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Abstract  

     The main goal of this work is to obtain new geometric properties for 

meromorphic multivalent functions  in the punctured disk  (𝑈𝐷)∗ = 𝑈𝐷\{0} =

{𝑧: 𝑧 ∈ ℂ 𝑎𝑛𝑑 0 <  |𝑧| < 1}, so we presented a new class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б) by using 

Hadamard product. In this paper we obtained many important properties such as 

coefficient estimates, radius of convexity, distortion theorem, convex combination 

and closure theorem.  In addition, we derived the integral transforms and Hadamard 

product for functions belonging to the class  𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б). 

 
Keywords: meromorphic functions, Struve functions, Hadamard product, convex 
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1. Introduction 

Let ∑(𝑝, 𝒾) be the class of all meromorphic functions of the form:  

𝜒(𝑧) = 𝑧−𝑝 + ∑ 𝑎𝜁𝑧𝜁−𝑝     (𝑝, 𝒾 ∈ 𝑁 = {1,2,3, … }),                                                          (1) ∞
𝜁=𝒾   

which are analytic and 𝑝 −valent in the punctured disk (𝑈𝐷)∗ = 𝑈𝐷\{0} = {𝑧: 𝑧 ∈
ℂ 𝑎𝑛𝑑 0 <  |𝑧| < 1}. 
A function 𝜒(𝑧) ∈ ∑(𝑝, 𝒾) is said to be the meromorphic 𝑝 −valent starlike function of order 

𝜔 if  

𝑅𝑒 {−
𝑧𝜒′(𝑧) 

𝜒(𝑧)
} > 𝜔            (0 ≤ 𝜔 < 𝑝), 

for all 𝑧 ∈ (𝑈𝐷)∗. This class is represented by the symbol  𝑀𝑆𝑝
∗(𝜔) [1-4]. 

A function 𝜒(𝑧) ∈ ∑(𝑝, 𝒾) is said to be the meromorphic 𝑝 −valent convex function of order 

𝜔 if  

𝑅𝑒 {− (1 +
𝑧𝜒′′(𝑧) 

𝜒′(𝑧)
)} > 𝜔,            (0 ≤ 𝜔 < 𝑝) 

for all 𝑧 ∈ (𝑈𝐷)∗. This class is represented by the symbol 𝑀𝐶𝑝(𝜔), [1, 2], [5]. 

In this work we will use the Struve  function that was presented and used in many previous 

works see [6] which is defined as follows 

Ṹ𝑟,𝑏,𝑐(𝑧) = 2𝑟√𝜋𝛤 (𝑟 +
𝑏+2

2
) 𝑧

−𝑟−1

2  ∑
(−𝑐)𝜁(√𝑧 2⁄ )

2𝜁+𝑟+1

𝛤( 𝜁+3 2⁄ )𝛤(𝑟+𝜁+(𝑏+2) 2⁄ )
=∞

𝜁=0

∑
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
 𝑧𝜁 ,           (𝑧 ∈ 𝑈𝐷) ∞

𝜁=0   

and 

 Ṹ𝑎,𝑐(𝑧) = 𝑧Ṹ𝑟,𝑏,𝑐(𝑧) = 𝑧 + ∑
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
 𝑧𝜁+1 ∞

𝜁=1 , [7-9] 

where  𝑟, 𝑏, 𝑐 ∈ ℂ, 𝑎 = 𝑟 + (𝑏 + 2) 2 ≠ 0, −1, −2, …⁄  and (𝑎)𝜁 is the Pochhammer symbol 

(or shifted factorial) expressed terms of the gamma function, by  

(𝑎)𝜁 =
𝛤(𝑎 + 𝜁)

𝛤(𝑎)
= {

1;                                                                                 (𝜁 = 0)                   

𝑎(𝑎 + 1)(𝑎 + 2) … (𝑎 + 𝜁 − 1)           (𝜁 ∈ 𝑁 = {1,2,3, … }).                 
 

The Struve  functions has undergone many complexities and investigation see [10]. Struve  

functions have application in surface-wave and water-wave issues, unstable aerodynamics 

resistive MHD instability theory and optical direction. Struve  functions have lately appeared 

in a number of particle systems [11]. By setting  

𝛿𝑎,𝑐,𝑝(𝑧) = 𝑧−𝑝 + ∑
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
 𝑧𝜁−𝑝.

