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Abstract 

     In this paper, a class of analytic and multivalent functions and its various 

properties is introduced, by using Generalized Bernardi-Libera-Livingston of 

Integral Operator which is defined on the open unite disk U. Coefficient bounds, 

distortion theorem, closure and radii of star likeness, convexity are obtained. 

 

Keywords: Multivalent function,  Operator, Convexity, Analytic function, Bernardi-

Libera-Livingston Integral. 

 

 تكامل المعممالالتحليلية متعددة التكافؤ التي تتضمن عامل  الدوالحول  فئة من 
 ليفينكستون  -ليبرا –بيرناردي 

 
 3, قاسم عبدالحميد جاسم 2, ريم عمران رشيد 1زينب هادي محمود

 قسم علوم الفيزياء, كلية العلوم, جامعة بغداد, بغداد, العراق 1
 العراق     -جامعة تكريت -كلية تربية طوزخورماتو –قسم الرياضيات 2

 قسم الرياضيات, كلية العلوم , جامعة بغداد, بغداد, العراق 3
 

 الخلاصه 
فئة جديدة من الدوال       تقديم  التكامل    متعددة التكافؤ وخصائصها المختلفة , باستخدام عامل  التحليلية  تم 

المفتوح      ليفينكستون   –ليبرا    –بيرناردي      المعمم الوحدة  قرص  على  بعض   .  Uالمحدد  على  حصلنا  وقد 
خاصية    الخصائص المهمة للفئات الفرعية وقمنا بفحص مثل  متراجحة المعاملات ، نظريات النمو والتشويه ، 

 .و خاصية انصاف الاقطار النجمية والتحدبية   الانغلاق 
  

1.Introduction  

Let  𝒜(s) be the class which contains the functions 𝑓(𝓏) of the form  

𝑓(𝓏) = 𝓏𝑠 − ∑ 𝑎𝑛𝓏
𝑛∞

𝑛=𝑘+𝑠                                                  (1) 

 

𝑎𝑛 ≥ 0  and 𝑘, 𝑠 ∈ ℕ, 
which are p-valent and regular in 𝕌. 

 This introduces Bernardi-Libera-Livingston Operator: 
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ℱ𝑠
ℷ𝑓(𝓏) =

ℷ + 𝑠

𝓏ℷ
∫ 𝔱ℷ−1𝑓(𝔱)
𝓏

0

𝑑𝔱,     (ℷ > −𝑠; 𝓏 ∈ 𝕌). 

Simplifying we get 

ℱ𝑠
ℷ𝑓(𝓏) = 𝓏𝑠 − ∑

ℷ + 𝑠

ℷ + 𝑛
𝑎𝑛𝓏

𝑛

∞

𝑛=𝑘+𝑠

, 

(ℱ𝑠
ℷ𝑓(𝓏))

(𝑞)
=

𝑠!

𝑞! (𝑠 − 𝑞)!
𝓏𝑠−𝑞 − ∑

𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) 𝑎𝑛𝓏

𝑛−𝑞

∞

𝑛=𝑘+𝑠

. 

By using the operator ℱ𝑠
ℷ𝑓(𝓏),  we define a new subclass ℜℌ𝒌,𝒒

𝒔 (𝜆, 𝑏, 𝛿)  if it satisfies the 

relation 

ℛ𝑒 {
1

𝑏
(
𝛿𝓏(ℱ𝑠

𝜆𝑓(𝓏))(𝑞+1)+ℷ𝓏2(ℱ𝑠
𝜆𝑓(𝓏))(𝑞+2)

ℷ𝓏(ℱ𝑠
𝜆𝑓(𝓏))(𝑞+1)+(𝛿−𝜆)(ℱ𝑠

ℷ𝑓(𝓏))(𝑞)
− (𝑠 − 𝑞))}    >  𝛼                           (2) 

𝑠 ∈  ℕ , 𝑞 ∈  ℕ ∪ {0}, 𝓏 ∈ 𝕌 , 𝑠 >  𝑚𝑎𝑥(𝑞,−ℷ), 𝑏 ∈ ℂ /{0}, ℷ ≥  0 , 0 <  𝛿 ≤  1   
and 0 ≤ 𝛼 < 1. Also, 𝑓(𝑧) is in the subclass ℜ𝔖𝒌,𝒒

𝒔 (ℷ, 𝑏, 𝛿) if 𝓏𝑓′(𝓏) ∈ ℜℌ𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿). 

