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Abstract

In this paper, a reliability function is found for the special case of cascade model
where the model consists of (3 + 1) units and trace random variables that represent
the strength and stress Rayleigh distribution, respectively. The mathematical
formula of the reliability function was estimated by estimating the parameters of
Rayleigh distribution in the five different estimation methods, Maximum likelihood
method, Percentile method, Least Squares method, Weighted Least Squares method
and Regression method. Using the MATLAB software, A Monte Carlo simulation is
performed to compare the results of different estimation methods using the mean
square error criterion. The simulation results showed that the best estimation
methods for estimating the reliability model are ML estimator and Pr estimator.

Keywords: Rayleigh Distribution, Monte Carlo, Mean Square Error, Unit,
Percentile Method.
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1. Introduction

The rapid development in all fields, especially the industrial field, has led to emergence of
many giant industrial machines and complex devices. These devices can malfunction and
which lead to work stoppage and waste of time and effort, therefore, knowing the reliability
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of any unit enables us to avoid the loss of time and efforts. Therefore, interest in reliability
and knowledge of its amount has increased.

The amount of reliability can be determined by the function R = pr(X <Y) [1], where
the random variable x represents the strength and the random variable y represents the stress
where the unit resists with its strength X, the stress y is exposed and continued to work until
the stress overcome the strength and unit stops working [2]. Cascade models are a special type
of standby redundancy system, and it is hierarchical standby redundancy. Work stoppage can
be avoided when the model unit fails in the cascade model, where the failed unit is replaced
by a new one of the spare units, and the new stress changes k twice as much as the previous
one [3].

There are many previous works in the literatures such as: Khaleel and Karam founded an
estimate of the reliability function for a special cascade model consisting of two basic
components and one standby component ([3] and [4]). Ahmed and batah estimated the
reliability of the stress- strength model with eight different estimation methods and also made
a simulation to compare the different methods [5]. Cetinkaya and Genc studied the
distribution for the reliability setup of a system exposed to certain stresses assuming that the
standard two-sided power distribution is the primary distribution [6]. Bai et al. estimated the
reliability of the multicomponent stress-strength model assuming that the stress variables
follow the Weibull and the strength variables follow exponential based on Gumbel copula
within the Type-I gradually hybrid control system [7]. Sarhan and Tolba estimated R when X
and Y are two independent random variables following the two-parameter Weibull
distributions; and the power variable X is subject to SSPALT [8].

The (3+1) cascade model contains four units, three units are basic and necessary for the
work of the model, while the fourth unit will be a redundancy in an active-standby state.
Suppose the cascade model (3+1) which contains the four units, namely, C,,C,,C5 and C,
such that C;, C, and C5 are the basic units is the model that needs to work where the unit C,
is a redundancy unit that is in active standby mode. Consider the random variables X;, X,, X5
and X, are the unit strengths C,,C,, C; and C,, respectively, also the random variables
Y., Y,, Y; and Y, represent the stresses placed on the units . Here, in the event that the unit C,
is stop working, it is replaced by the unit C,, where X, = mX; and Y, = kY; , if the unit C,
stops, it is replaced by the unit C,, where X, = mX, and Y, = kY, , also if the unit C; is stop
working, it is replaced by the unit ¢,, where X, = mX; and Y, = kY; where (k) is the
stress attenuation factor and () is the strength attenuation factor, such that0 < m <
land k > 1 [4].

The aim of this paper is to find the mathematical formula for the reliability in a special
(3+1) cascade model by assuming that random variables follow the Rayleigh distribution and
estimate them using the methods of estimation , namely, ML, Pr, LS, WLS and Rg as well as
comparing the results using the mean square error to find the best estimator.