∞

𝜁=𝒾

 

By using the convolution (or Hadamard product), we defined a new operator  

 Š𝑐,𝑝
𝜁,𝑎

: ∑(𝑝, 𝒾)  → ∑(𝑝, 𝒾)  

which is defined as follows 

Š𝑐,𝑝
𝜁,𝑎

𝜒(𝑧) = 𝛿𝑎,𝑐,𝑝(𝑧) ∗ 𝜒(𝑧) =  𝑧−𝑝 + ∑
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑧𝜁−𝑝      (𝑧 ∈ 𝑈𝐷).                      (2)   ∞

𝜁=𝒾   

Definition 1.1: A function 𝜒 ∈ ∑(𝑝, 𝒾) is said to be in the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б) if it satisfies the 

following condition 

|
𝑧𝑝+1(Š𝑐,𝑝

𝜁,𝑎
𝜒(𝑧))

′

+𝑝

(3𝛽−1)𝑧𝑝+1(Š𝑐,𝑝
𝜁,𝑎

𝜒(𝑧))
′

+(3𝛽𝛿−𝑝) 

| < б  (𝑧 ∈ (𝑈𝐷)∗) ,                                                                    (3)     

where  0 < б ≤ 1,
1

3
≤ 𝛽 ≤ 1, 0 ≤ 𝛿 < 𝑝.  
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2. Coefficiente estimates 

Theorem 2.1: A function 𝜒(𝑧) defined by in Eq.(1) is in the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б) if and only if 

 ∑  (𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
(1 + 3б𝛽 − б)  𝑎𝜁   ≤∞

𝜁=𝒾 3б𝛽(𝑝 − 𝛿),                                                   (4)       

for 0 < б ≤ 1,
1

3
≤ 𝛽 ≤ 1, 0 ≤ 𝛿 < 𝑝, 𝑝 ∈ 𝑁. 

Proof: Suppose Eq. (4)  verified. We get 

|𝑧𝑝+1 (Š𝑐,𝑝
𝜁,𝑎

𝜒(𝑧))
′

+ 𝑝| − б |(3𝛽 − 1)𝑧𝑝+1 (Š𝑐,𝑝
𝜁,𝑎

𝜒(𝑧))
′

+ (3𝛽𝛿 − 𝑝)|  < 0. 

Provided  

|∑  (𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑧𝜁  ∞

𝜁=𝒾  | − б |3𝛽(𝑝 − 𝛿) −  ∑ (3𝛽 − 1)(𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑧𝜁  ∞

𝜁=𝒾 | <

0 .                                                                                                                                                                (5)  

For |𝑧| < 𝑟 = 1, the left side of the inequality (5) bounded from above by 

∑  (𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑟𝜁∞

𝜁=𝒾 − 3б𝛽(𝑝 − 𝛿) + ∑  б(3𝛽 − 1)(𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑟𝜁  ∞

𝜁=𝒾  <

∑  (𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
(1 + 3б𝛽 − б)  𝑎𝜁 − 3б𝛽(𝑝 − 𝛿)∞

𝜁=𝒾 ≤ 0.  

Hence,  𝜒(𝑧) ∈  𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б). 

Conversely, assume 

|
𝑧𝑝+1(Š𝑐,𝑝

𝜁,𝑎
𝜒(𝑧))

′

+𝑝

(3𝛽−1)𝑧𝑝+1(Š𝑐,𝑝
𝜁,𝑎

𝜒(𝑧))
′

+(3𝛽𝛿−𝑝) 

|  

= |
∑  (𝜁−𝑝)

(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑧𝜁 ∞

𝜁=𝒾

3𝛽(𝑝−𝛿)− ∑ (3𝛽−1)(𝜁−𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑧𝜁 ∞

𝜁=𝒾

| < б,     (𝑧 ∈ (𝑈𝐷)∗).      

The fact that |𝑅𝑒(𝑧)| < |𝑧| for all 𝑧 allows us to arrive at  

𝑅𝑒 {
∑  (𝜁−𝑝)

(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑧𝜁 ∞

𝜁=𝒾

3𝛽(𝑝−𝛿)− ∑ (3𝛽−1)(𝜁−𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁𝑧𝜁 ∞

𝜁=𝒾

} < б, (𝑧 ∈ (𝑈𝐷)∗) .                                          (6)  

Choose 𝑧 values on the real axis now such that 𝑧𝑝+1 (Š𝑐,𝑝
𝜁,𝑎

𝜒(𝑧))
′

 is real. Upon clearing the 

denominator in Eq. (6)  and allowing   𝑧 → 1ˉ  to take on positive values, we get 

∑  (𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁

(1 + 3б𝛽 − б)  𝑎𝜁 ≤

∞

𝜁=𝒾

3б𝛽(𝑝 − 𝛿). 