Now, main results are introduced, as follows with the restriction  0 ≤ 𝜆 ≤  1. 
Many authors in [1-7] studied different classes of analytic multivalent functions.  

 

Theorem 1.1: Let  𝑓(𝓏) ∈ 𝒜(k)  and given by (1). If  

  

∑ (
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|) 𝑎𝑛

∞

𝑛=𝑘+𝑠

. 

≤ 2𝛼|𝑏| (
𝑠!

𝑞!(𝑠−𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]                             (3) 

 where 𝑞 ∈  ℕ ∪ {0} , 𝑠 ∈  ℕ, 𝓏 ∈ 𝕌 , 𝑠 >  𝑚𝑎𝑥(𝑞,−ℷ), 𝑏 ∈ ℂ ∪ {0}, ℷ ≥  0 , 0 <  𝛿 ≤
 1  and 0 ≤ 𝛼 < 1. Then f(𝓏) ∈ ℜℌ𝒌,𝒒

𝒔 (ℷ, 𝑏, 𝛿). 

 

Proof: We will show that  𝑓(𝓏) ∈ ℜℌ𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿).  Using the fact that ℛ𝑒(𝑤) ≥ 𝛼, if and only 

if  
|1 − 𝛼 + 𝑤| ≥ |1 + 𝛼 − 𝑤| . It suffices to see that  

|𝐴(𝓏) + (1 − 𝛼)𝐵(𝓏)| − |𝐴(𝓏) + (1 − 𝛼)𝐵(𝓏)| ≥ 0 ,                                    (4) 

where  

𝐴(𝓏) = 𝛿𝓏(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+1) + ℷ𝓏2(ℱ𝑠

ℷ𝑓(𝓏))(𝑞+2) − (𝑠 − 𝑞)[ℷ𝓏(ℱ𝑠
𝜆𝑓(𝓏))(𝑞+1) + (𝛿 −

𝜆)(ℱ𝑠
ℷ𝑓(𝓏))(𝑞)]    

and  

𝐵(𝓏) =  𝑏(ℷ𝓏(ℱ𝑠
𝜆𝑓(𝓏))(𝑞+1) + (𝛿 − 𝜆)(ℱ𝑠

ℷ𝑓(𝓏))(𝑞)). 

Consider  |𝐴(𝓏) + (1 − 𝛼)𝐵(𝓏)| 

= |𝛿𝓏(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+1) + ℷ𝓏2(ℱ𝑠

ℷ𝑓(𝓏))(𝑞+2) − (𝑠 − 𝑞) [ℷ𝓏 (ℱ𝑠
𝜆𝑓(𝓏))

(𝑞+1)

+ (𝛿 −

𝜆)(ℱ𝑠
ℷ𝑓(𝓏))

(𝑞)
] + (1 − 𝛼)𝑏(ℷ𝓏(ℱ𝑠

𝜆𝑓(𝓏))(𝑞+1) + (𝛿 − 𝜆)(ℱ𝑠
ℷ𝑓(𝓏))(𝑞))|  

= |∑
𝑛!

𝑞!(𝑠−𝑞)!
(
ℷ+𝑠

ℷ+𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿][−𝑛 + 𝑞 + 𝑠 − 𝑞]𝑎𝑛

 

∞
𝑛=𝑘+𝑠 𝓏𝑛−𝑞 + (1 −

𝛼)𝑏 ((
𝑠!

𝑞!(𝑠−𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]𝓏𝑛−𝑞 − ∑

𝑛!

𝑞!(𝑛−𝑞)!
(
ℷ+𝑠

ℷ+𝑛
) [ℷ(𝑛 − 1 − 𝑞) +∞

𝑛=𝑘+𝑠

𝛿] 𝑎𝑛 𝓏
𝑛−𝑞)|.    (5)      

 

For sure Re(𝓏)<|𝓏|, by letting 𝓏→ 1-  through real axis, (5) gives 
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| ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿][𝑛 − 𝑠]𝑎𝑛

∞

𝑛=𝑘+𝑠

 

+ 𝑏(1 − 𝛼)([ℷ(𝑠 − 1 − 𝑞) + 𝛿] (
𝑠!

