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Abstract
In this article we introduce a new type of fuzzy open sets in fuzzy topological
spaces called fuzzy N-open sets and we prove that the family of all fuzzy N-open

sets in a fuzzy topological space (X, ”i") forms a fuzzy topology TN on X. Also we
use fuzzy N-open sets to define and study new types of fuzzy sets called weak

fuzzy N-open sets and weak fuzzy ﬁN - sets in fuzzy topological spaces. Moreover
we investigate the relation between the fuzzy open sets and each of fuzzy N-open

sets, weak fuzzy N-open sets and weak fuzzy ﬁN - sets.
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Introduction

The concept of fuzzy set was first introduced by Zadeh [1] in 1965 as an extension of the classical
notion sets. Chang [2] in 1968 introduced the notion of fuzzy topological spaces. Bin Shahna [3] in
1991, Benchalli and Jenifer [4] in 2010, and Thakur and Singh [5] in 1998 introduced and investigated
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fuzzy a-open sets, fuzzy pre-open sets, fuzzy b-open sets and fuzzy -open sets respectively. The main
purpose of this paper is to introduce a new class of fuzzy open sets in fuzzy topological spaces called
fuzzy N-open sets and we show that the family of all fuzzy N-open sets in a fuzzy topological space

(X,T) forms a fuzzy topology TN on X. Furthermore we use fuzzy N-open sets to define and study

new classes of fuzzy sets called weak fuzzy N-open sets and weak fuzzy ﬁN— sets in fuzzy
topological spaces. Finally, we investigate the relation between the fuzzy open sets and each of fuzzy
N-open sets, weak fuzzy N-open sets and weak fuzzy Dy - sets.

1. Preliminaries:
Firstly we recall the following definitions:

Definition (1.1)[1]: Let X be a non-empty set. A fuzzy set in X is a function A from X to the unit
interval I =[01]. The image A(x) of x e Xis called the grade of membership of x in A.

The family of all fuzzy subsets of X will be denoted by X,
Definition (1.2)[1],[2],[6]: Let A and B be two fuzzy sets in X. Then:
HAcB< Ax)<B(x), VxeX.
(i)A=B < A(x)=B(x), V xe X.
(i) peIX < o(x) =0, V x e X.
(iv))A(eIX o X(x)=1 VxeX.
(V) C=ANBeI* & C(x) = minfA(x),B(x)},Vx € X.
(vi)D=AUB eIX < D(x) = max{A(x),B(x)},Vxe X.
(ViDE=A® & E(x)=1-A(x), Vxe X.
(viii) (ANB)¢ = A® UBC.
(i) AcB< B cAS.
(x) A—-B=ANBE.

In general, if {Aa o€ A} is a family of fuzzy subsets of X, then:
(xi) C= A, eI* & C(x) =inf{A,(x),a e A}, VxeX.

aeA
iD= JA, eT* & D(x) =sup{A,(x).ae A}, VxeX.
aeA

Definition (1.3)[7]: The support of a fuzzy set A in X will be denoted by S(A) and is defined by
S(A) ={x e X: A(x) > O}.

Definition (1.4)[8]: Let X be a non-empty set. A fuzzy point PQO in X is a fuzzy set with membership
function defined by:

ph (¥) = A ifxg=y
¥o 0 ifxg=zy

Where O0<A<1. Pi‘o is said to have support x( and value A.
Definition (1.5) [7]: A fuzzy point Pi‘o is called belong to A , denoted by PQO e A iff A< A(xg).
Definition (1.6) [9]: A fuzzy set A is called finite if S(A)is a finite set.

