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                     Abstract 

     In this article we introduce a new  type  of fuzzy open sets in fuzzy topological  

spaces called fuzzy N-open sets and we prove that  the family of all fuzzy N-open  

sets in a fuzzy topological space )ˆ,( TX forms a fuzzy topology NT̂  on X. Also we  

use fuzzy N-open  sets  to  define  and  study  new types of fuzzy sets called weak  

fuzzy N-open sets and weak fuzzy ND̂ - sets in fuzzy topological spaces. Moreover  

we  investigate  the  relation between the fuzzy open sets and each of fuzzy N-open  

sets, weak fuzzy N-open sets and weak fuzzy ND̂ - sets. 
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ND̂ من النمط مجموعات الضبابيةلاو  -  N من النمط لمجمعوعات المفتوحة الضبابيةل ضعيفةالصيغ ال  
 في الفضاءات التبولوجية الضبابية

 

 صبيحة ابراهيم محمود

 قسم الرياضيات، كلية العلوم، الجامعة المستنصرية، بغداد، العراق.  

 

  الخلاصة
في الفضاءات التبولوجية الضبابية  وع جديد من المجموعات المفتوحة الضبابيةن نحن قدمنا هذة المقالة في

المفتوحة كل المجموعات الجزئية ثم اثبتنا ان عائلة  N-الضبابية من النمط  أسميناهابالمجموعات المفتوحة
),ˆ(الضبابية التبولوجيالفضاء  في N-النمط الضبابية من TX ابيةضب تشكل تبولوجيا NT̂ على X كذلك .

  المجموعات من  جديدة  انواع  ودراسة في تعريف N -النمط من الضبابية المفتوحة المجموعات استخدمنا
  الضبابية والمجموعات N-من النمط  الضعيفة الضبابية المفتوحة  بالمجمعوعات اسميناها  الضبابية
 بين تحرينا العلاقةعلاوة على ذلك  .الضبابية  التبولوجية الفضاءات في ND̂- النمط من الضعيفة

المفتوحة  المجموعاتو   N -النمط من الضبابية المفتوحة من المجموعات وكل الضبابية المجموعات المفتوحة
-الضعيفة من النمط الضبابية والمجموعات -Nالضعيفة من النمطالضبابية  ND̂ .   

Introduction 
     The concept of fuzzy set was first introduced by Zadeh [1] in 1965 as an extension of the classical 

notion sets. Chang [2] in 1968 introduced the notion of fuzzy topological spaces. Bin Shahna [3] in 

1991, Benchalli and Jenifer [4] in 2010, and Thakur and Singh [5] in 1998 introduced and investigated 
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fuzzy α-open sets, fuzzy pre-open sets, fuzzy b-open sets and fuzzy β-open sets respectively. The main 

purpose of this paper is to introduce a new class of fuzzy open sets in fuzzy topological spaces called 

fuzzy N-open sets and we show that the family of all fuzzy N-open sets in a fuzzy topological space 

)ˆ,( TX  forms a fuzzy topology NT̂  on X. Furthermore we use fuzzy N-open sets to define and study 

new classes of fuzzy sets called weak fuzzy N-open sets and weak fuzzy ND̂ - sets in fuzzy 

topological spaces. Finally, we investigate the relation between the fuzzy open sets and each of fuzzy 

N-open sets, weak fuzzy N-open sets and weak fuzzy ND̂ - sets. 

1. Preliminaries:   

Firstly we recall the following definitions: 

Definition (1.1)[1]: Let X be a non-empty set. A fuzzy set in X is a function Â  from X to the unit 

interval ]1,0[I . The image )(ˆ xA  of Xx is called the grade of membership of x in Â .  

The family of all fuzzy subsets of X will be denoted by X
I .  

Definition (1.2)[1],[2],[6]: Let Â and B̂ be two fuzzy sets in X. Then: 

(i) XxxBxABA  ),(ˆ)(ˆˆˆ . 

(ii) XxxBxABA  ),(ˆ)(ˆˆˆ . 

(iii) XxxI
X  ,0)(ˆˆ φφ . 

(iv) XxxXIX
X  ,1)(ˆˆ . 

(v) XxxBxAxCIBAC
X  )},(ˆ),(ˆmin{)(ˆˆˆˆ  . 

(vi) XxxBxAxDIBAD
X  )},(ˆ),(ˆmax{)(ˆˆˆˆ  . 

(vii) XxxAxEAE
c  ),(ˆ1)(ˆˆˆ . 

(viii) ccc
BABA ˆˆ)ˆˆ(   . 

(ix)
cc
ABBA ˆˆˆˆ  .  

(x) 
c
BABA ˆˆˆˆ  .  

        In general, if }:ˆ{ ααA  is a family of fuzzy subsets of X, then: 

(xi) XxxAxCIAC
X 



},),(ˆinf{)(ˆˆˆ 



αα

α

α . 

(xii) XxxAxDIAD
X 



},),(ˆsup{)(ˆˆˆ 



αα

α

α . 