We may simply establish the following coefficient estimates from Theorem 2.1. 

 

Corollary 2.2: If the function 𝜒(𝑧) defined by Eq. (1) belongs to the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б) then 

𝑎𝜁 ≤
3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁

 (−𝑐 4⁄ )𝜁(𝜁 − 𝑝) (1 + 3б𝛽 − б)
, (𝜁 ≥ 𝑖 , 𝑝, 𝑖 ∈ 𝑁). 

The conclusions are sharpe for the function  

𝜒(𝑧) =
1

𝑧𝑝
+

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁

 (−𝑐 4⁄ )𝜁(𝜁 − 𝑝) (1 + 3б𝛽 − б)
𝑧𝜁−𝑝 . 

Putting 𝑐 = −4 and (𝑎)𝜁 =
1

(3 2⁄ )𝜁
 and 𝛽 = б = 1 in Theorem 2.1, we have 

Corollary 2.3: A function 𝜒(𝑧) defined by Eq. (1) is in the class 𝒥𝑝
𝜁(𝛿)(0 ≤ 𝛿 < 𝑝) if and 

only if  
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∑(𝜁 − 𝑝)

∞

𝜁=𝒾

𝑎𝜁 ≤ (𝑝 − 𝛿). 

Remark 2.4: If  𝜒(𝑧) ∈ 𝒥𝑐,𝑝
𝜁,𝑎

(
1

3
, 𝛿, 1),  then 

𝑎𝜁 ≤  
(3 2⁄ )𝜁(𝑎)𝜁  (𝑝 − 𝛿)

(−𝑐 4⁄ )𝜁(𝜁 − 𝑝)
,     (𝜁 ≥ 𝑖 , 𝑝, 𝑖 ∈ 𝑁) 

and equality holds for 

𝜒(𝑧) =
1

𝑧𝑝
+

(3 2⁄ )𝜁(𝑎)𝜁  (𝑝 − 𝛿)

(−𝑐 4⁄ )𝜁(𝜁 − 𝑝)
𝑧𝜁−𝑝. 

 

3. Distortion Theorem 

Theorem 3.1: If the function 𝜒(𝑧) is defined by Eq. (1) which is in the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б), 

then for  0 < |𝑧| = 𝚛 < 1, 
1

𝚛𝑝
−

3б𝛽(𝑝 − 𝛿)

𝑝(1 + 3б𝛽 − б)

1

𝚛𝑝
≤ |𝜒(𝑧)| ≤

1

𝚛𝑝
+

3б𝛽(𝑝 − 𝛿)

𝑝(1 + 3б𝛽 − б)

1

𝚛𝑝
,                                      (7) 

and  
𝑝

𝚛𝑝+1
−

3б𝛽(𝑝 − 𝛿)

(1 + 3б𝛽 − б)

1

𝚛𝑝+1
≤ |𝜒′(𝑧)| ≤

𝑝

𝚛𝑝+1
+

3б𝛽(𝑝 − 𝛿)

(1 + 3б𝛽 − б)

1

𝚛𝑝+1
.                             (8) 

The function χ(z) given in the following form  

χ(z) =
1

zp +
3бβ(p−δ)

p(1+3бβ−б)

1

zp ,                                                                                                                                           (9)   

is satisfied by the bounds in Eq. (7) and Eq. (8). 
Proof: From Theorem 2.1, we have  

𝑝(1 + 3б𝛽 − б) ∑    𝑎𝜁 ≤ ∑  (𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁

(1 + 3б𝛽 − б)  𝑎𝜁 ≤

∞

𝜁=𝒾

3б𝛽(𝑝 − 𝛿)

∞

𝜁=𝒾

 

this means that 

∑ 𝑎𝜁
∞
𝜁=𝑖 ≤

3б𝛽(𝑝−𝛿)

𝑝(1+3б𝛽−б)
. 