2. The mathematical formula

Suppose that the (3+1) model which contains three base units are necessary for the
functioning of the model and the fourth unit is redundant standby, where the random
variables of the strength are 4 =1,2,3,4 and the random variables of the stress are X;; and V;
7 =1,2,3,4, all variables are independently and identically where X~R(2,A) and Y~R(2,9)
5].
'[I'ge CDF of R(2, ) is given as follows:
Fx)=1—e™ x>01,>0;¢=1234. (1)
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and the CDF of R(2,9) is given by :
G =1-e" y>0;9,>0;j=1234. )
The reliability model can be written as follows:
R =prlx; =2 y1,% 2 Y2 %3 2 y3] +prlxy <y1,% = Y2,%3 = Y3, %4 = Y4l
+pr[xy = Y1, %2 < Y2, X3 2 Y3, X4 = Yal +07[X1 2 Y1, X2 = Y2, %3 < Y3, X4 = Y4
R=P,+P,+P;+P, 3
Py =prlxy = y1,%2 = y2,x = ys3]
= prlx; = y1] prix; = y2] prixs = ys]
=17 (Fe,00) 90| |1y (Fr, 02)) 022y | [y (Fy 02)) 9 )y
Where F(x) = 1 — F(x)
P =
[fooo(e—l1Yf)2{jlyle—ﬁ1J’% dyl] [fooo(e —/123’22)2192};23—‘923’22 dyz] [fooo(e —/133/?%)2193);33—1933/?% dy3]
= [fooo 20y, A1+00¥ dy ] UOOO 2323’29_(/12+82)yzzd3’2] UOOO 205y;e~(Aa+03)73 dys)
Now, will get P;:

Pr= [)Lfllsl] [12‘292] [)Lfag] (4)
To derive P, will start

Py =prixs <yi,x2 2 Y223 2 Y3, %4 = Y4l
=pr{x; <ynx; 2 yy,x3 2 y3, Mz, = Ky,
= prx; <y, Mx; = Kyilplx, = y,] p[xs = y3]

SSINCRCH) (Fxl (= yl)) 9oy |5 (Fr02)) 92y
15 (Fra o) 9G]

= [fooo(l . e—/’Llyf) (e—/ll(%) yf) Zslyle—ﬁlyfdyll [fooo(e—lzyzz)zszyze—ﬂzy%dyz]
[y (e7%273)205y;e %3 dys]

wf _2 (ﬁ)zyz b2 N (£)2y2 0.0z
P, = [fo (e 1\G) Y1 29,v.e” 1)’1dy1 _fo (8_ 13/1) e MU 1)2191}/1@_ 1J’1dyll
. [fooo(e—lzyzz)zﬁzyze—ﬁzyszyz] [fooo(e—13y§)283y36—193y§ dy3]
P, = lfooo 21913’19_(/11(5) +81)y%d3’1 - fooo 2191)’39_(11”1(%) +81)y%dyll

: [fooo 20,y,e” P29 gy, |, [fooo 205y5e” A00¥5d g ],
Then

“PZ=

219, 9, 93
(/11(£)2+31)(A1(1+(£)2>+81)] [AZ'H)Z] [A3+‘93] (5)
For P3 we can write :

Py =prixs =y, 2, < Y2, %3 = Y3, %4 = Y4l
= prxy = y1, %2 <Yz %3 = y3, Mx, = Ky,

= prlx, = yilprlx, <y, Mx, = Ky,] prx; = ys]

_ [ 91 A292 93

= [211+91] (AZ(£)2+82>(12(1+(£)2)+82) [,13+s3] : (6)
Also, for P,

Py =prlxg 2 y1,%; 2 Yy, %3 < Y3, %4 = Y4l
=prlx; 2 y1,2; = ¥y, %3 < Y3, Mz, = Ky,]
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= prx; = y1lpr[x, = y,]prix; < ys; Mx; = Kys]