Definition (1.3)[7]: The support of a fuzzy set Â in X will be denoted by )ˆ(AS  and is defined by 

}0)(ˆ:{)ˆ(  xAXxAS . 

Definition (1.4)[8]: Let X be a non-empty set. A fuzzy point λ

0x
P  in X is a fuzzy set with membership 

function defined by: 










yxif

yxif
yP

x
0

0

0
)(

0

λλ  

     Where 10  λ . λ

0x
P  is said to have support 0x  and value λ. 

Definition (1.5) [7]: A fuzzy point λ

0x
P is called belong to Â , denoted by AP

x
ˆ

0
λ  iff )(ˆ

0xAλ . 

Definition (1.6) [9]: A fuzzy set Â is called finite if )ˆ(AS is a finite set. 

 

Definition (1.7) [7]: Let λ
xP  be a fuzzy point in X and X

IAˆ . Then λ
xP  is called quasi-coincident 

with a fuzzy set Â , denoted by AqPx
ˆλ  if )(ˆ xA

cλ  or 1)(ˆ  xAλ .  

Definition (1.8) [7]: A fuzzy set Â  is called quasi-coincident with a fuzzy set B̂ , denoted by BqA ˆˆ  if 
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there exists Xx  such that c
xBxA )(ˆ)(ˆ   or 1)(ˆ)(ˆ  xBxA . We will use the notation BqA ˆˆ  if Â  

and B̂  are not quasi coincident. 

Definition (1.9)[2]: If T̂  is a family of fuzzy subsets of X. Then T̂  is called a fuzzy topology on X if 

T̂  has the following properties: 

(i) TX ˆˆ,ˆ φ . 

(ii) If TVV ˆˆ,ˆ
21  , then TVV ˆˆˆ

21  . 

(iii) If TV ˆˆ α ,  , then TV ˆˆ 




α

α . 

     The pair )ˆ,( TX is called a fuzzy topological space. The members of T̂  are called fuzzy open sets in 

X. 

The complement of a fuzzy open set is called fuzzy closed. 

Definition (1.10)[10]: If Â  is a fuzzy subset of a fuzzy topological space )ˆ,( TX . Then:  

(i) )ˆ(Acl  { F̂ : FA ˆˆ   and F̂ is a fuzzy closed set in X} is called the fuzzy closure of Â . 

(ii) )ˆint(A  { V̂ : AV ˆˆ   and V̂ is a fuzzy open set in X} is called the fuzzy interior of Â . 

Definitions (1.11): A fuzzy subset Â of a fuzzy topological space )ˆ,( TX is called: 

(i) A fuzzy α-open set if )))ˆ(int(int(ˆ AclA   [3]. 

(ii) A fuzzy pre-open set if ))ˆ(int(ˆ AclA   [3]. 

(iii) A fuzzy b-open set if ))ˆ(int())ˆ(int(ˆ AclAclA   [4]. 

(iv) A fuzzy β-open set if ))ˆ(((int(ˆ AclclA   [5]. 

2. Fuzzy N-Open Sets  

     In this section we introduce a new type of fuzzy open sets in fuzzy topological spaces called fuzzy 

N-open sets, and we show that the family of all fuzzy N-open sets in )ˆ,( TX forms a fuzzy topology 

NT̂  on X. Also, we study the basic properties of fuzzy N-open sets.    

Definition (2.1): A fuzzy subset N̂  of a fuzzy topological space )ˆ,( TX  is called fuzzy N-open if for 

each NPx
ˆλ , there exists TV ˆˆ   such that VPx

ˆλ  and NV ˆˆ   is a finite fuzzy set. The complement 

of a fuzzy N-open set is called fuzzy N-closed. The family of all fuzzy N-open subsets of )ˆ,( TX  is 

denoted by NT̂ .  

Remark (2.2): Fuzzy open sets and fuzzy N-open sets are independent we can see by the following 

examples: 

Example (2.3): Let }c,b,a{X   and IXT ˆ}ˆ,ˆ{ˆ  φ  be the indiscrete fuzzy topology on X. It is clear 

that N̂ )}3.0,(),2.0,(),1.0,{( cba is a fuzzy N-open set, but is not fuzzy open.  

Example (2.4): Let X  and }ˆ,ˆ,ˆ{ˆ VT  φ  be a fuzzy topology on X, where V̂  is a fuzzy set in X 

with membership function defined by:  xxV ,3.0)(ˆ . It is clear that V̂  is a fuzzy open set, but 

is not fuzzy N-open.  

Theorem (2.5): The family of all fuzzy N-open sets in )ˆ,( TX forms a fuzzy topology NT̂  on X. 

Proof: (i) It is clear that NTX ˆˆ,ˆ φ . 

(ii) Assume that NTNN ˆˆ,ˆ
21  . To show that NTNN ˆˆ

21  . Let )ˆ( 21 NNPx λ  1NPx 
λ  and  

2N̂Px 
λ . Since 1N̂  is a fuzzy N-open set   TV ˆˆ

1  such that 1V̂Px 
λ  and 11

ˆˆ NV   is finite.  