Therefore, for  0 < |𝑧| = 𝚛 < 1, 

|𝜒(𝑧)| ≤
1

𝚛𝑝
+ ∑ 𝑎𝜁𝚛𝜁−𝑝 

∞

𝜁=𝑖 

      ≤
1

𝚛𝑝
+

1

𝚛𝑝
∑ 𝑎𝜁  

∞

𝜁=𝑖 

                                                                    (10)  

     ≤
1

𝚛𝑝
+

3б𝛽(𝑝 − 𝛿)

𝑝(1 + 3б𝛽 − б)

1

𝚛𝑝
 

and  

|𝜒(𝑧)| ≥
1

𝚛𝑝
− ∑ 𝑎𝜁𝚛𝜁−𝑝 

∞

𝜁=𝑖 

   ≥
1

𝚛𝑝
−

1

𝚛𝑝
∑ 𝑎𝜁  

∞

𝜁=𝑖 

                                                                    (11)  

 

≥
1

𝚛𝑝
−

3б𝛽(𝑝 − 𝛿)

𝑝(1 + 3б𝛽 − б)

1

𝚛𝑝
, 

Eq.(10) and Eq. (11), yield Eq. (7). From Theorem 2.1, it also follows that 

∑  (𝜁 − 𝑝)  𝑎𝜁 ≤

∞

𝜁=𝒾

3б𝛽(𝑝 − 𝛿)

(1 + 3б𝛽 − б)
. 

Hence,  
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|𝜒′(𝑧)|  ≤
𝑝

𝚛𝑝+1
+ ∑  (𝜁 − 𝑝)  𝑎𝜁

∞

𝜁=𝒾

𝚛𝜁−𝑝−1 

  

≤
𝑝

𝚛𝑝+1
+

1

𝚛𝑝+1
∑  (𝜁 − 𝑝)  𝑎𝜁

∞

𝜁=𝒾

                                                                                                      (12)  

≤
𝑝

𝚛𝑝+1
+

3б𝛽(𝑝 − 𝛿)

(1 + 3б𝛽 − б)

1

𝚛𝑝+1
 

and 

|𝜒′(𝑧)|  ≥
𝑝

𝚛𝑝+1
− ∑  (𝜁 − 𝑝)  𝑎𝜁

∞

𝜁=𝒾

𝚛𝜁−𝑝−1 

  

≥
𝑝

𝚛𝑝+1
−

1

𝚛𝑝+1
∑  (𝜁 − 𝑝)  𝑎𝜁

∞

𝜁=𝒾

                                                                                                      (13) 

≥
𝑝

𝚛𝑝+1
−

3б𝛽(𝑝 − 𝛿)

(1 + 3б𝛽 − б)

1

𝚛𝑝+1
 . 

The function 𝜒(𝑧) defined in Eq. (9) can be observed as extremal for Theorem 3.1. 

 

4. Radius of convexity 

Theorem 4.1: If the function 𝜒(𝑧) defined by Eq. (1) belongs to the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б), then 

𝜒(𝑧) is meromorphically 𝑝 −valent convex of order 𝜔(0 ≤ 𝜔 < 𝑝) in 0 < |𝑧| <
𝚛(𝑎, 𝜁, 𝑐, 𝑝, 𝛽, 𝛿, б), where 

𝚛(𝑎, 𝜁, 𝑐, 𝑝, 𝛽, 𝛿, б) = inf
𝜁

[
𝑝(𝑝 − 𝜔) (−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁(𝜁 + 𝑝 − 𝜔)
]

1
𝜁

                                       (14)    

(𝜁 ≥ 𝑖 , 𝑝, 𝑖 ∈ 𝑁). 
The concluded product is sharp. 
Proof: To prove theorem we need to show that  

|
( 𝑧𝜒′(𝑧))

′
+𝑝𝜒′(𝑧) 

𝜒′(𝑧)
| ≤ 𝑝 − 𝜔  for 0 < |𝑧| < 𝚛(𝑎, 𝜁, 𝑐, 𝑝, 𝛽, 𝛿, б).    

|
( 𝑧𝜒′(𝑧))

′
+ 𝑝𝜒′(𝑧) 

𝜒′(𝑧)
| = |

∑ 𝜁(𝜁 − 𝑝)𝑎𝜁𝑧𝜁−𝑝−1∞
𝜁=𝑖

−𝑝𝑧−𝑝−1 + ∑ (𝜁 − 𝑝)𝑎𝜁𝑧𝜁−𝑝−1∞
𝜁=𝑖

| ≤
∑ 𝜁(𝜁 − 𝑝)𝑎𝜁𝚛𝜁∞

𝜁=𝑖

𝑝 − ∑ (𝜁 − 𝑝)𝑎𝜁𝚛𝜁∞
𝜁=𝑖

 