𝑞! (𝑠 − 𝑞)!
)

− ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝑎𝑛

∞

𝑛=𝑘+𝑠

 )| 

 

 ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]([𝑛 − 𝑠] − (1 − 𝛼)𝑏)𝑎𝑛

∞

𝑛=𝑘+𝑠

≥ −𝑏(1 − 𝛼) [ℷ(𝑠 − 1 − 𝑞) + 𝛿] (
𝑠!

𝑞! (𝑠 − 𝑞)!
).     (6) 

Consider  |𝐴(𝓏) − 𝐵(𝓏)(1 + 𝛼)| 

= |𝛿𝓏(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+1) + ℷ𝓏2(ℱ𝑠

ℷ𝑓(𝓏))(𝑞+2) − (𝑠 − 𝑞) [ℷ𝓏 (ℱ𝑠
𝜆𝑓(𝓏))

(𝑞+1)

+ (𝛿 −

𝜆)(ℱ𝑠
ℷ𝑓(𝓏))

(𝑞)
] − (1 + 𝛼)𝑏(ℷ𝓏(ℱ𝑠

𝜆𝑓(𝓏))(𝑞+1) + (𝛿 − 𝜆)(ℱ𝑠
ℷ𝑓(𝓏))(𝑞))|  

= |∑
𝑛!

𝑞!(𝑛−𝑞)!
(
ℷ+𝑠

ℷ+𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿][−𝑛 + 𝑞 + 𝑠 − 𝑞]𝑎𝑛

 

∞
𝑛=𝑘+𝑠 𝓏𝑛−𝑞 − (1 +

𝛼)𝑏 ((
𝑠!

𝑞!(𝑠−𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]𝓏𝑛−𝑞 − ∑

𝑛!

𝑞!(𝑛−𝑞)!
(
ℷ+𝑠

ℷ+𝑛
) [ℷ(𝑛 − 1 − 𝑞) +∞

𝑛=𝑘+𝑠

𝛿] 𝑎𝑛 𝓏
𝑛−𝑞)| .     (7)      

For sure Re(𝓏)<|𝓏|, by letting 𝓏→ 1- through real axis, (7) gives 

| ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿][𝑛 − 𝑠]𝑎𝑛

∞

𝑛=𝑘+𝑠

− 𝑏(1 + 𝛼)([ℷ(𝑠 − 1 − 𝑞) + 𝛿] (
𝑠!

𝑞! (𝑠 − 𝑞)!
)

− ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝔫 − 1 − 𝑞) + 𝛿]𝑎𝑛

∞

𝑛=𝑘+𝑠

 )| 

 

 ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]([𝑛 − 𝑠] + (1 + 𝛼)𝑏)𝑎𝑛

∞

𝑛=𝑘+𝑠

≥ 𝑏(1 + 𝛼) [ℷ(𝑠 − 1 − 𝑞) + 𝛿] (
𝑠!

𝑞! (𝑠 − 𝑞)!
).                                                (8) 

 

Consider  |𝐴(𝓏) + (1 − 𝛼)𝐵(𝓏)| − |𝐴(𝓏) − (1 + 𝛼)𝐵(𝓏)| ≥ 0 from (6) and (8), we obtain 

∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]( − 𝑏  )𝑎𝑛

∞

𝑛=𝑘+𝑠

− 2𝛼𝑏 (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑝 − 1 − 𝑞) + 𝛿] ≥0. 

So, we have    
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∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿] |𝑏|𝑎𝑛   

∞

𝑛=𝑘+𝑠

≥2𝛼𝑏 (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑝 − 1 − 𝑞) + 𝛿]. 

Hence, we get 

∑ (
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|) 𝑎𝑛

∞

𝑛=𝑘+𝑠

 

≤ 2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]. 

The maximum modulus principle implies that,  𝑓(𝓏) ∈ ℜℌ𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿). 

Corollary 1.2: If  𝑓(𝓏) ∈ ℜℌ𝒌,𝔮
𝒔 (ℷ, 𝑏, 𝛿) then 

𝑎𝑛 ≤
|𝑏|2𝛼

𝑠!

𝑞!(𝑠−𝑞)!
[ℷ(𝑠−1−𝑞)+𝛿]

(
𝑛!

𝑞!(𝑛−𝑞)!
(
ℷ+𝑠

ℷ+𝑛
)[ℷ(𝑛−1−𝑞)+𝛿]|𝑏|)

. 

