wuiuégs®[9:{2u29, + 93} — 93{us (393 — 2ug) + 2u, g,}]
+udulg,9:2{usgs + U9} — u39:19394] — uzuU;LG1%93%94],
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Gg = u1u2u§g34.
where g; = (Ug — Uyp) , g2 = (U1 +Usp —Ug) , g3 = (Ugg + Ugp) and g4 = (U, + Us).
So, eg. (3.3g) has a unique positive root, namely M; if:

91>0, (3.3h)
g2>0 (3.30)
Uz g .
—2<0:1<9; (3.3)
2U4
2u,(3g3 — 2ug) + Uy > us(gs + usgp) (3.3k)
H? > 2usu,g3;H, + H, (3.31)
. uZH, u3919394
H; < min {2u§u7Lg1 = }, (3.3m)
91 < min{D, D,,D5,D,}, (3.3n)
where:
Hy = uyuysg, — U792,
H, = 2,0, + g5, Hy = 2,151 D, = —Z429392"
2 292 T g3, 11 2UsU7 9193, U1 77 (1+12)+373
— 9293[uag3+2u,(gs+ug)+us(3g3—2ug)] _ 9293{2u3(3g3—2ug)+us—us(ug+gs)} and
2u, 9293+ 052 +(2g3—1g) (Uaga +2Uzg3)’ O {(2g3—ug)H2g2{usg>+9g3} ’
D4 L] {us(3g3—2ug)+2u, g5}
H;

So, E; = (M{, M;, M3) where M; = M,(M7), M3 = M;(M;) which are positive, if in addition
to conditions (3.3h)-(3.3j)the following condition holds:
Uy g1 M + HyM; > uqusgs (3-3p)

4. Local Stability Analysis.
The stability of model (1) are discussed as follows:
The Jacobean matrix J(M,, M,, M3) of model (1) can be written:
]11 ]12 ]13
] =2z J22 J23|, (4.1)
]31 ]32 ]33

where
UzUy M u (1 —2M,)

= + —-——Q<0, =— -
J11 (uz u5) (u3 + M1)2 J12 1+ LM,

_ _ulLMz(l - Mz) u3M1 _ B M ~ M
13 — (1 +LM3)2 _u4 +M1 < 0,]21 = Uy :]22 = —UgMz — Uy < 0']23 = —UgMy,

u ugMs UM,

J31 = —(u4 n M1)2 J3z2 = (U9 - u10)M3 J3z = we M, + (u9 - ulO)M2 — (ugqg +uqgn).

4. 1 Stability of E,
At E, the Jacobian matrix ( JM) is:

Jo= ](Eo)
—(uy + us) Uy 0
= Uy — Uy 0 . (4.1a)
0 0 — (U1 + ug2)

Then the characteristic equation (CEs) of J, is agreed with:
[24% —tr(A) 2+ Det(A) ] [~ (uy; +uy2) =11 =0,

where:

tr(A) = Aom, + Aoy, = —(Uz + us +uy;) <0

Det(A) = Aom,- Aom, = U7 (Uz + us) — ugu,

So, either
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[ A2 — tr(A)A + Det(A)] = 0, where

A= _(uz + u5) Uy ]
U, — Uy ’
which gives the first two eigenvalues Ay, and 4o, are negative provided that
u; (U, + ug) > ug,. (4.1b)
Or
—(uyq + uq2) — A = 0, which gives
Aomy, = —(uqg + 1) <O0.

Therefore, E, is stable under condition (4.1b),otherwise E, is unstable.

4.2 Stability of E4
At E; the IM becomes

~ ]:11 ]:12 ]:13
J=J(E) = |Jn J22 ]_23 ) (4.2a)
0 0 J33
where:
_ _ _ _ _ us M,
Ji1 = —(uy +us) , i = u (1 = 2M,),J13 = —u; LM, (1 — M,) — — 0
4
_ _ — _ u8M _
Jo1 = Uy, Jo = —Uuy; <0, /53 = —ugMy , J33 = gy + (U9 — u10)M; — (uqq +uyp) .
1

Then the (CEs) of J is given by:

ugM,
[22 - tr(B) /1 + Det(B) ] [ n M + (ug - ulo)Mz (u11 + ulz) - A = 0,
1

where:
tr(B) = A1y, + A1m, =Ji1 +Ja2 = —(up + us + u;) <0,
Det(B) = Aop,- Aom, = (11-J22) = Jiz2Jo1 = uy (uz + us) — ugu, (1 — 2M5).
So, either
[4? — tr(B) A + Det(B) ] = 0, where

— [_11 ]12]

21 ]22
Which gives the first two eigenvalues 4,y and 4,,, which are negative provided that
1

M, <. (4.2b)

Or
uuﬁ; + (Ug — Uy0)M, — (uqgq + uy,) — A = 0, which gives
Ay = uuiﬂ;l\; + (Uo — Uo) My — (ugq + uyp) <O0.
Therefore, E; is stable if we add to condition (4.2b), the next conditions should be held:

Ug < U0 (42C)

M _
:i,\; < (ug1 +ugz) — (U — ug)M; . (4.2d)

Otherwise E; is unstable .