-l e @

Finally, we can write the mathematical formula for the reliability of the (3+1) model by
substituting equations (4-7) in equation (3), we get :

w- ] )+ L >g;ﬂg ) el e+

e e R et ©
(/‘12(%) +82) A3+‘93 ’11+‘9 A2 +92 (/13(%) +83)(/13<1+(£) )+83)
3.Estimation
3-1Maximum likelihood Method
Assume that x4, x, ..., x,, , we can use the general form function L as follows [9]:
L(xq, 25, 25 oy 2, 2, 1) = £(21; 2, Df(24; 2, Df(x3; 2, 4) ... f(2; 2, 4)

= n)n l_[¢ 1xe Z?zlle . (9)
Taking the natural logarithm of equation (9) :
InL =nLn2 + nLnA + Y7, Inx;, — A Y, x2. (10)
Derive equation (10):
T e (11)
Equating the equation (11) to zero :
==Yl =0. (12)
From equatlon (12) the estimator of A is given as follows
A = (13)

i=1%i

Suppose that X, 50 =12,,n Xy, 54, = 1,2,y X3, 543 =1,2,...,13 and Xy, 304 =

1,2, ...,n, are strength random samples from R(2,1,), R(2,4,), R(2,45) and R(2, 4,), with
samples size n; ,n,, n;and n, , respectively :

Aom, = WL {=1234. (14)
z:4,(—1 Q(
The ML estimator for 9,9, ,95 and 9, is as follows:
Sems, = =m— ,{ =1,2,34. (15)
2je=1
Substituting equations(14-15) in (8), we get :
S~ T Yamr ] oML 93mL AimL9mL
Rur = (A1m1+91m1] [XZML‘F@ZML] [7»3ML+§3ML] + (leL(ﬁ)z+§1ML)(j1ML<1+(£)2)+§1ML)
Samr ] [ 93mL ] + [ S1mL ] - AamLd2mL -
[Zomr+92mrd [Aapp+93me ZamL+91mL _(jZML(%)Z+§2ML)(szL(1+(%)2)+§2ML)_
SamL | S1mL SamL AsmLI3mL
[23p+93mL + [ilML+‘§1ML:| [ZZML"'EZML:I _(%ML(%)Z+§3ML)(23ML(1+(%)2)+§3ML)_' (16)

3-2 Percentile Method:
In this method, we start with equation (1):

F(xg) = 1— ™0
ln(l - F(xi)) = —Ax(zi)
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1
—in(1-F(x )\ 2
e =< (1 ;(m)))) . (17)
Thevalue P; ;4 = 1,2, ...,nis used where :
—In(1-P;)\2
X = (%) _ (18)
The minimizing of the following equation is
tealx — F(x)]?. (19)
Substltutlon equation (17) in (18), will get:
192
—In(1-P;)\z
S |2 - (T)Zl . (20)

Derive equation (20) for A, we get:
1 1 1 1
S, 2| () — 22 (-In (1 - B2] (GG )) (e - By = 0
The Pr estimator of A is:
2
A, = l S, (—In (1=Py) 1] | 1)

T4 (%) (-In 1-P))Z
Percentile estimators of the (A;,A,,A3,2,) and (9,,9,,95,9,) are :
[ 12

Z?il —In (1-P;
Aoy = ¢ ( ( €)> |5 =1234. 22)
_Zi{il(x{(i())(_ln (1—Pi()> ]
and
12
2?1 —In (1-P;
S(Pr — 4 1( ( 4)) 7| ; Z =1,23,4. (23)
n 2
_Zi;=1<y{(i{))<_ln (I—Pi{)> ]

Now, replacement equations (22) and (23) in equation (8) :