Theorem 1.3: A function 𝑓(𝑧) ∈ 𝒜(k) and given by (1) is in ℜℌ𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿) if and only if 

∑ 𝑛 (
𝑛!

𝑞!(𝑛−𝑞)!
(
ℷ+𝑠

ℷ+𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|) 𝑎𝑛 ≤ 2𝛼𝑠|𝑏| (

𝑠!

𝑞!(𝑠−𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿].∞

𝑛=𝑘+𝑠   

                                                                                                                                                 (9) 

 

Proof: Let 𝑓(𝓏) ∈ ℜ𝔖𝒌,𝔮
𝒔 (ℷ, 𝑏, 𝛿) therefore, 𝓏𝑓′(𝓏) ∈ ℜℌ𝒌,𝒒

𝒔 (ℷ, 𝑏, 𝛿). 

 Let  𝑔(𝓏) = 𝓏𝑓′(𝓏). Then 𝑔(𝓏) ∈ ℜℌ𝒌,𝔮
𝒔 (ℷ, 𝑏, 𝛿) therefore, 

 

ℛ𝑒 {
1

𝑏
(
𝛿𝓏(ℱ𝑠

ℷ𝑓(𝓏))(𝑞+1) + ℷ𝓏2(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+2)

ℷ𝓏(ℱ𝑠
𝜆𝑓(𝓏))(𝑞+1) + (𝛿 − 𝜆)(ℱ𝑠

ℷ𝑓(𝓏))(𝑞)
− (𝑠 − 𝑞))}  >  𝛼          (10) 

𝛿𝓏(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+1) + ℷ𝓏2(ℱ𝑠

ℷ𝑓(𝓏))(𝑞+2) 

= (
𝑠!

𝑞! (𝑠 − 𝑞)!
) 𝑠(𝑠 − 𝑞) [𝛿 + ℷ(𝑠 − 1 − 𝑞)𝓏𝑠−𝑞 − ∑

𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
)𝑛(𝑛 − 𝑞)[

∞

𝑛=𝑘+𝑠

𝛿

+ ℷ(𝑠 − 1 − 𝑞)]𝑎𝑛𝓏
𝑛−𝑞]. 

Now consider 

ℷ𝓏(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+1) + (𝛿 − 𝜆)(ℱ𝑠

ℷ𝑓(𝓏))
(𝑞)

= 𝑠 (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 𝑞) + 𝛿 − ℷ]𝓏𝑠−𝑞

− ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
)𝑛[

∞

𝑛=𝑘+𝑠

ℷ(𝑛 − 𝑞) + 𝛿 − ℷ]𝑎𝑛𝓏
𝑛−𝑞 . 

From (10) we have 

ℛ𝑒 

{
 
 
 

 
 
 

1

𝑏

(

 
 
 
 
 
∑

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝑛[−𝑛 +𝑚]𝑎𝑛
∞
𝑛=𝑘+𝑠 𝓏𝑛−𝑞

(
𝑠!

𝑞! (𝑠 − 𝑞)!
)𝑚[ℷ(𝑠 − 1 − 𝑞) + 𝛿]𝓏𝑠−𝑞

−∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)𝑛

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝑎𝑛𝓏𝑛−𝑞
∞
𝑛=𝑘+𝑠 )

 
 
 
 
 

}
 
 
 

 
 
 

>  𝛼. 

(11) 

We know that Re(𝓏) < | 𝓏|, 𝓏 → 1- through real axis, we learn from (11) 
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1

|𝑏|
[
 
 
 ∑

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 𝑞 − 1) + 𝛿][−𝑛 +𝑚]𝑎𝑛
∞
𝑛=𝑘+𝑠

(
𝑠!

𝑞! (𝑠 − 𝑞)!
)𝑚[ℷ(𝑠 − 1 − 𝑞) + 𝛿] − ∑

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)𝑛

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝑎𝑛
∞
𝑛=𝑘+𝑠 ]

 
 
 
 

≥ 𝛼. 
Simplifying yields 

∑ (
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠

ℷ + 𝑛
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|) 𝑎𝑛  

∞

𝑛=𝑘+𝑠

≥ 2𝛼𝑠|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]. 

Hence, we get (9) 

From (9), set |𝑧| = 1 to show the converse. 