Since 2N̂  is a fuzzy N-open set   TV ˆˆ
2   such that 2V̂Px 

λ  and 22
ˆˆ NV   is finite. Since  

1V̂Px 
λ  and 2V̂Px 

λ  )ˆˆ( 21 VVPx λ . To show that )ˆˆ()ˆˆ( 2121 NNVV   is a finite fuzzy  

set. Hence )ˆˆ()ˆˆ( 2121 NNVV   c
NNVV )ˆˆ()ˆˆ( 2121  )ˆˆ()ˆˆ( 2121

cc
NNVV   
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]ˆ)ˆˆ[(]ˆ)ˆˆ[( 221121
cc

NVVNVV  ]ˆ)ˆˆ[(]ˆ)ˆˆ[( 221121 NVVNVV   .  

But 121
ˆ)ˆˆ( NVV   and 221

ˆ)ˆˆ( NVV   are finite fuzzy sets, then so is 

]ˆ)ˆˆ[(]ˆ)ˆˆ[( 221121 NVVNVV   . Thus )ˆˆ()ˆˆ( 2121 NNVV    is a finite fuzzy set. Hence 

NTNN ˆˆ
21  . 

(iii) Let NTN ˆˆ α ,  . To show that NTN ˆˆ 




α

α . Let 




α

α
λ

NPx
ˆ    

0

ˆ
α

λ
NPx  for some 

0α . But NTN ˆˆ
0
α    TV ˆˆ   such that VPx

ˆλ  and 
0

ˆˆ
αNV  is a finite fuzzy set.    

Since 




α

αα NN ˆˆ
0

   cc
NN

0

ˆ)ˆ(
α

α

α 






    



c
NV )ˆ(ˆ 

α

α
c
NV

0

ˆˆ
α

    

0

ˆˆ)ˆ(ˆ
α

α

α NVNV 






. But 
0

ˆˆ
αNV  is a finite fuzzy set, then so is )ˆ(ˆ 





α

αNV    

NTN ˆˆ 




α

α    )ˆ,( NTX is a fuzzy topological space. 

Definition (2.6): Let Â  be a fuzzy subset of a fuzzy topological space )ˆ,( TX . Then: 

 (i) )ˆ(AclN  { F̂ : FA ˆˆ   and F̂ is a fuzzy N-closed set in X} is called the fuzzy N-closure of Â . 

 (ii) )ˆ(int AN  { N̂ : AN ˆˆ   and N̂  is a fuzzy N-open set in X} is called the fuzzy N-interior of Â . 

Definition (2.7): A fuzzy subset Â  of a fuzzy topological space )ˆ,( TX  is called a fuzzy quasi N-

neighborhood of a fuzzy point λ
xP  if there exists a fuzzy N-open set N̂  in X such that ANqPx

ˆˆ λ . 

Theorem (2.8): Let Â  and B̂  be fuzzy subsets of a fuzzy topological space )ˆ,( TX . Then: 

 (i) AAN
ˆ)ˆ(int   and )ˆ(ˆ AclA N . 

(ii) If αÂ  is a fuzzy N-open set in X for each  , then so is 
α

αÂ . 

(iii) If αÂ  is a fuzzy N-closed set in X for each  , then so is 
α

αÂ . 

 (iv) )ˆ(int AN  is a fuzzy N-open set in X and )ˆ(AclN  is a fuzzy N-closed set in X. 

 (v) Â  is a fuzzy N-open set in X iff AAN
ˆ)ˆ(int  and Â is a fuzzy N-closed set in X iff AAclN

ˆ)ˆ(  . 

 (vi) )ˆ(int))ˆ((intint AA NNN   and )ˆ())ˆ(( AclAclcl NNN  . 

 (vii) )ˆ()]ˆ([int c
N

c
N AclA   and  )ˆ(int)]ˆ([ c

N
c

N AAcl  . 

(viii) )ˆ(int AP Nx 
λ  iff there is a fuzzy N-open set N̂  in X s.t ANPx

ˆˆ λ . 

(ix) If BA ˆˆ  , then )ˆ(int)ˆ(int BA NN   and )ˆ()ˆ( BclAcl NN  . 

(x) )ˆ(int)ˆ(int)ˆˆ(int BABA NNN    and )ˆˆ( BAclN  )ˆ()ˆ( BclAcl NN   

 (xi) If )ˆ(AclP Nx 
λ , then every fuzzy quasi N-neighborhood of λ

xP  is quasi coincident with Â . 

(xii) 
 



α

α

α

α )ˆ()ˆ( AclAcl NN  and )ˆ(int)ˆ(int 
 



α

α

α

α AA NN . 

   

Proof:(vii) Since }ˆˆ,ˆˆ:ˆ{)ˆ(int NN TNANNA      c
N

c
N TNANNA }]ˆˆ,ˆˆ:ˆ{[)]ˆ([int    

}ˆˆ,ˆˆ:ˆ{ N
c

TNANN   }ˆˆ,ˆˆ:ˆ{ c
N

cccc
TNNAN   )ˆ( c

N Acl . 