[ 191Pr ] [ 92pr ] [ 193Pr ] }\1Pr‘91Pr
3 2 =N 2\
A1pr+91prl [Azpr+92pr] A3pr+93pr 1Pr(£) +§1Pr)(7\1pr<1+(£) )+191Pr)
[ §2Pr ] [ §3Pr ] [ 191Pr ] szrszpr
B 3 B 3 3 3 — 2z _ — 2N
Azpr+92prl LAzpr+93pr A1pr+91pr _(AZPr(i) +192Pr)()\2Pr(1+(%) )+192Pr)_
§3Pr §1Pr §2Pr X3Pr;§3Pr
|:X3Pr‘|“§3Pr:| + I:XlPr+§1Pr:| I:XZPr+§2Pr:| Y K\, s Y K\ .5 ' (24)
_(7\3Pr(g) +B3Pr)(A3Pr(1+(Z) )+193Pr)_

3-3 Least Squares Method (LS):
This method is used to minimize the non-parametric (F") and parametric (F) functions [10]:

S(ZM) =Xia (ﬁ(xu)) - F(x@)))z
= 3ty (F(re) - (1-eD)) 2 (25)

The linear form of the CDF is as follows:
F( — _ —sz-
) =1—e0
—In (1 - F(xq)) = 2d) . (26)
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Replace F(x()) by the value :

ﬁ(x@)) = ﬁ 4=1,2,....,n

The equation S(2,A) becomes :

SN =Zhy(ai— M) (27)
Where q;) = —In (1 - F(x(i))) = —In(1-P)

We derive equation (27) for A to get:

952N _ Y, 2((11 — M(Zl)) (_x(zi)) =0

—2&1%xéy+AZ&1x&:=O
Then we get ALS
N YiLiqi x(.)

ALs = S (28)
The LS estimator of the (A;,2,,25,A4) and (9;,9,,95,9,) are given as follows :
z:T1{=1 qi{xg .
Rops = — ) {=1234 (29)
(LS Zn{ 4 ) )&y Iy T
)
and
~ 2. i1qic yf(]_ )
Seus = mz—ﬂ ,{=1,234. (30)
2"_J{( ?)
Substituting equations(29) and (30) in (8), we get :
5 SiLs 9o1s 9315 A1Ls91Ls
Rus = [X1L5+‘§1LS] [X2L5+§2LS] [X3LS+§3LS] + (7\1Ls(£)2+51Ls)(7\1Ls(1+(£)2)+51Ls)
[ 9aLs ] [ 9315 ] [ 91Ls ] Xo1s921s
Xors+9215] As1s+93Ls Xirs+91Ls (XZLS(£)2+§2LS)<X2L5(1+(£)2)+§2LS)
Baus Sus ][ Paus RousPis '
—= — —= . 1
[}\3L5+83LS:| + I:}\ILS+81LS:| I:}\ZLS+'92LS:| (X3LS(£)2+§3LS)<X3LS(1+(£)2)+§3LS) (3 )
3-4 Weighted Least Squares method:
In this method, we start with the following equation:
R 2
Q=3 wi (F(ze) - Fxw)) - (32)
_ 1 (n+1) (n+2)
Where w; = Var[F(xg)]  i(m-i+1) ’ =12,

Let x4, x5, x4 ..., and x, be a random sample for R(2,1).The minimization of the equation
becomes [9]:

2 2
Q(Z, }\) = 2{1:1 Wj (ﬁ(x(l)) — (1 — e‘lx(i))) . (33)
We follow the same steps in equations (26) and (27) , then we get:
2
Q(2,1) = XL, wi(qi — Axd,y) : (34)

Derive equation (34) for A:
9Q(2,1)
= i ZWi(qi - M(Zi))(—x(zi))
_21 lwlqlx(l) +}\21 1W1x(i) =0
The Weighted Least Square estimator of A , X(WLS), is given as follows:
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YL, wig; x4

Awis = nowi xé) (35)