ℛ𝑒 {(
𝛿𝓏(ℱ𝑠

ℷ𝑓(𝓏))(𝑞+1) + ℷ𝓏2(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+2)

ℷ𝓏(ℱ𝑠
ℷ𝑓(𝓏))(𝑞+1) + (𝛿 − ℷ)(ℱ𝑠

ℷ𝑓(𝓏))(𝑞)
− (𝑠 − 𝑞))} 

 

= ℛ𝑒 

{
 
 
 

 
 
 

(

 
 
 
 
 
∑

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)𝑛

[ℷ(𝑛 − 1 − 𝑞) + 𝛿][𝑛 − 𝑠]∞
𝑛=𝑘+𝑠 𝑎𝑛𝓏

𝑛−𝑞

𝑠 (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]𝓏𝑠−𝑞

−∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛) 𝑛

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝑎𝑛𝓏𝑛−𝑞
∞
𝑛=𝑘+𝑠 )

 
 
 
 
 

}
 
 
 

 
 
 

 

≤ 2𝛼|𝑏|
𝑠

𝑛!
𝑞! (𝑛 − 𝑞)!

[ℷ(𝑠 − 1 − 𝑞) + 𝛿]𝓏𝑛−𝑞 − ∑
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)𝑛

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝑎𝑛𝓏
𝑛−𝑞∞

𝑛=𝑘+𝑠

𝑠
𝑛!

𝑞! (𝑛 − 𝑞)!
[ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝓏𝑛−𝑞 − ∑

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛

) 𝑛[ℷ(𝑛 − 1 − 𝑞) + 𝛿]𝑎𝑛𝓏𝑛−𝑞
∞
𝑛=𝑘+𝑠

. 

= 2𝛼|𝑏| 
Hence, by the maximum modulus principle, 𝑔(𝓏) ∈ ℜℌ𝒌,𝒒

𝒔 (ℷ, 𝑏, 𝛿). 

Corollary 1.4: 𝑓(𝓏) ∈ ℜ𝔖𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿) then  

𝑎𝑛 ≤
2|𝑏|𝛼𝑠[ℷ(𝑠 − 1 − 𝑞) + 𝛿] (

𝑠!
𝑞! (𝑠 − 𝑞)!

)

𝑛 (
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)
 , 𝑛 ≥ 𝑘 + 𝑠. 

 

Theorem 1.5: If  𝑓(𝓏) ∈ ℜℌ𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿), then  

|𝓏|𝑠 − |𝓏|𝑘+𝑠
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
 ≤ |𝑓(𝓏)|

≤  |𝓏|𝑠 + |𝓏|𝑘+𝑠
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

With equality hold for 

𝑓(𝓏) = 𝓏𝑠 − 𝓏𝑘+𝑠
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
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Proof: 𝑓(𝓏) ∈ ℜ𝔖𝒌,𝔮
𝒔 (ℷ, 𝑏, 𝛿) 

Therefore, from (1) 

∑ 𝑎𝑛

∞

𝑛=𝑘+𝑠

≤
2|𝑏|𝛼𝑠[ℷ(𝑠 − 1 − 𝑞) + 𝛿] (

𝑠!
𝑞! (𝑠 − 𝑞)!

)

(
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)
 

 

 

|𝑓(𝓏)| ≥ |𝓏|𝑠 − ∑ |𝑎𝑛||𝓏|
𝑛

∞

𝑛=𝑘+𝑠

≥ |𝓏|𝑠

− |𝓏|𝑘+𝑠 ∑ |𝑎𝑛|

∞

𝑛=𝑘+𝑠

≥ |𝓏|𝑠 − |𝓏|𝑘+𝑠
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

 

Similarly, 

|𝑓(𝓏)| ≤ |𝓏|𝑠 − |𝓏|𝑘+𝑠
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

(𝑘 + 𝑠 − 𝑞)! 𝑞!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

With equality hold for 

|𝑓(𝓏)| = |𝓏|𝑠 − |𝓏|𝑘+𝑠
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

Therefore, we get required result. 

Theorem 1.6: If  𝑓(𝓏) ∈ ℜ𝔖𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿) then 

|𝓏|𝑠 − |𝓏|𝑘+𝑠
2|𝑏|𝛼𝑠[𝜆(𝑠 − 1 − 𝑞) + 𝛿] (

𝑠!
𝑞! (𝑠 − 𝑞)!