Hence, 

|
( 𝑧𝜒′(𝑧))

′
+𝑝𝜒′(𝑧) 

𝜒′(𝑧)
| ≤ 𝑝 − 𝜔    if ∑

(𝜁−𝑝)(𝜁+𝑝−𝜔)

𝑝(𝑝−𝜔)
∞
𝜁=𝑖 𝑎𝜁𝚛𝜁 ≤ 1                                                        (15) 

 

from Theorem 2.1, it follows that 

∑
 (𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁 ≤

∞

𝜁=𝒾

 1.                                                                              (16) 

Given Eq.(16) it follows that Eq. (15), is correct if  

(𝜁 − 𝑝)(𝜁 + 𝑝 − 𝜔)

𝑝(𝑝 − 𝜔)
𝚛𝜁 ≤

 (𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁
 (𝜁 ≥ 𝑖 , 𝑖 ∈ 𝑁) 

or 
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𝚛𝜁 ≤
𝑝(𝑝 − 𝜔) (−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁(𝜁 + 𝑝 − 𝜔)
 

in other words 

𝚛 ≤ [
𝑝(𝑝 − 𝜔) (−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁(𝜁 + 𝑝 − 𝜔)
]

1
𝜁

(𝜁 ≥ 𝑖 , 𝑝, 𝑖 ∈ 𝑁). 

 

5.Extreme points 

Theorem 5.1: Let  𝜒𝑖−1(𝑧) =
1

𝑧𝑝
   and 

𝜒𝜁−𝑝(𝑧) =
1

𝑧𝑝 +
3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

 (−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)
𝑧𝜁−𝑝,        (𝜁 ≥ 𝑖 , 𝑝, 𝑖 ∈ 𝑁).  

Then 𝜒(𝑧) belongs to the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б) if and only if it can be written in the form 

𝜒(𝑧) = ∑ ϻ𝜁−𝑝

∞

𝜁=𝑖−1

𝜒𝜁−𝑝(𝑧). 

Where ϻ𝜁−𝑝 ≥ 0 and  ∑ ϻ𝜁−𝑝
∞
𝜁=𝑖−1 = 1. 

Proof: Let  
𝜒(𝑧) = ∑ ϻ𝜁−𝑝

∞
𝜁=𝑖−1 𝜒𝜁−𝑝(𝑧), where ϻ𝜁−𝑝 ≥ 0 and  ∑ ϻ𝜁−𝑝

∞
𝜁=𝑖−1 = 1. 

Then,  

𝜒(𝑧) = ∑ ϻ𝜁−𝑝
∞
𝜁=𝑖−1 𝜒𝜁−𝑝(𝑧)  

   = ϻ𝑖−1𝜒𝑖−1(𝑧) + ∑ ϻ𝜁−𝑝
∞
𝜁=𝑖 𝜒𝜁−𝑝(𝑧) 

 =     (1 − ∑ ϻ𝜁−𝑝
∞
𝜁=𝑖 )

1

𝑧𝑝 + ∑ ϻ𝜁−𝑝 (
1

𝑧𝑝 +
3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

 (−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)
𝑧𝜁−𝑝   )∞

𝜁=𝑖   

  =
1

𝑧𝑝 + ∑ ϻ𝜁−𝑝
3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

 (−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)
𝑧𝜁−𝑝∞

𝜁=𝑖   

since 

∑ ϻ𝜁−𝑝
3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

 (−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)
.∞

𝜁=𝑖
(−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)

3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁
  

  = ∑ ϻ𝜁−𝑝 =∞
𝜁=𝑖 1 − ϻ𝑖−1 ≤ 1.  

This shows that 𝜒(𝑧) ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б).  

Conversely: suppose that 𝜒(𝑧) ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б)  and consider  

ϻ𝜁−𝑝 = ∑
(−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)

3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

∞
𝜁=𝑖 𝑎𝜁  , (𝜁 ≥ 𝑖 , 𝑝, 𝑖 ∈ 𝑁)  

and  ϻ𝑖−1 = 1 − ∑ ϻ𝜁−𝑝
∞
𝜁=𝑖 . 

