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Abstract

In this paper, a class of analytic and multivalent functions and its various
properties is introduced, by using Generalized Bernardi-Libera-Livingston of
Integral Operator which is defined on the open unite disk U. Coefficient bounds,
distortion theorem, closure and radii of star likeness, convexity are obtained.
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1.Introduction
Let A(s) be the class which contains the functions f(z) of the form

f(@) = 2° = Xp—kss Qn3" (1)

a, =0 and k,s €N,
which are p-valent and regular in U.
This introduces Bernardi-Libera-Livingston Operator:
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. D
Rf@ =132 0 d 6> -sze ),
0
Simplifying we get
= At+s
n=%£s
@ s! 3 n! A+s B
10 et 3, e
(7f () q!(s—q)!z ' (n—q@)!'\3+n 2

n=~k+s
By using the operator Ff(z), we define a new subclass ROk,q(4 b, 6) if it satisfies the

relation

1 (85(FAf @) D02 (FEf()HD
Re {b (JZ(Ts’lf(z))(qH)+(5—/1)(gr;f(z))(q) (s q))} > a ?2)

se€ N,ge NU{0},z€U,s> max(q,—>),beC/{0},3 >20,0< 6 <1
and0 <a <1. Also, f(z) is in the subclass RSy (3, b,6) if 3f'(2) € RHy (3, b, 5).
Now, main results are introduced, as follows with the restriction 0 <A1 < 1.
Many authors in [1-7] studied different classes of analytic multivalent functions.

Theorem 1.1: Let f(z) € A(k) and given by (1). If

o)

Z (q! (nn!— q)! (;-—:-_:l) [Fn—-1-q)+ 5]|b|)an.

n=k+s
< 2alb| (;5) B~ 1~ @) + 5] 3

where q€ Nu{0},se N,zeU,s> max(q,—3),beCuU{0},) =2 0,0 < § <
1 and0 < a <1.Thenf(3) € RP) (3 b,5).

Proof: We will show that f(z) € Ry ,(3,b,5). Using the fact that Re(w) = a, if and only

if
|1 —a+w|=|1+ a— w|.Itsuffices to see that
|A(z) + (1 — a)B(z)| — |A(z) + (1 —a)B(2)| = 0, C))
where
A(z) = 83(Ff (2) 0D +3z2(Ff (2)) 94D — (s — Q) Da(Ff (2) @D + (6 -
D(Ff ()]
and

B(z) = b(3z(Ff () + (6 — D(Ff () D).
Consider |A(z) + (1 — a)B(2)|

= [65B @)D 4352 B (@)D ~ s~ ) |15 (B @) T + (5 -

D(FF@) ]+ (1 - Db @)D + (6 - DEFE)®)

© ! b} ~
Srckes ey () DO = 1= @) + 81l-n+ g +5 — qlay 5" + (1 -

Hn
st - © n! s
a)b ((q!(s_q)!) P(s—1—-q)+5]z™"9— n=k+sm(ﬂ) Mn—1-¢q)+
6l a, Zn_q> . (5

For sure Re(2)<|z|, by letting z— 1- through real axis, (5) gives
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co

L
Z q! (nn— Q! (J ::l) B —1-q) +6l[n - slan

n=k+s

+b(1—a)<[3(5_ 1-q)+4] (cz'(ss—'—q)'>

- Z q!(nn!— q)!(;-l-l—_rsl) Bn=1-a) +6]an>

n=k+s

[oe]

! A
z q! (nn— Q! <J ::1) [A(n—1-¢q) +6]([n—s] - (1 - a)b)ay,

n=k+s

Z—b(l—a) [I(S—l—CI)'*'S] (q'(ss—'—q)'> (6)
Consider |A(z2) — B(z3)(1 + a)|
= |62(Ff (@)D + 322 (Ff ()" — (s — @) [JZ (72 (z))(qﬂ) + (56—

DEF@) |- 1+ b2 + (6 = DEFE)W)

o) ! b) ~
= B (o) B = 1= @) +8][-n+q +5 —qlay 3"~ (1 +

+n

a)b ((q!(iq)!) A(s—1—q)+8]z™ 71— Z%o=’<+5q!(+i(,)! (;%51) Bn—1-q)+

] anz"‘q>. (7)

For sure Re(z)<|z|, by letting 3— 1- through real axis, (7) gives

‘z () B -1~ @) + 81 - sla,

g n—g)!\3+n

n=k+s

|
—b(1+a)<[3(5— 1-q)+4d] (ﬁ)

- Z q!(nn!— q)!(iii) [A(n—1-q) +6]an>

n=k+s

oo

2 q! (nn!— q)! (i:i) [3(n—1-q) +6](In—s]+ (1 +a)b)a,

n=k+s

|

Consider [A(z) + (1 — a)B(z)| — |A(z) — (1 + a)B(z)| = 0 from (6) and (8), we obtain

e (e LU B S

n=k+s

S.
— 2ab (q!(s_q)!) B(p—1—q)+ 58] 0.

So, we have
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o)

! b}
2 q! (nn— q)! (J —|-|-_1Sl) B(n=1-q) +4]Iblan

n=k+s

s!
22ab( o= )|)[J(p—1—q)+6].