 (x) Since ABA ˆˆˆ   and BBA ˆˆˆ  , then by (ix), we get )ˆ(int)ˆˆ(int ABA NN   and     

)ˆ(int)ˆˆ(int BBA NN       )ˆ(int)ˆ(int)ˆˆ(int BABA NNN   .  To prove that     

)ˆˆ(int)ˆ(int)ˆ(int BABA NNN   . Let )ˆ(int)ˆ(int BAP NNx λ    )ˆ(int AP Nx 
λ  &  

)ˆ(int BP Nx 
λ     NTN ˆˆ

1   s.t ANPx
ˆˆ

1 λ  &  NTN ˆˆ
2    s.t BNPx

ˆˆ
2 λ    
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 NTNN ˆˆˆ
21   s.t BANNPx

ˆˆ)ˆˆ( 21  λ    )ˆˆ(int BAP Nx λ . Hence  

)ˆˆ(int)ˆ(int)ˆ(int BABA NNN   . Therefore )ˆ(int)ˆ(int)ˆˆ(int BABA NNN   . 

(xi) Assume that )ˆ(AclP Nx 
λ  and N̂ is a fuzzy quasi N-neighborhood of λ

xP . To prove that AqN ˆˆ .   

Since N̂  is a fuzzy quasi N-neighborhood of λ
xP     a fuzzy N-open set V̂ in X such that     

NVqPx
ˆˆ λ . Assume that AqN ˆˆ    1)(ˆ)(ˆ  xAxN , Xx . Since NV ˆˆ      

1)(ˆ)(ˆ)(ˆ)(ˆ  xAxNxAxV , Xx  1)(ˆ)(ˆ  xAxV , Xx . Hence c
VA ˆˆ  . Since V̂    

is a fuzzy N-open set in X  c
V̂  is a fuzzy N-closed set in X which contains Â . Since VqPx

ˆλ  

 1)(ˆ  xVλ  )(ˆ1 xVλ . Hence c
x VP ˆλ   )ˆ(AclP Nx 

λ  this is a contradiction.  

3. Weak Forms of Fuzzy N-Open Sets 

     In this section we introduce and study new concepts of fuzzy N-open sets called fuzzy β-N-open 

sets, fuzzy b-N-open sets, fuzzy pre-N-open sets, fuzzy semi N-open sets and fuzzy α-N-open sets 

which are weaker than fuzzy N-open sets. The basic properties and characteristics of these fuzzy open 

sets also have been studied.  

Definitions (3.1): A fuzzy subset Â  of a fuzzy topological space )ˆ,( TX  is called: 

(i)  A fuzzy α-N-open set if )))ˆ((int(intˆ AclA NN . 

(ii) A fuzzy pre-N-open set if ))ˆ((intˆ AclA N . 

(iii) A fuzzy semi N-open set if ))ˆ((intˆ AclA N . 

(iv) A fuzzy b-N-open set if ))ˆ((int))ˆ((intˆ AclAclA NN  . 

(v) A fuzzy β-N-open set if )))ˆ(((intˆ AclclA N  . 

Proposition (3.2): Let )ˆ,( TX be a fuzzy topological space. Then: 

(i) Every fuzzy N-open (resp. fuzzy open) set is fuzzy α-N-open (resp. fuzzy α-open) 

(ii) Every fuzzy α-N-open (resp. fuzzy α-open) set is fuzzy pre-N-open (resp. fuzzy pre-open). 

(iii) Every fuzzy pre-N-open (resp. fuzzy pre-open) set is fuzzy b-N-open (resp. fuzzy b-open). 

(iv) Every fuzzy b-N-open (resp. fuzzy b-open) set is fuzzy β-N-open (resp. fuzzy β-open). 

Proof: (i) Let Â  be a fuzzy N-open set in X, then )ˆ(intˆ AA N . Since )ˆ(ˆ AclA , then    

))ˆ((intˆ AclA N  and )))ˆ((int(intˆ AclA NN . Hence Â is a fuzzy α-N-open set in X.  

(ii) Let Â  be a fuzzy α-N-open set in X, then )))ˆ((int(intˆ AclA NN ))ˆ((int AclN . Thus Â is   

a fuzzy pre-N-open set in X.  

(iii) Let Â  be a fuzzy pre-N-open set in X, then  ))ˆ((intˆ AclA N ))ˆ((int))ˆ((int AclAcl NN  .  

Hence Â is a fuzzy b-N-open set in X.  

(v) Let Â be a fuzzy b-N-open set in X, then ))ˆ((int))ˆ((intˆ AclAclA NN  )))ˆ(((int Aclcl N   

)))ˆ(((int Aclcl N )))ˆ(((int Aclcl N . Thus Â is a fuzzy β-N-open set in X.  

The converse of proposition (3.2) may not be true in general we can see by the following examples. 

Example (3.3): Let NX   and AV ˆ,ˆ be fuzzy subsets of X defined by:  

              










otherwise

x
xV

0

11
)(ˆ     and   










otherwise

x
xA

0

2,11
)(ˆ . 