Then, 
∑ ϻ𝜁−𝑝

∞
𝜁=𝑖−1 𝜒𝜁−𝑝(𝑧) = ϻ𝑖−1𝜒𝑖−1(𝑧) + ∑ ϻ𝜁−𝑝

∞
𝜁=𝑖 𝜒𝜁−𝑝(𝑧)  

 = (1 − ∑ ϻ𝜁−𝑝
∞
𝜁=𝑖 )

1

𝑧𝑝 + ∑
(−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)

3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

∞
𝜁=𝑖 𝑎𝜁 [

1

𝑧𝑝 +
3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

 (−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)
𝑧𝜁−𝑝]  

=
1

𝑧𝑝 − ∑ ϻ𝜁−𝑝
1

𝑧𝑝 + ∑
(−𝑐 4⁄ )𝜁(𝜁−𝑝)(1+3б𝛽−б)𝑎𝜁

3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁

1

𝑧𝑝
∞
𝜁=𝑖 + ∑ 𝑎𝜁𝑧𝜁−𝑝∞

𝜁=𝑖
∞
𝜁=𝑖   

=
1

𝑧𝑝 + ∑ 𝑎𝜁𝑧𝜁−𝑝∞
𝜁=𝑖   

= 𝜒(𝑧).  
 
6. Convex combination 

Theorem 6.1: The class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б) is closed under convex linear combination. 
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Proof: Let 

𝜒𝑗(𝑧) =
1

𝑧𝑝
+ ∑ 𝑎𝜁,𝑗𝑧𝜁−𝑝 

∞

𝜁=𝑖

(𝑎𝜁,𝑗 ≥ 0; 𝑗 = 1,2)                                                                      (17)  

belongs to the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б).  We need to show that the function 𝒽 is defined as follows 

𝒽(𝑧) = (1 − 𝑡)𝜒1(𝑧) + 𝑡𝜒2(𝑧)     (0 ≤ 𝑡 ≤ 1) 

also, it belongs to the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б). Since 

𝒽(𝑧) =
1

𝑧𝑝
+ ∑[(1 − 𝑡)𝑎𝜁,1 + 𝑡𝑎𝜁,2] 𝑧𝜁−𝑝 (0 ≤ 𝑡 ≤ 1)

∞

𝜁=𝑖

 

and by Theorem 2.1, we have  

∑  
(𝜁−𝑝)(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
(1 + 3б𝛽 − б)  ∞

𝜁=𝒾 [(1 − 𝑡)𝑎𝜁,1 + 𝑡𝑎𝜁,2]  = (1 − 𝑡) ∑  
(𝜁−𝑝)(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
(1 +∞

𝜁=𝒾

3б𝛽 − б)  + 𝑡 ∑  
(𝜁−𝑝)(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
(1 + 3б𝛽 − б)  ∞

𝜁=𝒾   

≤ (1 − 𝑡)3б𝛽(𝑝 − 𝛿) + 𝑡 3б𝛽(𝑝 − 𝛿) = 3б𝛽(𝑝 − 𝛿). 

so 𝒽(𝑧) ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б). Hence, the proof has been completed. 

 

7. Closure Theorem 

Theorem 7.1: Let  𝜒𝑘 ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б), 𝑘 = 1,2, … , 𝑡 then  

ℑ(𝑧) = ∑ 𝑒𝑘

𝑡

𝑘=1

𝜒𝑘(𝑧) ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б). 

For  𝜒𝑘(𝑧) =
1

𝑧𝑝 + ∑ 𝑎𝜁,𝑘𝑧𝜁−𝑝∞
𝜁=𝑖  where ∑ 𝑒𝑘

𝑡
𝑘=1 = 1. 

Proof: We will rewrite  

ℑ(𝑧) = ∑ 𝑒𝑘
𝑡
𝑘=1 (

1

𝑧𝑝 + ∑ 𝑎𝜁,𝑘𝑧𝜁−𝑝∞
𝜁=𝑖 ) = ∑ 𝑒𝑘

𝑡
𝑘=1

1

𝑧𝑝 + ∑ ∑ 𝑒𝑘 𝑎𝜁,𝑘𝑧𝜁−𝑝∞
𝜁=𝑖

𝑡
𝑘=1 =

1

𝑧𝑝 +

∑ ∑ 𝑒𝑘 𝑎𝜁,𝑘𝑧𝜁−𝑝𝑡
𝑘=1

∞
𝜁=𝑖 . 