)

(𝑘 + 𝑠) (
(𝑠 + 𝑘)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

𝑠 + ℷ
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
 ≤ |𝑓(𝓏)|

≤  |𝓏|𝑠

+ |𝓏|𝑘+𝑠
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(𝑘 + 𝑠) (
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

With equality hold for 

𝑓(𝓏) = |𝓏|𝑠 − |𝓏|𝑘+𝑠
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(𝑘 + 𝑠) (
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

Proof:  Let  𝑓(𝓏) ∈ ℜ𝔖𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿). Therefore, 

∑ 𝑎𝑛

∞

𝑛=𝑘+𝑠

≤
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

𝑛 (
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)
. 



Mahmood et al.                                        Iraqi Journal of Science, 2026, Vol. 67, No. 5, pp: 2838- 2848 

 

2844 

We have   

|𝑓(𝓏)| ≥ |𝓏|𝑠 − ∑ |𝑎𝑛||𝓏|
𝑛

∞

𝑛=𝑘+𝑠

≥ |𝓏|𝑠

− |𝓏|𝑘+𝑠 ∑ |𝑎𝑛|

∞

𝑛=𝑘+𝑠

≥ |𝓏|𝑠

− |𝓏|𝑘+𝑠
2𝛼 𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(𝑘 + 𝑠) (
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

 

Similarly, 

 

|𝑓(𝓏)| ≤ |𝓏|𝑠 + |𝓏|𝑘+𝑠
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(𝑘 + 𝑠) (
(𝑘 + 𝑠)!

𝑞! (𝑘 − 𝑞 + 𝑠)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 − 1 − 𝑞 + 𝑠) + 𝛿]|𝑏|)
. 

Therefore, we get the required result. 

Theorem 1.7: If  𝑓(𝓏) ∈ ℜℌ𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿) then  

𝑠|𝓏|𝑠−1 + |𝓏|𝑘+𝑠−1
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) (𝑘 + 𝑠)[ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

(𝑘 + 𝑠 − 𝑞)! 𝑞!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
≤ |𝑓′(𝓏)|

≤ 𝑠|𝓏|𝑠−1

+ |𝓏|𝑘+𝑠−1
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) (𝑘 + 𝑝)[ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

 

Proof: Let  𝑓(𝓏) ∈ ℜℌ𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿) therefore, from (1) 

∑ 𝑎𝑛

∞

𝑛=𝑘+𝑠

≤
2|𝑏|𝛼 (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)
 

|𝑓′(𝓏)| ≥ 𝑠|𝓏|𝑠−1

− ∑ |𝑎𝑛|𝑛|𝓏|
𝑛−1 ≥ 𝑠|𝓏|𝑠−1 − |𝓏|𝑘+𝑠−1

∞

𝑛=𝑘+𝑠

(𝑘 + 𝑠) ∑ |𝑎𝑛|

∞

𝑛=𝑘+𝑠

≥ 𝑠|𝓏|𝑠−1

− |𝓏|𝑘+𝑠−1
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) (𝑘 + 𝑠)[ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

 

Similarly, 
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|𝑓′(𝓏)| ≤ 𝑠|𝓏|𝑠−1 − |𝓏|𝑘+𝑠−1
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) (𝑘 + 𝑠)[ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

Therefore, we get the required result 

Theorem 1.8: If  𝑓(𝓏) ∈ ℜ𝔖𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿) then  

𝑠|𝓏|𝑠−1 + |𝓏|𝑘+𝑠−1
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

(𝑘 + 𝑠 − 𝑞)! 𝑞!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
≤ |𝑓′(𝓏)|

≤ 𝑠|𝓏|𝑠−1

+ |𝓏|𝑘+𝑠−1
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑝)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

Proof: Let 𝑓(𝓏) ∈ ℜ𝔖𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿) 

Therefore, from Theorem 1.1 

∑ 𝑎𝑛

∞

𝑛=𝑘+𝑠

≤
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

𝑛 (
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)
 

|𝑓′(𝓏)| ≥ 𝑠|𝓏|𝑠−1 − ∑ |𝑎𝑛|𝑛|𝓏|
𝑛−1 ≥ 𝑠|𝓏|𝑠−1 − |𝓏|𝑘+𝑠−1

∞

𝑛=𝑘+𝑠

(𝑘 + 𝑠) ∑ |𝑎𝑛|

∞

𝑛=𝑘+𝑠

 

≥ 𝑠|𝓏|𝑠−1 − |𝓏|𝑘+𝑠−1
2𝛼𝑠|𝑏| (

𝑠!
𝑞! (𝑘 + 𝑠 − 𝑞)!