 

     Then }ˆ,ˆ,ˆ{ˆ VXT φ is a fuzzy topology on X, and Â is a fuzzy α-N-open (fuzzy α-open) set in X, 

but is not fuzzy N-open (resp. fuzzy open). 
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Example (3.4): Let NX   and IXT ˆ}ˆ,ˆ{ˆ  φ  be the indiscrete fuzzy topology on X. Then 










otherwise

x
xA

0

11
)(ˆ  is a fuzzy pre-N-open (resp. fuzzy pre-open) set, but is not fuzzy α-N-open 

(resp. fuzzy α-open). 

Remark (3.5): Fuzzy N-open (resp. fuzzy α-N-open, fuzzy pre-N-open, fuzzy b-N-open, fuzzy β-N-

open) sets and fuzzy open (resp. fuzzy α-open, fuzzy pre-open, fuzzy b-open, fuzzy β-open) sets are 

independent as shown by the following examples. 

Example (3.6): Let },,,{ dcbaX  and IXT ˆ}ˆ,ˆ{ˆ  φ  be the indiscrete fuzzy topology on X. It is clear 

that N̂ )}5.0,(),1.0,(),6.0,(),4.0,{( dcba is a fuzzy N-open (resp. fuzzy α-N-open) set, but is not fuzzy 

α-open. Also, in example (2.4), V̂ is a fuzzy open (resp. fuzzy α-open) set, but is not fuzzy α-N-open.  

Example (3.7): Let NX   and AVVV ˆ,ˆ,ˆ,ˆ
321 be fuzzy subsets of X defined by:  

              










otherwise

x
xV

0

11
)(ˆ

1 , 









otherwise

x
xV

0

21
)(ˆ

2 , 









otherwise

x
xV

0

2,11
)(ˆ

3 , and  

        














10

}1{1
)(ˆ

x

Nx
xA  

 

     Then }ˆ,ˆ,ˆ,ˆ,ˆ{ˆ
321 VVVXT φ  is a fuzzy topology on X, and Â is a fuzzy pre-N-open set, but is not 

fuzzy pre-open. Also, in example (2.4), V̂ is a fuzzy pre-open set, but is not fuzzy pre-N-open.  

 

Example (3.8): Let NX   and AVV ˆ,ˆ,ˆ
21 be fuzzy subsets of X defined by:  

              










otherwise

x
xV

0

11
)(ˆ

1 , 









otherwise

x
xV

0

2,11
)(ˆ

2 , and 













10

}1{1
)(ˆ

x

Nx
xA  

 

     Then }ˆ,ˆ,ˆ,ˆ{ˆ
21 VVXT φ  is a fuzzy topology on X, and Â is a fuzzy b-N-open (resp. fuzzy β-N-

open) set, but is not fuzzy β-open. Also, in example (2.4), V̂ is a fuzzy b-open (resp. fuzzy β-open) 

set, but is not fuzzy β-N-open set.  

The following diagram shows the relation between the types of fuzzy open sets and the types of weak 

fuzzy N-open sets in fuzzy topological spaces 
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Proposition (3.9): If Â is a fuzzy pre-N-open set in a fuzzy topological space )ˆ,( TX such that 

)ˆ(ˆˆ BclAB   for any fuzzy subset B̂  of X, then B̂ is also a fuzzy pre-N-open set in X. 

Proof: Since )ˆ(ˆ BclA   )ˆ())ˆ(()ˆ( BclBclclAcl   ))ˆ((int))ˆ((int BclAcl NN  . But AB ˆˆ  and 

))ˆ((intˆ AclA N   ))ˆ((intˆ BclB N . Thus B̂ is a fuzzy pre-N-open set in X. 

Theorem (3.10): A fuzzy subset Â of a fuzzy topological space )ˆ,( TX is fuzzy semi N-open iff Â is a 

fuzzy β-N-open set and ))ˆ((int))ˆ((int AclAcl NN  . 

Proof: Let Â be a fuzzy semi N-open set in X, then ))ˆ((intˆ AclA N )))ˆ(((int Aclcl N  and hence 

Â is a fuzzy β-N-open set. Also, since ))ˆ((intˆ AclA N  ))ˆ((int)ˆ( AclAcl N   ))ˆ((int AclN  

)))ˆ((int(int Acl NN   ))ˆ((int AclN ))ˆ((int Acl N . Conversely, if Â is a fuzzy β-N-open set and 

))ˆ((int))ˆ((int AclAcl NN  . Then  )))ˆ((int()))ˆ(((intˆ AclclAclclA NN  ))ˆ((int Acl N . Thus Â is   

a fuzzy semi N-open set in X. 

Remark (3.11): The intersection of two fuzzy pre-N-open (resp. fuzzy α-N-open, fuzzy b-N-open, 

fuzzy β-N-open) sets need not be fuzzy pre-N-open (resp. fuzzy α-N-open, fuzzy b-N-open, fuzzy β-

N-open) we can see by the following examples: 

Example (3.12): Let X and BAV ˆ,ˆ,ˆ , Ĉ  be fuzzy subsets of X defined by:  

              










otherwise

x
xV

0

}1{1
)(ˆ , 










otherwise

Qx
xA

0

1
)(ˆ , 














otherwise

Qx
xB

c

0

}1{1
)(ˆ 

,  and 

 










otherwise

x
xC

0

11
)(ˆ .   