Now, the WLS estimators of the (A,,2,,23,2,) and (9,,9,,93,9,) are respectively givenas
follows:

n¢ 2
Y . Wi,qj xz,
=1 TGy

Xewis = —= ,{=1234 . 36
{WLS Zi {=1Wi{xg . ( ( )
¢ (i¢)
and
. Zicileéqié yé(j()
19ZWLS = Zn{ B ,( = 1;2;3;4 . (37)
7= )
1 (m+1)%2(m+2) .
Where w; = = =12,..
ere w; Var[G(y))] j(m—j+1) 2 ey e, M
Now, replacement equations (36) and (37) in equation (8) to get:
D) ‘§1WLS §2LWS §3WLS X1WLS§1WLS
R = |= = = = = =
WLS [}\1WLS+‘91WLS] [MWL5+'92LS] [7\3WL5+'93LS] + (X1WLS(%)2+§1WLS)<X1WLS<1+(£)Z)+§1WLS)]

[ YowLs H d3wLs ]
Aowis+tOawirs) LAawrs+93wiLs
[ S1wLs ] XowrsOowiLs ]

x 9 ~ k\? & ~ k\%\ | &
Mawis+ouwis (}\ZWLS(Z) +‘92WLS)(}\2WLS(1+(Z) )+192WLS)

[ Y3wLs ]
AswiLs+t93wLs
[ S1wLs ][ SwLs AswLsOswLs ] (38)

EY 3 ] 2 N 2 .
Mwrstiwrs] IAowrs+9awes [ A WLS(%) +‘93WLS)()\3WLS(1+(%) )+93WLS)

3-5 Regression Method:

In this method, we can start by the standard regression equation [9]:

zi=a+bu;+e. (39)
Where z; is the dependent variable, u; is the independent variable and e; is error random
variable independent.

Let x4, %,,...,and x, be arandom sample of R(2,A).

Take the logarithm for equation (1):

F(x) = 1—e ™0
(1-F(e)) =D

-1
'—”[(1 D) ] = Mx(
Changing F(x;,) by the plotting position P;

Ln[(1 = P)7'] = Ax(,) . (40)
By comparison between equations (40) and (39):
zi =Ln[(1-P) " La=0b=Au=x§ ;i=12..,n. (41)

Where b can be estimated by the minimizing summation of the squared error with respect to

b, then we get:

~ T ZiUj— e Zi Dieq Uj

b:n1_111 i=1%i Zi=1Yi 42
nz?:l(ui)z_(z?=1ui)2 ~ ( )

By substation (41) in (42), the estimator for A, Arg) , is given as follows:
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_ 0¥, xf) Ln[(1-P)7 - B, 2§ XIL, Lo[(1-P)7?]

Arg = (43)
" n X %)~ [Z?=1”<Zi)]2
The Rg estimators of the (7\1,7\2,7\3,7\4) and (9,,9,,95,9,) are :
n n -1
niﬁi{;xcg( )ln[(l P'{ ] le ) {( )Zi;=1ln[(1_PiE) ]
Aerg = i . {=1234. (44)
ngs; s [E?i x2 ]
i B
and
-1
R ng]{ 1y5( )ln[(l Pl( ] 21{ 13’5( )Zlgzlln[(l Plc') ]
Serg = X - . {=1234. (45)
R L

From equation (45) we have z; = In [(1 — P]-)_l],a =0,b=106,u; = y(zj) j=12,..,m
Now, we put equations (44) and (45) in equation (8) to get:

jé _ [ 1§1Rg ] [ 1’S\ZRg ] [ 193Rg ] X1Rg;§1Rg
7™ Wang oanal Pang#0an ] B #9sms] ™ [ (340, (5748100 ) o (- (5) ) 010)

[ 15)2Rg ] [ 15)Eng ] [ 191Rg ] )\zRgﬁzRg
= = = = = = — 7 — N
harg*Parg | Psng*Dsrg H1rgO1rg (XzRg(i) +‘92R9)()‘2R9 (”(ﬁ) )+‘92R9)

[A §3Rf ]+ [A §1R§ ][A §2R§ ] . X3R953Rg ] (46)

~ o~ =~ 2 o~
Asrgt93rg ARrgt91rgl [Az2rg+92Rg (AzRg(%) +‘93Rg)(7\3Rg<1+(£) )+33Rg)

4. Simulations

We conduct simulation of the results of the five estimation methods where the comparison
is made using MSE. It is replicated 10000 times. Different size of samples small, medium and
large were taken independently [10].