) (𝑘 + 𝑠)[ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

 

Similarly, 

|𝑓′(𝓏)| ≤ 𝑠|𝓏|𝑠−1 + |𝓏|𝑘+𝑠−1
2|𝑏|𝛼𝑠 (

𝑠!
𝑞! (𝑠 − 𝑞)!

) (𝑘 + 𝑠)[ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
(𝑘 + 𝑠)!

𝑞! (𝑘 + 𝑠 − 𝑞)!
(

ℷ + 𝑠
ℷ + 𝑘 + 𝑠

) [ℷ(𝑘 + 𝑠 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

Therefore, we get the required result. 

 Theorem1.9: If  𝑓(𝓏) ∈ ℜℌ𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿), then ℎ ∈ Ҝ(∝) in |𝔃| < 𝓇𝟏(𝑠, 𝑘, 𝑞, ℷ, 𝑏, 𝛿, ∝) where 

𝓇1 =
𝑖𝑛𝑓
𝑛

(

 
 
(
(𝑠−∝)

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|

2𝛼𝑛|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]

)

1
𝑛−𝑠

)

 
 
. 

Proof: We need to show that |
𝑓′(𝓏)

𝓏𝑠−1
− 𝑠| < 𝑠−∝ 

|
𝑓′(𝓏)

𝓏𝑠−1
− 𝑠| ≤ ∑ 𝑛|𝑎𝑛|

∞
𝑛=𝑘+𝑠 |𝓏|𝑛−𝑠 ≤ 𝑠−∝.                                           (12) 

From (1) we have  

∑ 𝑎𝔫

∞

𝑛=𝑘+𝑠

≤
2𝛼|𝑏| (

𝑠!
𝑞! (𝑠 − 𝑞)!

) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

(
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)
. 

That is 
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∑ (
(

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

2|𝑏|𝛼 (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

)𝑎𝑛 ≤ 1

∞

𝑛=𝑘+𝑠

. 

Observe that (12) is true if  

𝑛

(𝑠−∝ )
|𝓏|𝑛−𝑠 ≤

(
𝑛!

q! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

|𝑏|[ℷ(𝑛 − 1 − 𝑞) + 𝛿])

 2|𝑏|𝛼 (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

. 

Therefore, 

|𝓏| ≤ (
(𝑠−∝ ) (

𝑛!
q! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

2𝛼𝑛|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

)

1
𝑛−𝑠

, 

where ( 𝑠 ≠  𝑛 , 𝑠 , 𝑛 ∈  ℕ ). 

Theorem 1.10: If  𝑓(𝓏) ∈ ℜℌ𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿), then ℎ ∈ 𝒮∗(∝) in |𝔃| < 𝓇𝟐(𝒔, 𝒌, 𝑞, ℷ, 𝑏, 𝛿, ∝) where 

𝓇2 =
𝑖𝑛𝑓
𝑛

(

 
 
(
(𝑠−∝) (

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

(𝑛−∝)2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

)

1
𝑛−𝑠

)

 
 
. 

Proof: We must show that 

|
𝑓′(𝓏)

𝓏𝑠−1
− 𝑠| < 𝑠−∝. 

We have  

|
𝓏𝑓′(𝓏)

𝑓(𝓏)
− 𝑠| = |

−∑ (𝑛 − 𝑠)𝑎𝑛𝓏
𝑛∞

𝑛=𝑘+𝑠

𝓏𝑠 − ∑ 𝑎𝑛𝓏
𝑛∞

𝑛=𝑘+𝑠

| ≤
∑ (𝑛 − 𝑠)|𝑎𝑛|
∞
𝑛=𝑘+𝑠 |𝓏|𝑛−𝑠

1 − ∑ |𝑎𝑛|
∞
𝑛=𝑘+𝑠 |𝓏|𝑛−𝑠

≤ 𝑠   −

∝  .                                                                                                                                                             (13) 
Hence (13) hold true if  

∑
(𝑛−∝ )

(𝑠−∝ )
|𝑎𝑛|

∞
𝑛=𝑘+𝑠 |𝓏|𝑛−𝑠 ≤ 1.                                                 (14) 

From (3) we have 

∑
(

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

𝑎𝑛 ≤ 1.