 

     Then }ˆ,ˆ,ˆ{ˆ VXT φ is a fuzzy topology on X, and Â , B̂  are fuzzy pre-N-open (resp. fuzzy b-N-

open, fuzzy β-N-open) sets, since  ))ˆ((intˆ AclA N XXN
ˆ)ˆ(int   and 

 ))ˆ((intˆ BclB N XXN
ˆ)ˆ(int  , 

but CBA ˆˆˆ  is not fuzzy β-N-open, since  )))ˆ(((intˆ CclclC N φφ ˆ})ˆ({))ˆ((int  clCcl N . 

Example (3.13): Let NX   and CBAVVV ˆ,ˆ,ˆ,ˆ,ˆ,ˆ
321  be fuzzy subsets of X defined by:  

              










otherwise

x
xV

0

11
)(ˆ

1 , 









otherwise

x
xV

0

21
)(ˆ

2 , 









otherwise

x
xV

0

2,11
)(ˆ

3 ,  














10

}1{1
)(ˆ

x

Nx
xA ,










otherwise

x
xB

0

3,11
)(ˆ , and 










otherwise

x
xC

0

31
)(ˆ . 

 

     Then }ˆ,ˆ,ˆ,ˆ,ˆ{ˆ
321 VVVXT φ  is a fuzzy topology on X, and Â , B̂  are fuzzy α-N-open sets, but 

BA ˆˆ   

Ĉ  is not fuzzy α-N-open, since Ĉ )))ˆ((int(int Ccl NN  ))ˆ((int φclN φ̂ . 

Theorem (3.14): If }:ˆ{ ααA is a family of fuzzy b-N-open (resp. fuzzy α-N-open, fuzzy pre-N-

open, fuzzy β-N-open) sets of a fuzzy topological space )ˆ,( TX , then 
α

αÂ is also fuzzy b-N-open 

(resp. fuzzy α-N-open, fuzzy pre-N-open, fuzzy β-N-open). 
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Proof:  Since αÂ  is fuzzy b-N-open  α  ))ˆ((int))ˆ((intˆ
ααα AclAclA NN    α  

Therefore ))]ˆ((int))ˆ(([intˆ
αα

αα

α AclAclA NN 
 

  

))]ˆ((int[))]ˆ((int[  
 



α

αα

α

AclAcl NN  

))]ˆ(int([]))ˆ(([int  
 



α

α

α

α AclAcl NN   (By theorem (2.8),(xii)) 

)))]ˆ(((int[])))ˆ((([int  
 



α

α

α

α AclAcl NN   (By theorem (2.8),(xii)) 

Thus 
α

αÂ is a fuzzy b-N-open set in X. By the same way we can prove the other cases. 

Proposition (3.15): If Â is a fuzzy b-N-open set in a fuzzy topological space )ˆ,( TX such that 

φ̂)ˆ(int AN , then Â is a fuzzy pre-N-open set in X. 

Proof: Since Â is a fuzzy b-N-open set, then ))ˆ((int))ˆ((intˆ AclAclA NN  . Since φ̂)ˆ(int AN , 

then φ̂))ˆ((int Acl N , hence ))ˆ((intˆ AclA N . Thus Â is a fuzzy pre-N-open set in X. 

Definitions (3.16): A fuzzy subset Â of a fuzzy topological space )ˆ,( TX is called: 

(i) Fuzzy N- t̂ -set if ))ˆ((int)ˆ(int AclA NN  . 

(ii) Fuzzy N- B̂ -set if VUA ˆˆˆ  , where NTU ˆˆ   and V̂ is a fuzzy N- t̂ -set. 

Proposition (3.17): If 1Â  and 2Â are fuzzy N- t̂ -sets in a fuzzy topological space )ˆ,( TX , then so is 

21
ˆˆ AA  . 

Proof: Let 1Â  and 2Â be fuzzy N- t̂ -sets. Then: 

))ˆˆ((int 21 AAclN  ))ˆ()ˆ((int 21 AclAclN   

))ˆ((int))ˆ((int 21 AclAcl NN   

)ˆ(int)ˆ(int 21 AA NN  )ˆˆ(int 21 AAN  .  

Since ))ˆˆ((int)ˆˆ(int 2121 AAclAA NN   , then ))ˆˆ((int)ˆˆ(int 2121 AAclAA NN   . Thus 

21
ˆˆ AA   is a fuzzy N- t̂ -set. 

Proposition (3.18): Let )ˆ,( TX be a fuzzy topological space and Â be a fuzzy subset of X. Then the 

following statements are equivalent: 

(i) Â is a fuzzy N-open set in X.  

(ii) Â is a fuzzy pre-N-open and a fuzzy N- B̂ -set in X. 