Hence, we get
oo

Z (q! (nn!— qQ)! (i:;) Dn—1-a)+ 6]|b|) tn

n=k+s
|
o) B 1- )+l

The maximum modulus principle implies that, f(z) € Ry ,(3, b, ).
Corollary 1.2: If f(z) € R}, ,(3,b,5) then

< 2a|b|<

< Iblza = q),[l(s 1-q)+6]
a, < = =
" (G- qy(i:n)[l(n 1-q)+6]ibl)’

Theorem 1.3: A function f(z) € A(k) and given by (1) is in iRSﬁi, q(l, b, §) if and only if

DAY (q(g—_q)(j:) [3(n—1—q) +68]Ibl) a, < 2asb| ( !) D(s—1—q)+6].
©)

Proof: Let f(z) € RSy (3, b, §) therefore, 3f'(2) € RHj, (3, b, 6).
Let g(z) = zf'(2). Then g(z) € RHy (3, b, §) therefore,

{1( 65(3:'5lf(z))(Q+1) + IZZ(TSJ]C(Z))(‘H'Z) o )} § y
* b \%Ff @)@ + (5 - HFEFEN@ (s =a) a  (10)
85(FIf () 0+ + 352 (Ff (2)) @+

n! A+s
S 1 et Y (
1 n=k+sq!(n—q)! A+ n

e B )ntn— 918

+i(s—1—q)]a,z™ 1.

Now consider

33(FAf ()@ 4 (8 — A)(?'slf(z))(q)

!
=s (—q! (SS_ q)!> (s—q)+d5—1]z°"1
= n! A+s _
) n;ﬂ! (n—q)! (J n n) n[i(n—q)+6 —Na,z" 1.
From (10) we have
\
1 ;’fzkﬂq! (nn! q)' (;I;) [A(n—1-q) + éIn[-n + m]a, 379
Re <E r > a.
L e S |

(In

We know that Re(z) <| z|, 2 — 1- through real axis, we learn from (11)
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1| Seins Tyt (1) D — 4 = ) + 8l[=n + mla,
]

l( I(S D! ) PDs—1-q)+d8] -2 k+s gl (nn! q)'(iirsl) n[Ad(n—1-q) + 6la, |
= Q.
Simplifying yields

> (i) b1+ o),

>2as|b|( (s )'>[J(s 1—q) + 6]

Hence, we get (9)
From (9), set |z| = 1 to show the converse.
K&@mwmﬂﬂmwwﬂ__>}
* Ge@r@en+ 6 -n@re@ 77

Seins syt (o) P01 1= @) + ][ = 5] an2™

s (qre g PG~ 1)+ 0z
\ n k+s |(nn| q)|(i_{‘|:$) [J(Tl—l—q)-i-(ﬂ Zn—q

q! (nn| q)! s —=1—=q)+6]2"9 = Xirss q! (nn! q)! (J : S) [Mn—1-¢q)+5la,z™1

= Re A«

J

A+
< 2a|b|

ST (nn| q)! Dn—1—-q)+ 812" 19— Y i q! (nn! q)! (ii;) Pn—1-¢) + 5]anzn_q.

= 2a|b|
Hence, by the maximum modulus principle, g(z) € R$H5 , (O, b, 8).
Corollary 1.4: f(z) € RS}, ,(3, b, §) then

2|b|as[l(s—1—Q)+5]< '(s' q)l)

n(q! (nn!— q)! G-I-i::t) Bn-1-q@)+ 6]|b|)

Theorem 1.5: If f(z) € R}, ,(3, b, 6) then

2albl (o) B — 1= @) +0]

(q! (gck++ssll 9! (li-llc_is) [Mk+s—-1-q)+ 5]Ibl>

2albl () PG = 1= @) + 9]

(q! (gck++ssz! D! (5 -i ;Ic- T5)Dlts—1-0) + 5]|b|>.

ap <

,n=>k+s.

|Z|S— |Z|k+s

< |f (=)l

< |Z|s+|zlk+s

With equality hold for

2alb (a7 PG = 1= ) + 8]

( (k + s)! ( A+s

f(2) =35 —zk*s
q!(k+s—q)! J+k+s)[l(k+s_1_q)+6]|b|>
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Proof: f(z) € RS ,(3,b,5)
Therefore, from (1)

2|blas[a(s —1—q) + &] (

ans( n! (J+s

n=kts q'(n—q)! l+n) [3(n—1—q)+6]|b|)