Furthermore, since 𝜒𝑘(𝑧)(𝑘 = 1,2, … , 𝑡 ) belongs to the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б), then by Theorem 

2.1, we get 

∑  (𝜁 − 𝑝)
(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁
(1 + 3б𝛽 − б)  𝑎𝜁,𝑘 ≤∞

𝜁=𝒾 3б𝛽(𝑝 − 𝛿). 

So, it is sufficing to prove that  

∑  
(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁

(1 + 3б𝛽 − б) (∑ 𝑒𝑘 𝑎𝜁,𝑘

𝑡

𝑘=1

)  

∞

𝜁=𝒾

 

= ∑ 𝑒𝑘

𝑡

𝑘=1

∑  
(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁

(3 2⁄ )𝜁(𝑎)𝜁

(1 + 3б𝛽 − б)  𝑎𝜁,𝑘 ≤ ∑ 𝑒𝑘

𝑡

𝑘=1

[3б𝛽(𝑝 − 𝛿)] = 3б𝛽(𝑝 − 𝛿)

∞

𝜁=𝒾

. 

As required. 

 

8.Integral transforms 

Theorem 8.1: If  𝜒(𝑧) is in the class 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б), then the integral transforms 

ℱ𝜏+𝑝−1(𝑧) = 𝜏 ∫ 𝜐𝜏+𝑝−1

1

0

𝜒(𝜐𝑧)𝑑𝜐, 0 < 𝜏 < ∞  

are in the class 𝒥𝑝
𝜁(𝜃), 0 ≤ 𝜃 < 𝑝, where 
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𝜃 = 𝜃(𝑝, 𝛽, 𝛿, б, 𝜏) =
𝑝2(1 + 3б𝛽 − б) − 3б𝛽𝑝(𝑝 − 𝛿)𝜏

𝑝𝜏(1 + 3б𝛽 − б)
. 

the result above is the best possible for the function 𝜒(𝑧) given by Eq. (7). 

Proof: Suppose 𝜒(𝑧) =
1

𝑧𝑝
+ ∑ 𝑎𝜁𝑧𝜁−𝑝∞

𝜁=𝑖 ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б). Then we get 

ℱ𝜏+𝑝−1(𝑧) = 𝜏 ∫ 𝜐𝜏+𝑝−1

1

0

𝜒(𝜐𝑧)𝑑𝜐 

                    =
1

𝑧𝑝
+ ∑

𝜏

𝜏 + 𝜁
 𝑎𝜁𝑧𝜁−𝑝

∞

𝜁=𝑖

 . 

In view of Corollary 2.3, it is sufficient to show that 

∑
(𝜁 − 𝑝)

(𝑝 − 𝛿)
.

∞

𝜁=𝒾

𝜏

𝜏 + 𝜁
 𝑎𝜁 ≤ 1. 

Since 𝜒(𝑧) ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б), we have 

∑  
(𝜁−𝑝)(−𝑐 4⁄ )𝜁(1+3б𝛽−б)

3б𝛽(𝑝−𝛿)(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁 ≤ 1∞

𝜁=𝒾 . 

Thus, 

(𝜁 − 𝑝)𝜏

(𝜏 + 𝜁)(𝑝 − 𝜃)
≤

(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁
   

for each 𝜁, 
𝜃

≤
𝑝(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б) − 3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁(𝜁 − 𝑝)𝜏

(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)(𝜏 + 𝜁)
.                             (18)   

Since the function that appears on the right side of  Eq. (18) is increasing for each  𝜁, we will 

set 𝜁 = 0 in Eq. (18), we have  

𝜃 ≤
𝑝2(1 + 3б𝛽 − б) − 3б𝛽𝑝(𝑝 − 𝛿)𝜏

𝑝𝜏(1 + 3б𝛽 − б)
. 

 
9.Hadamard product properties 

Definition9.1: For the functions 

𝜒𝑗(𝑧) = 𝑧−𝑝 + ∑ 𝑎𝜁,𝑗𝑧𝜁−𝑝     (𝑝, 𝒾 ∈ 𝑁 = {1,2,3, … }, 𝑗 =∞
𝜁=𝒾

1,2),                                                 (19)   
the Hadamard Product or (convolution) of the functions 𝜒1 and 𝜒2 denoted by 𝜒1 ∗ 𝜒2 , that is  

(𝜒1 ∗  𝜒2)(𝑧) = 𝑧−𝑝 + ∑ 𝑎𝜁,1𝑎𝜁,2 𝑧𝜁−𝑝   .