4.3 Stability of E,
At E, the IM is:

I =1E) =3, (4.32)
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where
Usua M3 u1(1 —2M53)
== —_— <0, _

—uyLM;(1 — M3) us My

Jis = (1+ LM)? - Uy + M <0,/21 =u; J;z =—ugM; —u; <0,/33 = —ughs,
3 1
i U ugM; . ugMy .
J31 = m Ja2 = (U —ugo) M3, J33 = + M + (U — uy0) Mz — (ugq + uy2)
4 Uy
Then the (CEs ) of J(E,) is given by:
MB+LA2+L,A+L; =0, (4.3b)

where:

Ly =—=(i1 +J32 +33),

Ly = =[33/32 + Ji2J21 + Ji3J31 —J11Uz2 +J33) — J32J33),

Ly = =[33Uid)22 = Ji2J21) + J32U13)21 — JinJ23) +J31U12)21 — J13/22)].

Now by "Routh Hurwitz criterion the roots of eq. (4.5b), have negative real parts, iff
Ly >0, Ly >0, and A= (L,;L, — L3)L3 > 0.

Now, L; > 0,i = 1,3 , if we add to condition ( 3.3h) that the next conditions hold:

M *
e (ug — ug)M; < (upg + ugz), (4.3¢)

U,4+M
M3 >3 (4.30)

J23J31 < J21J33-

Further,
A= (C; — CI[-U33Uidz2 — JiJa1 +J32Uis)31 — JidJ33) +J31U12)31 — JisJ32)], where
Cy = Ui1 +J22 +J33)Uzal32 + Ji2J21 +J13)31 —J11Uz2 +J33) — J22J33), and
C; = —(33UiJ22 = JizJ21 +J32U1sl21 — JiJ23) + J31Ui2)21 — Jia)a2)
Hence A> 0, under conditions (4.3c) and (4.3d), with:
C;>C, . (4.3e)
Then, E, is LS, otherwise E, is unstable.

5. Global stability analysis (GSA):
In this section the GSA of model (1) are studied.

Theorem (5.1):
The EP E, = (0,0,0) is GAS in the subregion of Int.R3 if :
My > 1. (5.1a)
Proof: Consider the following function
Z1(My, My, M3) = My (8) + My(t) + M3(0).

Z1(My, My, M3)e C*(R3,R), and Z,(E,) = 0, and Z;(M,, M,, M3) > 0,
V(My, My, M3) + E, , by differentiating Z; w. r. t time t, yields

dZ;  uMy(1—My) M, M,

e 1+LM; (us = ”8)—u4 M, (us — ug)MyMs — usMy — u; M,
_(ull + ulz)M3.

Therefore;

dZ,
i <uMy(1—M,) — (uz —ug) "™ + M1

—(uqq + ugp)Ms.

— (ug — ug)MyM3 — usM; — u; M,
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Now, according to the natural facts, u; > ug, us > ug and condition (5.1a) we get:

ﬂ < —usM; — u; M, — (ugq + uq)Ms.

S dzl < 0 . Hence E, is GAS.

Theorem (5.2) :
The EP E, = (M;,M, ,0) of system (1) is GAS in the subregion Int.R3 if :

M; < 1\_711, (5.2a)
M, <M, <1, (5.2b)
Vi >V, (5.2¢)
where:
]71 — (Ml Ml) u1Mz(1 Mz) :/IZI\A/;Z (MZ _ M)Z,
v, = us, My + ugM,M
2 = Uy + M, UM M 3.

Proof: Define the function:
__ — M. — — M
ZZ(M]JMZiM3) = (Ml —_— M1 - M1 lnﬁ_i) + (MZ - MZ - MZ lTlM—z) + M3.
Z,(My, My, M3)e C*(R3,R), Z,(E;) =0, and Z,(M;,M,,M3) > 0;
v(M,, M,, M3) # E; , by differentiating Z, w.r.t time t, and simplify algebraic calculations
yields

dz, u1M2(1 Mz) Uzjig _ MM,
— <M L (M, —M)?—(us —u
qe < (M = M) =0 = SO (M — W)? — (s ) =
—_ u1M2(1—1\712)
— (Ug —ug) MoM; — (Uqq + U, )My — (M; — M) =
~ ( 6 9) 2413 ( 11 12) 3 ( 1 1) M1(1+LM3)
_ M, M-.

Now, by the natural facts, u; > ug, ug > ug and conditions (5.2a)-(5.2b), we get:
< (M — M) MR L (1, — )2 4 Sy, M
=—m+w

So,— dZZ < 0 under condition (5.2c). Hence E; is GAS.