@12 12l = ) lallzl"

n=k+s
> |z|°
(o]
12l > la
n=k+s

2albl () PG — 1= 0) + 8]

__| |s __I |k+s .
> |z V4 ( (k+5)! ( A+s )[}(k+5—1_q)+6]|b|>

Q' k+s—g)'\XA+k+s
Similarly,
2a|b (s —1—q)+ 6]
If ()] < |z]° = |z]*** TE] ( '(i +Z)') |
((k+s—q)!q!(l+k+s)[3(k+s_l_q)+5]|b|>
With equality hold for
If (2)| = |z]° — |Z|k+s @ 2(l)||b|( '(i CD') [A(s —1—q) + 4] |
+ s)! +
(q!(k+ss—q)!(l+k-sl-s)[3(k+s_1_Q)+5]|b|>

Therefore, we get required result.
Theorem 1.6: If f(z) € RS ,(3,b, §) then

S 2|b|as[/1(s—1—q)+5]< |(5| q)l) < 1f @)
z|°— |z <|f(z
(k + 5) <q!(§cs-|:|-skz!q)!(liltis) [l(k+s—1—q)+6]|b|)
< |z]® o
. ZaSIbI( = q)l) [A(s—1—q) + 6]
+ |z|**s .
(k +5) (q!(gck++sszlq)!(l-ll——lic_j—s) [J(k+s—1—q)+6]|b|>

With equality hold for

Zaslbl( '(s' q)l) [A(s—1—q) + 6]

(k +5) (q! (Eck++ssz! q)! (A-Il—?c_—si- s) Blk+s—-1-q+ 5]|b|>-

Proof: Let f(z) € RS (3, b, §). Therefore,
s!
2as|b| ( = q)l) [A(s—1—q) + 6]

n< :
Zka n (o () ¥ — 1= 0) + 81101

f(z) = |z]° — |z|**s
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We have
@215 = ) layllal”
n=k+s
> |z|°
121 > lay
2|Z|5 n=k+s
o ZaSIbI( '(s q)|)[l(s—1—q)+6]
— |z*** :
(k + s)! I+ )
(k+s)<q!(k+s—q)!(1+k+s)[3(k+5_1_q)+5]|b|
Similarly,

2as1b| (s =) B = 1= @) + 4]

(k + s)! ( I+s

(k+s)(q!(k—q+s)! J+k+s)[l(k_1_q-l_s)+6]|b|>.

Therefore, we get the required result.
Theorem 1.7: If f(3z) € RHy ,(3, b, 5) then

2a|b|< T q),) (k+ ) — 1 —q) + 6]

((k J(rker—Sc%!q! (s bk +s—1-0)+ 5]”")

<s|z|5?t

f@I < |z1° + 5]+

Slzls—l + |Z|k+s—1

< |f' (@)l

2albl (o) (6 + PG = 1= 0) + 9]

(CI! (§<k++ssz! q)! (J i;lc_is) Bk +s—-1-q+ 5]|b|).

+ |Z|k+s—1

Proof: Let f(3z) € RHy ,(3, b, §) therefore, from (1)

i 2|b|a( T q)l)[l(s—l—q)+6]
a, <
s (e ) B 1- ) + 8lib)

1)) = sl
oo [o9]
= D lanlnla" Tt 2 slal T = 12Tk +5) )

n=k+s n=k+s
> 5|zt
s!
" 2albl (o, ),>(k+s)[l(s—1—q)+5]
_|Z| +s—

(q! (gck++ssz! Q! (JiZis) [Pk +s—1-q)+ 5]|b|>.

Similarly,
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2a|b| ( s q),) k +5)[3(s —1—q) + 6]

(k + s)! I+s 4 )
(q!(k+s—q)!(l+k+s)[l(k+s 1-q) +4]ibl
Therefore, we get the required result
Theorem 1.8: If f(3z) € RS}, ,(3,b,65) then

2asib| (i) DG = 1= @) + 4]

((k -l(-kS-i_—S(%!q! (s bk +s—1-0)+ 5]”")

<s|z|5t

If' (@) < szl — |z|*1

Slzls—l + |Z|k+s—1

< |f'(2)l

2aslb| (i) B = 1= @) + 4]

(k + p)! I+s '
(q!(k+s—q)!(1+k+s)[3(k+s_1_q)+5]|b|>
Proof: Let f(3) € RS ,(3,b,5)

Therefore, from Theorem 1.1

+ |Z|k+s—1

i 3 Zaslbl( '(s q)') [A(s—1—-q)+ 6]
a, <
oGk ( ey () i — 1 - @) + 8lib )

IF' (@) = sl - Z lanlnlal™ = slzl* = |24+ (i + 5) Z 2]

n=k+s n=k+s
2as|b|<q!(k :!S_q)!> (k+$)[3(s — 1 — q) + 6]

(CI! (§Ck++ssz! q)! (J-ll-;ic-j-s) Bk+s—-1-q+ 5]|b|).