Proof: )ii()i(  . Let Â be a fuzzy N-open set in X, then )ˆ(intˆ AA N ))ˆ((int AclN , thus Â is        a 

fuzzy pre-N-open set in X. Also, XAA ˆˆˆ  , where NTA ˆˆ   and X̂ is a fuzzy N- t̂ -set. Hence Â  

is a fuzzy N- B̂ -set in X. 

)i()ii(  . If Â is a fuzzy N- B̂ -set, then VUA ˆˆˆ  , where NTU ˆˆ   and V̂  is a fuzzy N- t̂ -set. By 

hypothesis, Â is a fuzzy pre-N-open set, then ))ˆ((intˆ AclA N  ))ˆˆ((int VUclN   

))ˆ()ˆ((int VclUclN  ))ˆ((int))ˆ((int VclUcl NN  )ˆ(int))ˆ((int VUcl NN  . Thus  VUA ˆˆˆ   

UVU ˆ)ˆˆ(  UVUcl NN
ˆ))ˆ(int))ˆ(((int  )ˆ(int)ˆ))ˆ(((int VUUcl NN   )(intˆ VU N

)ˆ(int)ˆ(int VU NN  )ˆˆ(int VUN  )ˆ(int AN . Hence )ˆ(intˆ AA N , therefore Â is a fuzzy N-open 

set in X. 

Definitions (3.19): A fuzzy subset Â of a fuzzy topological space )ˆ,( TX is called: 

(i)  Fuzzy N- αt̂ -set if )))ˆ((int(int)ˆ(int AclA NNN  . 
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(ii) Fuzzy N- αB̂ -set if VUA ˆˆˆ  , where NTU ˆˆ   and V̂ is a fuzzy N- αt̂ -set. 

Proposition (3.20): If 1Â  and 2Â are fuzzy N- αt̂ -sets in a fuzzy topological space )ˆ,( TX , then so is 

21
ˆˆ AA  . 

Proof: Let 1Â  and 2Â be fuzzy N- αt̂ -sets. Then 

)))ˆˆ((int(int 21 AAcl NN  )))ˆ(int)ˆ((int(int 21 AAcl NNN                

)))ˆ((int))ˆ((int(int 21 AclAcl NNN   )))ˆ((int(int)))ˆ((int(int 21 AclAcl NNNN   

)ˆ(int)ˆ(int 21 AA NN  )ˆˆ(int 21 AAN  . 

But )ˆˆ((int(int)ˆˆ(int 2121 AAclAA NNN   , then )))ˆˆ((int(int)ˆˆ(int 2121 AAclAA NNN   . 

Hence 21
ˆˆ AA   is a fuzzy N - αt̂ -set. 

Proposition (3.21): Let )ˆ,( TX be a fuzzy topological space and Â be a fuzzy subset of X. Then the 

following statements are equivalent: 

(i) Â is a fuzzy N-open set in X.  

(ii) Â is a fuzzy α-N-open and a fuzzy N- αB̂ -set in X. 

Proof: )ii()i(  . Let Â be a fuzzy N-open set in X, then )ˆ(intˆ AA N  ))ˆ((int Acl N    

)))ˆ((int(int Acl NN , hence Â is fuzzy α-N-open set in X. Also, XAA ˆˆˆ  , where NTA ˆˆ   and X̂ is    

a fuzzy N- αt̂ -set , thus Â is a fuzzy N- αB̂ -set in X. 

)i()ii(  . If Â is a fuzzy N- αB̂ -set, then VUA ˆˆˆ  , where NTU ˆˆ   and V̂ is a fuzzy N- αt̂ -set. By 

hypothesis, Â is a fuzzy α-N-open set, then )))ˆ((int(intˆ AclA NN   )))ˆˆ((int(int VUcl NN   

)))ˆ(int)ˆ((int(int VUcl NNN  )))ˆ((int)ˆ((int(int VclUcl NNN 

)))ˆ((int(int)))ˆ((int(int VclUcl NNNN  )ˆ(int))ˆ((int VUcl NN  . Therefore )ˆˆ(ˆˆˆ VUVUA    

Û UVUcl NN
ˆ))ˆ(int))ˆ(((int  )ˆ(int)ˆ))ˆ(((int VUUcl NN  )(intˆ VU N

)ˆ(int)ˆ(int VU NN  )ˆˆ(int VUN  )ˆ(int AN . Hence )ˆ(intˆ AA N , thus Â is a fuzzy N-open in 

X.  

Definitions (3.22): A fuzzy topological space )ˆ,( TX is said to satisfy: 

(i) The fuzzy N- αB̂ -condition if every fuzzy α-N-open set is fuzzy N- αB̂ -set. 

(ii) The fuzzy N- B̂ -condition if every fuzzy pre-N-open set is fuzzy N- B̂ -set. 