∞

𝜁=𝒾

 

Theorem 9.2: Let  the functions 𝜒𝑗  (𝑗 = 1,2) defined by Eq. (19) be in the class 

𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝛿, б). Then (𝜒1 ∗  𝜒2) ∈  𝒥𝑐,𝑝

𝜁,𝑎(𝛽, 𝛿, б), where 

𝜉 = 𝑝 +
3б𝛽(𝑝 − 𝛿)2

𝑝(1 + 3б𝛽 − б)
. 

The result is sharp for the function 𝜒𝑗(𝑧) (𝑗 = 1,2) given by 

𝜒𝑗(𝑧) =
1

𝑧𝑝
+

3б𝛽(𝑝 − 𝛿)

𝑝(1 + 3б𝛽 − б)

1

𝑧𝑝
(𝑗 = 1,2, 𝑝 ∈ 𝑁). 

Proof:  In order to prove this theorem we will use the schild and Silverman technique that was 

used recently in [12], to find largest 𝜉 such that  
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∑  
(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝜉)(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁,1𝑎𝜁,2 ≤ 1,

∞

𝜁=𝒾

 

for 𝜒𝑗  ∈ 𝒥𝑐,𝑝
𝜁,𝑎(𝛽, 𝜉, б), (𝑗 = 1,2). Since 𝜒𝑗  ∈ 𝒥𝑐,𝑝

𝜁,𝑎(𝛽, 𝛿, б), (𝑗 = 1, 2), we will easy get that  

∑  
(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁
  𝑎𝜁,𝑗 ≤ 1 (𝑗 = 1,2).

∞

𝜁=𝒾

 

So, by applying the Cauchy-Schwarz inequality, we have 

∑  
(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)

3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁
  √𝑎𝜁,1𝑎𝜁,2 ≤ 1.

∞

𝜁=𝒾

                                                              (20)    

This means that we need to show that  
𝑎𝜁,1𝑎𝜁,2

(𝑝−𝜉)
≤

√𝑎𝜁,1𝑎𝜁,2

(𝑝−𝛿)
  (𝜁 ≥ 𝒾, 𝑝 ∈ 𝑁).  

More simplify, that 

√𝑎𝜁,1𝑎𝜁,2 ≤
(𝑝 − 𝜉)

(𝑝 − 𝛿)
 (𝜁 ≥ 𝒾, 𝑝 ∈ 𝑁). 

Then and by the inequality (20) it suffices to show that 
3б𝛽(𝑝 − 𝛿)(3 2⁄ )𝜁(𝑎)𝜁

(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)
≤

(𝑝 − 𝜉)

(𝑝 − 𝛿)
 (𝜁 ≥ 𝒾).                                                               (21).  

From Eq. (21) it follows that  

𝜉 ≤ 𝑝 −
3б𝛽(𝑝 − 𝛿)2(3 2⁄ )𝜁(𝑎)𝜁

(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)
(𝜁 ≥ 𝒾).  

Now, if we define the function 𝒬 as follows 

𝒬(𝜁) = 𝑝 −
3б𝛽(𝑝 − 𝛿)2(3 2⁄ )𝜁(𝑎)𝜁

(𝜁 − 𝑝)(−𝑐 4⁄ )𝜁(1 + 3б𝛽 − б)
(𝜁 ≥ 𝒾).  

But 

𝒬(𝜁 + 1) − 𝒬(𝜁) =
3б𝛽(𝑝−𝛿)2(3 2⁄ )𝜁(𝑎)𝜁

(𝜁−𝑝)(−𝑐 4⁄ )𝜁(1+3б𝛽−б)
[

(𝑐 4⁄ )+(3 2⁄ +𝜁)(𝑎+𝜁)(𝜁−𝑝)

(𝜁+1−𝑝)(𝑐 4⁄ )
] > 0,  

for 0 < б ≤ 1,
1

3
≤ 𝛽 ≤ 1, 0 ≤ 𝛿 < 𝑝. Therefore, the function 𝒬(𝜁) is an increasing for 

each 𝜁.  Hence, we conclude that  

𝜉 ≤ 𝒬(0) = 𝑝 +
3б𝛽(𝑝 − 𝛿)2

𝑝(1 + 3б𝛽 − б)
, 

this finishes the proof of Theorem. 
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