4-1Algorithm:

The MATLAB program is used to write simulation algorithms for the purpose of
estimating the reliability of the model, according to the following steps :
1'Let(x11, xlz, ...,xlnl) y (le, xzz, ...,x2n2), (x31, x32, ...,x3n3), (x41, x4_2, ...,x4n4) and
(3’11»3’12'---»3’1m1) ) (%21,%22,---"%2m2)' (%31'%32'---,%3m3), (%41'%42'---’%4m4) are
random samples of sizes (ny, ny, nz, n,, my, m,, m3, my) = (30,30,30,30,30,30,30,30), (60,
60, 60, 60, 60, 60,60, 60), and (90,90,90,90,90,90, 90,90) are generated from the Rayleigh
distribution.
2- In Table 1, parameters values are selected for six experiments (A1, 2,, A3, A4, 94, 95,93,9,)

Table 1: Values of parameters and Reliability.

Experiment X M A Ay A3 Y, 9, 93 R
1 1.1 0.95 0.5 0.5 0.5 0.5 0.5 0.5 0.2209
2 15 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.1318
3 1.2 0.8 1 1 1 2 2 2 0.4158
4 1.2 0.8 0.7 0.7 0.7 3 3 3 0.7047
5 1.2 0.8 2 2 2 1.8 1.8 1.8 0.1526
6 1.2 0.8 2 2 2 1.5 1.5 1.5 0.1132
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3- Parameters (A4,2,,A3,A4,9,,9,,93,9,) are estimated (ML, Pr, LS, WLS and Rg) in
equations: (14),(15), (22),(23),(29) ,(30), (36),(37),(44) and (45), respectively.
4- R was estimated in equations: (16),(24),(31),(38) and (46).
B

5- The mean is calculated according to formula: Mean = Lok
6- Finally, the mean square error is used to compare the results accordlng to the
formula: MSE(R) = EZ¢’=1(R¢ - R)?%.
4-2 Simulation Results
After performing the above steps for different sample size (ny, n,, n3, ny, my, m,, M3, My) =
(30,30,30,30,30,30,30,30), (60,60,60,60,60,60,60,60), and (90,90,90,90,90,90,90,90),we
get the following:
Table 2: The results of simulation trial (1).

Sizes of simples Criterion ML LS WLS Pr Rg Best

Mean 0.2202  0.2202  0.2199  0.2201  0.2279
MSE 0.0021  0.0026  0.0036  0.0021  0.0067
Mean 0.2207  0.2207  0.2203  0.2206  0.2285
(60,60,60,60,60,60,60,60) ML & Pr
MSE 0.0010  0.0013  0.0024 0.0010 0.0037
Mean 0.2204  0.2204  0.2201  0.2204  0.2282

MSE 0.0007  0.0009  0.0019 0.0007 0.0026

(30,30,30,30,30,30,30,30)

(90,90,90,90,90,90, 90,90)

Table 3: The results of simulation trial (2).
Sizes of simples Criterion ML LS WLS Pr Rg Best

Mean 0.1316  0.1313  0.1313  0.1317 0.1313
EEEIE S0, MSE 0.0009  0.0011 0.0015 0.0009 0.0028

l
} Mean 0.1318  0.1319 0.1320 0.1318  0.1323
|
|

(60,60,60,60,60,60,60,60) ML & Pr

MSE 0.0004  0.0006 0.0010 0.0004 0.0015
Mean 0.1316 0.1319 0.1324 0.1316  0.1327
(90,90,90,9090,90,9090) | \ise 00003 0.0004 00008 0.0003  0.0010
Table 4: The results of simulation trial (3).