4.  Weak Forms of Fuzzy ND̂ -Sets   

     In this section we introduce and study new concepts in fuzzy topological spaces )ˆ,( TX  called 

fuzzy ND̂ -sets, fuzzy N
D α
ˆ -sets, fuzzy

NpreD 
ˆ -sets, fuzzy NbD 

ˆ -sets and fuzzy
N

D β
ˆ -sets which 

are weaker than fuzzy ND̂ -sets. Furthermore we discussed the relation between weak fuzzy N-open 

sets and weak fuzzy ND̂ -sets. 

Definition (4.1): A fuzzy subset Â of a fuzzy topological space )ˆ,( TX is called a fuzzy ND̂ -set (resp. 

fuzzy N
D α
ˆ -set, fuzzy 

NpreD 
ˆ -set, fuzzy NbD 

ˆ -set, fuzzy 
N

D β
ˆ -set) if there exists  two fuzzy N-

open (resp. fuzzy α-N-open, fuzzy pre-N-open, fuzzy b-N-open, fuzzy β-N-open) sets 1Â  and 2Â  in 

X such that 21
ˆ\ˆˆ AAA  . 

Remark (4.2): In definition (4.1), if φ̂ˆ
2 A , then every fuzzy N-open (resp. fuzzy α-N-open, fuzzy 

pre-N-open, fuzzy b-N-open, fuzzy β-N-open) set in X is a fuzzy ND̂ -set (resp. fuzzy N
D α
ˆ -set, fuzzy 

NpreD 
ˆ -set, fuzzy NbD 

ˆ -set, fuzzy
N

D β
ˆ -set). 
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     The converse of Remark (4.2) may not be true in general as shown by the following examples. 

Example (4.3): Let NX   and }ˆ,ˆ{ˆ φXT  be a fuzzy topology on X. Then  










otherwise

x
xA

0

11
)(ˆ  is a fuzzy

N
D α
ˆ -set and a fuzzy ND̂ -set, but is not fuzzy α-N-open set. 

Example (4.4): Let NX   and AV ˆ,ˆ be fuzzy subsets of X defined by:  

              










otherwise

Nx
xV

0

}1{1
)(ˆ    and  










otherwise

x
xA

0

11
)(ˆ . 

 

Then }ˆ,ˆ,ˆ{ˆ VXT φ is a fuzzy topology on X, and Â is a fuzzy
NpreD 

ˆ -set (resp. fuzzy
NbD 

ˆ -set, 

fuzzy
N

D β
ˆ -set), but is not fuzzy β-N-open set. 

Proposition (4.5): Let )ˆ,( TX be a fuzzy topological space. Then: 

(i) Every fuzzy ND̂ -set is a fuzzy
N

D α
ˆ -set. 

(ii) Every fuzzy
N

D α
ˆ -set is a fuzzy

NpreD 
ˆ -set. 

(iii) Every fuzzy
NpreD 

ˆ -set is a fuzzy
NbD 

ˆ -set. 

(iv) Every fuzzy
NbD 

ˆ -set is a fuzzy
N

D β
ˆ -set. 

Proof: Follows from proposition (3.2). 

     The converse of proposition (4.5) number (i) and (ii) may not be true in general we can see in the 

following examples. 

Example (4.6): Let NX   and 21
ˆ,ˆ,ˆ,ˆ AAAV be fuzzy subsets of X defined by:  

              

 









otherwise

x
xV

0

11
)(ˆ ,










otherwise

Nx
xA

0

}2,1{1
)(ˆ , 










otherwise

Nx
xA

0

}2,1{1
)(ˆ

1 , and 










otherwise

x
xA

0

2,11
)(ˆ

2 . 

 

     Then }ˆ,ˆ,ˆ{ˆ VXT φ is a fuzzy topology on X, and Â is a fuzzy N
D α
ˆ -set, since  1Â  and 2Â  are 

fuzzy α-N-open sets such that Â 21
ˆ\ˆ AA , but Â is not fuzzy ND̂ -set.  

Example (4.7): Let NX   and 21
ˆ,ˆ,ˆ AAA be fuzzy subsets of X defined by:  

              










otherwise

Nx
xA

0

}2,1{1
)(ˆ , 










otherwise

Nx
xA

0

}1{1
)(ˆ

1 , and 









otherwise

x
xA

0

21
)(ˆ

2 . 

 

    Then }ˆ,ˆ{ˆ φXT  is a fuzzy topology on X and Â is a fuzzy
NpreD 

ˆ -set, since  1Â  and 2Â  are 

fuzzy pre-N-open sets such that Â 21
ˆ\ˆ AA , but Â is not fuzzy N

D α
ˆ -set.  

Proposition (4.8): In any fuzzy topological space satisfies fuzzy N- B̂ -condition fuzzy
NpreD 

ˆ -set is 

a fuzzy ND̂ -set. 
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Proof: Follows from Proposition (3.18). 

Proposition (4.9): In any fuzzy topological space satisfies fuzzy N- αB̂ -condition fuzzy
N

D α
ˆ -set is a 

fuzzy ND̂ -set. 

Proof: Follows from Proposition (3.21). 

 The following diagram shows the relation between the fuzzy open sets and each of fuzzy N-open sets, 

weak fuzzy N-open sets and weak fuzzy ND̂ -set. 
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