Theorem (5.3) :
The EP E; = (M;, M5, M3)of model (1) is GAS in the subregion of Int. R3 that if:

M; < My, (5.3a)
1
M, < M; < > (5.3b)
M3 > M3, (5.3¢)
Ve >V, (5.3d)
where:

u M, (1 — My) U, My " X X
: (M, — M2)2+u10(M2 - Mz)(M3 - M3),

Vi=—-(M, — M;
1 (My 1)<M1(1+LM3) M, M
* * M *(1_M *)
Vy = —(M; — M7) (%T;)) + (u3z — us) MM + (usz — us) +M*
u9)M2*M3 + (ug — ug)M2M3*—u10(M2 - Mz)(Ms - M3) + ;122 My — M7)(M, — M3).

+ (ug —
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Proof: Define the function:

* Ml * * MZ
Z3(M1,M2,M3):(M1_MI_M1 ln_*>+(M2_M2 _MZ ln_*>+
M, M,
).

(Ms — Ms* — My" In—2
M3

Zs(My, M,, M3)e C*(R3,R), Z5(E,) =0, and Z3(My, M,, M3) > 0 ;
V(My, M,, M3) # E, , by differentiating Z; w.r.t time t yields

dZ, WM, (1 — M)\ u,M;
=B (M, - M M, — M2)? M, — M) (M — M:
It (M, 1)<M1(1+LM3) MZM;( 2 5) +uy (M, 5) (M3 3)
WM, (1 — My") MM, MM
— (M, — M? )3 )3
(M, 1)< M1+ IMs) ) (3 — ug) e+ M, (s uS)u3 F M

+ (ug — ug)My M3 + (ug — ug) MuyM3"—uy o (M, — M) (M3 — M3)

U; N . MM, MiM;
+ E(M1 - MM, — M3) — (uz — us)m_ (uz — us)m
— (ug — ug) MMz — (ug — ug) M3 Ms.

Now, according to the natural facts, u; > ug, ug > us.

dZs uy My (1 — M) U, My
— < —(M; — Mj M, — M3)? M, — M;)(M; — M3
It (M, 1)<M1(1 T LMy MZM;( 2 2) Fug0(M, 2) (M3 3)
uyM," (1 — M) MiMs; M M3
— (M. — M* _ 173 _ 173
(M, 1)( Mi(1+LMs) + (u3 — ug) us M, + (u3z — ug) we + M

+ gtus - u9)M2*M3 + (ug — ug)M2M3*—u10(M2 — M3)(M; — M3)
2 * *

+ A My — M7)(M, — M3).
2

Again by the natural facts, us > ug, ug > ug and conditions (5.3a)-(5.3c), we get:

Therefore ,% < 0 under condition (5.3d). Hence E, is GAS.

6. Numerical simulation:
In this section, the behavior of the system (1) are studied numerically to confirm the our

analytical results, for the set of parameters:

u = O3,L = 0.1,u2 = 0.3,u3 = 0.4,U4 = 0.4,u5 = 0.1,u6 = 0.4‘,u7 =0.1
u8 = 03, ug = O.3,u10 = 0.1,u11 = O.1,u12 = 001
with the starting point (0.5,1,1).

@

| e

\ N ]
—

20

the attractor in Figure. (6.1a).
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Now, by changing one factor each time, to see the effect of each parameter on behavior of the
solution, the results were summarized in the table 2.

Table 2: Numerical behavior of the system (1)

Range of parameter

The stable point

The bifurcation

point
019<u, <1 E,
01<L <03 E,
<
0.1<u, <2 E,
<
0.4 <u; <2 E,
0.1 <u, <0.42 E,. B
042 < u, <2 E, Ug = 042
0.1 < ug <0.335 B
0.335 < 1 < 0.601 re s 828";
0.601 <us <1 L 5T
Ey
04 <ug<2 Ey
0.1 <u,<0.178 E
0.178 < u, < 0.225 E2 u, = 0.178
0.225<u, <1 ! u, = 0.225
Ey
0.1 < ug < 0.143 E ug = 0.134
0.143 <ug < 0.3 E,
0.1 < ug <0.109 E, Uy = 0.42
0.109 < uy < 0.3 E,
0.1 < uy9 < 0.290 E, Uyp = 0.290
0.109 < Uqg < 0.3 E1
01 < u’ll S 020 EZ u11 = 020
0.20 < Uqq < 1 E1
01 < u12 S 020 EZ u12 = 020
020 <u;, <1 E,
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Figure. (6.2 ): The solution of model (1): (a)-(b) the solution approaches to E, = (0,0,0) for
typical value u; = 0.1, (c)-(d) the solution approaches to E; = (0.086,0.259,0) for typical
value u; = 0.18, (e)-(f) the solution approaches to E, = (0.134,0.140,0.467) for typical
value u; = 1.

7.Conclusions

An ecological model with stage-structure prey with fear and anti-predator involving a
harvesting on all species has been examined. The local stability and global stability of this
model are studied .Also, the global dynamics is studied numerically to know the effect of the
parameters on the dynamics of the system, mainly the influence of anti-predation and terror,
and the effects can be summarized as follows:
1- System (1) does not have periodic solutions in Int. R3 .
2- The parameters u; i = 1,4,5,7,8,9,10,11,12 played an important role on the dynamical
behavior of model(1).
3- It is noticed that the behavior of the system (1) does not change, if , u, , usand ug are
varied.
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