> Slzls—l _ |Z|k+s—1

Similarly,
2|b|as< = ),)(k + B —1—q) + 8]

(CI! (§<k++ssz! q)! (J-Il-;lc-fl- s) [k +s—1-q)+ 6]|b|).

Therefore, we get the required result.

Theorem1.9: If f(z) € Ry ,(3, b, 5), then h € K(x) in |z| < 71(s,k,q,3, b, 5, x) where
1

If' (@) < slzl*™t + 5|+

| (7= q),(ii,i) Be=1-q)+8lbI\"
-
n 2an|b|< Ty P 1= ) + 3]
| < s—
’;s(_zf | = Zn ks tlanl |5]"7° < s—c. (12)

From (1) we have

i _ 2a|b|( = q),> (s —1—q) + 4]

a, < :
s (o ) Bei-1— ) + 6l

That is
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i (q! (nn!— Q! (iirsz) [Bn—-1-q)+ 5]|b|)

s\ 2bla (o) B — 1= )+ 4]

Observe that (12) is true if
n! A+s
. ( (D) blae - 1- ) +5)

a, < 1.

s <\ (n—q)!
- - s!
(s—ec) 2|b|a(—q( q),>[l(s—1—q)+6]
Therefore,
1
(5=) (o= q),(iifl) B —1-g)+3l1bl)\"”

|z] <
Zanlbl( '(s q)|)[l(s—1—q)+6]

where (s # n,s,n € N).
Theorem 1.10: If f(3) € RH), ,(3,b,8), then h € §*(x) in |3] < 13(s, k, q,3, b, 5, x) where

inf( (s—0) (q!(nn! 1) B~ 1) +811b1) ns\

n \ (n=e)2alb| (i) B = 1= @) + 4] /

Proof: We must show that

”’vzz

/
% — 5| < s—«.
We have
zf'(z) S‘ _ |2 Zntkes(n = 5)anz®| _ Eickas(n — $)lanl 121" ~
f(3) 25— Ykts An3" 1= Yo ksslanl 12" —

x| (13)
Hence (13) hold true if
( )
Sreers (o 10nl 121775 < 1. (14)
From (3) we have

L () Be-1- )+ 81ib])

i <q! (n—¢q)! .

a, < 1. (15)
WLt 20l (Gt B — 1 - @) + ]
Hence by using (14) and (15) we get
o), T ) B -0 + dlel)
(s—oc) 2a|b'|(,(§+z),) (s — 1 —q) + 6]
s © >((n_;,yqu(z+n)”<” 1-q)+ 3l

(n— oc)ZaIbI( q)' ,) [A(s—1—¢q) + 6]

1

| |<<(S_°c)(q!(nn! q)'(iirsl) [“("‘1“’”5]”")) E
Z =

(n—oc)ZaIbI( e )[J(s—l—q)+6]

q)!
where (s # n,s,n € N).
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Theorem 1.11: If f(3) € iRSbfc,q (3, b,6),then h € C(x) in |3| < 73(s,k,q, 3, b, 5, x) where
1

S(s—o) (q! —_— GIZ) B —1-g)+ 81l )\ "

n(n—«)2a|b| ( (s q)') [A(n—1-q) + 6]

inf

n

13 =

Proof: f is convex if zf" is starlike. We must show that

fg — S| < Ss—X.
That is .
> o) | s < 1. (16)
n=k+s S(S—OC) " -

From (3) we have
|
! (g (D) b 1- 0+ 1)

s!
n=k+s 2a|b|< '(S CI)') [3(5_1_61)"'6]
Hence, by using (16) and (17) we get

nnee) (7a= q)u(iifl)[l(n—l—ww]lbl)

|z|"° <
s(s—x) 2a|b|( '(s q),>[l(s—1—q)+6]
1

(5= (e () B — 1= @) + &sl )\

s!

(Tl OC)Zdlbl ('(n—q)') [I(S -1- CI) + 6]

where (s # n,s,n € N).
Theorem 1.12: Let f;(z) = z° and

a, < 1. (17)

lz| <

< !(nn!— D! GIZ) Bn—1-q)+ 5]”")

folz) = 25 —~2
2alb| ( o q),) (s —1—q) + 6]
Then if f(z) € RHy4(3, b, 8) ifand only if f(z) can be expresses in the form
@) = 34£1(2) + Zitirs Info(s) where 3y = 0 and 3y + B2y 3y = 1,

forn >k + s.

2. Conclusions

We obtained some properties of our subclass which is related to Generalized Bernardi-
Libera-Livingston of Integral Operator and investigated coefficient bounds and established
distortion theorem, radii of star likeness, convexity and closure theorem.
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