∞

𝑛=𝑘+𝑠

                                            (15)  

 

Hence by using (14) and (15) we get 

(𝑛−∝ )

(𝑠−∝ )
|𝓏|𝑛−𝑠 ≤

(
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

 

|𝓏|𝑛−𝑠 ≤
(𝑠−∝ ) (

𝑛!
(𝑛 − 𝑞)! 𝑞!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

(𝑛−∝ )2𝛼|𝑏| (
𝑠!

(𝑠 − 𝑞)! 𝑞!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

 

|𝓏| ≤ (

(𝑠−∝ ) (
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

(𝑛−∝ )2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

)

1
𝑛−𝑠

, 

where ( 𝑠 ≠  𝑛 , 𝑠 , 𝑛 ∈  ℕ ). 
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Theorem 1.11: If  𝑓(𝓏) ∈ ℜℌ𝒌,𝑞
𝒔 (ℷ, 𝑏, 𝛿), then ℎ ∈ 𝑪(∝) in |𝔃| < 𝓇𝟑(𝑠, 𝑘, 𝑞, ℷ, 𝑏, 𝛿, ∝) where 

𝓇3 =
𝑖𝑛𝑓
𝑛

(

 
 
(
𝑠(𝑠−∝) (

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

𝑛(𝑛−∝)2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑛 − 1 − 𝑞) + 𝛿]

)

1
𝑛−𝑠

)

 
 

 

Proof: 𝑓 is convex if  𝓏𝑓′ is starlike. We must show that 

|
𝑓′(𝓏)

𝓏𝑠−1
− 𝑠| < 𝑠−∝. 

That is  

                                                    ∑
𝑛(𝑛−∝ )

𝑠(𝑠−∝ )
|𝑎𝑛|

∞

𝑛=𝑘+𝑠

|𝓏|𝑛−𝑠 ≤ 1.                                         (16) 

From (3) we have  

         ∑
(

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

2𝛼|𝑏| (
𝑠! 

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

𝑎𝑛 ≤ 1.

∞

𝑛=𝑘+𝑠

                                    (17) 

Hence, by using (16) and (17) we get 

𝑛(𝑛−∝ )

𝑠(𝑠−∝ )
|𝓏|𝑛−𝑠 ≤

(
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

 

|𝓏| ≤ (
𝑠(𝑠−∝ ) (

𝑛!
𝑞! (𝑛 − 𝑞)!

(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

(𝑛−∝ )2𝛼|𝑏| (
𝑠!

𝑞! (𝑛 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

)

1
𝑛−𝑠

, 

where ( 𝑠 ≠  𝑛 , 𝑠 , 𝑛 ∈  ℕ ). 

Theorem 1.12: Let 𝑓1(𝓏) = 𝓏𝑠 and 

 

𝑓𝑛(𝓏) = 𝓏
s −

(
𝑛!

𝑞! (𝑛 − 𝑞)!
(
ℷ + 𝑠
ℷ + 𝑛)

[ℷ(𝑛 − 1 − 𝑞) + 𝛿]|𝑏|)

2𝛼|𝑏| (
𝑠!

𝑞! (𝑠 − 𝑞)!
) [ℷ(𝑠 − 1 − 𝑞) + 𝛿]

 for 𝑛 ≥ 𝑘 + 𝑠. 

Then if  𝑓(𝓏) ∈ ℜℌ𝒌,𝒒
𝒔 (ℷ, 𝑏, 𝛿) if and only if  𝑓(𝓏)  can be expresses in the form  

𝑓(𝓏) = ℷ1𝑓1(𝓏) + ∑ ℷ𝑛𝑓𝑛(𝓏)
∞
𝑛=𝑘+𝑠  where  ℷ𝑛 ≥ 0 and ℷ1 + ∑ ℷ𝑛 = 1.∞

𝑛=𝑘+𝑠  

 

2. Conclusions  

     We obtained some properties of our subclass which is related to Generalized Bernardi-

Libera-Livingston of Integral Operator and investigated coefficient bounds and established 

distortion theorem, radii of star likeness, convexity and closure theorem. 
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