Sizes of simples Criterion ML LS WLS Pr Rg Best

Mean 0.4099 0.4084 0.4055 0.4099 0.4131

(30’30’30’30’30’30’30’30)} MSE 00034 00042 00061 00034 0.0110
momeomeom W SHE QAL Sl oz 0% g
eososogososo.s0s W DR GER TRE 0NN Ghe
Table 5: The results of simulation trial (4).
Sizes of simples Criterion ML LS WLS Pr Rg Best
comomppn N S % ot oo oris
Mean 0.6999 0.6981 0.6923 0.7000 0.7227 ML & Pr

MSE 0.0013 0.0016 0.0030 0.0013 0.0053
Mean 0.7015 0.7003 0.6952 0.7015 0.7280

MSE 0.0008 0.0011 0.0023 0.0008 0.0040

|
|
(60,60,60,60,60,60,60,60) }
(90,90,90,90,90,90, 90,90) }
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Table 6: The results of simulation trial (5)

Sizes of simples Criterion ML LS WLS Pr Rg Best
Mean 0.1525 0.1522 0.1521 0.1526  0.1552

MSE 0.0013 0.0016 0.0022 0.0013  0.0040

Mean 0.1526  0.1525 0.1523 0.1527  0.1554
(60,60,60,60,60,60,60,60) ML & Pr
MSE 0.0006 0.0008 0.0014 0.0006 0.0021

Mean 0.1528 0.1530 0.1534 0.1528 0.1563

MSE 0.0004 0.0005 0.0011 0.0004 0.0015

(30,30,30,30,30,30,30,30)

(90,90,90,90,90,90, 90,90)

Table 7: The results of simulation trial (6).

Sizes of simples Criterion ML LS WLS Pr Rg Best
Mean 01135 01138 01143 01136 0.1173
(30,30,30,30,30,30,30.30) \ise 00008 00010 00015 0.0008  0.0027
Mean 01134 01136 01141 01134 0.1164

(60,60,60,60,60,60,60.60) \ise 00004 00005 00010 00004 00015 ML&Pr
(90,90,90,90,90,90, Mean 01134 01134 01138 01134 0.1158
90,90) MSE 00002 00003 00005 00002 0.0007

6- Finally, the mean square error is used to compare the results according to the
formula: MSE(R) = %Zkﬂ(ﬁi —R)?.

4-2 Simulation Results

After performing the above steps for different sample size
(n4, ny, N3, Ny, My, My, M3, My) =
(30,30,30,30,30,30,30,30), (60,60,60,60,60,60,60,60), and (90,90,90,90,90,90,90,90),we
get the following:

4-3 Discussion of results

When looking at Table 1, which contains the values of the parameters and reliability of the
six experiments, it turns out the following:
If experiments 1 and 2 are compared, it is clear that when the value of the attenuation factor K
increases and the value of the attenuation factor m decreases, the reliability value decreases
and vice versa. If experiments 4 and 3 are compared with experiments 5 and 6, it is clear that
when the parameter values 9,,9,,9;and9, increase and the parameter values
A1, A, A5 and A, decrease, the reliability value of the model increases and vice versa.
With regard to Tables (2-6) of the Monte Carlo simulation results, it turns out that the
performance of ML and Pr estimators are the best for estimating the reliability of the model,
and this is for all six experiments and various sample sizes.

5. Conclusions
We came to these conclusions after conducting the simulation:
1.The conclusion is made from Table 1.

I-As the numerical value of the parameters A;,2,, A5 ,and A, increases, the reliability value
of the model decreases.

I1- As the numerical value of the parameters 9,,9,,95 and 9, increases, the reliability value
of the model increases.

I11- With the increase in the % value, the reliability value decreases.
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2.The conclusion is made from Tables (2-7) that the best estimator for R is the ML estimator
and the Pr estimator for 6 experiments with different sample sizes.
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