Definition (1.7) [7]: Let PXx be a fuzzy point in X and AeTIX. Then P,f is called quasi-coincident
with a fuzzy set A , denoted by PqA if A> AS(x) or A+ A(x)>1.
Definition (1.8) [7]: A fuzzy set A is called quasi-coincident with a fuzzy set B, denoted by Aqﬁ if
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there exists x e X such that A(x)>B(x)¢ or A(x)+B(x)>1. We will use the notation AqB if A

and B are not quasi coincident.
Definition (1.9)[2]: If T is a family of fuzzy subsets of X. Then T is called a fuzzy topology on X if
T has the following properties:
(i) ,XeT.
(i) If V;,V, eT,then VNV, eT.
(i) If V, eT,VaeA, then | JV, eT.
aeA
The pair (X, T) s called a fuzzy topological space. The members of T are called fuzzy open sets in

X.
The complement of a fuzzy open set is called fuzzy closed.

Definition (1.10)[10]: If A is a fuzzy subset of a fuzzy topological space (X, T) . Then:

(i) el(A)= N{F:AcF and Fis a fuzzy closed set in X} is called the fuzzy closure of A .
(i) int(A)= U{V:V < A and V is a fuzzy open set in X} is called the fuzzy interior of A .
Definitions (1.11): A fuzzy subset A of a fuzzy topological space (X, T) is called:

(i) A fuzzy o-open set if A < int(l(int(A))) [3].

(ii) A fuzzy pre-open set if A cint(cl(A)) [3].

(iii) A fuzzy b-open set if A cint(cl(A))Ucl(int(A)) [4].

(iv) A fuzzy B-open set if A = cl(intEl((A)) [5].

2. Fuzzy N-Open Sets
In this section we introduce a new type of fuzzy open sets in fuzzy topological spaces called fuzzy

N-open sets, and we show that the family of all fuzzy N-open sets in (X, T) forms a fuzzy topology
TN on X. Also, we study the basic properties of fuzzy N-open sets.

Definition (2.1): A fuzzy subset N of a fuzzy topological space (X,T) is called fuzzy N-open if for
each P e N, there exists VT such that P> e V and V=N is a finite fuzzy set. The complement
of a fuzzy N-open set is called fuzzy N-closed. The family of all fuzzy N-open subsets of (X, T) is

denoted by Ty .

Remark (2.2): Fuzzy open sets and fuzzy N-open sets are independent we can see by the following
examples:

Example (2.3): Let X ={a,b,c} and T={¢, X}=1 be the indiscrete fuzzy topology on X. It is clear
that N = {(a,0.1),(b,0.2),(c,0.3)}is a fuzzy N-open set, but is not fuzzy open.
Example (2.4): Let X=R and T ={¢,R, V} be a fuzzy topology on X, where V is a fuzzy set in X

with membership function defined by: V(x)=0.3, Vxe®R. Itisclear thatV isa fuzzy open set, but
is not fuzzy N-open.
Theorem (2.5): The family of all fuzzy N-open sets in (X, T) forms a fuzzy topology TN on X.

Proof: (i) It is clear that X, § € Ty .

(i) Assume that Ny, N, e Ty . To show that N; NN, e Ty. Let P} e (N;N,) = P} e N; and
P} eN,. Since N; is afuzzy N-open set = 3 V; e T such that P} e V; and V; — Ny is finite.
Since N, is a fuzzy N-open set = 3 V, e T such that P} e V, and V, — N, is finite. Since

P} eV, and P} eV, = P} e (V{NV,). To show that (V; NV,)—(N; NN,) s a finite fuzzy
set. Hence (V1 NV2)— (N1 NN3) = (Vi NV2) NN NNR)S = (Vi N Vo) N (NS UNS)
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=[(ViNV2) NNLTULVE N V2) NNST =[(V1 N V2) = Ny JUL(VE N V) =N ).

But (V;NV,)—N; and (V; NV,)—N,, are finite fuzzy sets, then so is

[(V1NV,)—N;1UL(V; NV,) =N, 1. Thus (V; NV,)—(N; NN,) is a finite fuzzy set. Hence

Nl ﬂNZ € TN'

(iii) Let N, e Ty, Vae A . Toshow that | JN, e Ty. Let P} e | JN, = P eN,, for some
aeA oA

ageA.But N, eTy =3 VeT suchthat Py eV and V - N, isafinite fuzzy set.

Since N, < [N, = (UNa)cgNgo = Vﬂ(UNa)chﬂNgo =

aeA aeA aeA
V-(UNy)eV-N,, .But V-N, isafinite fuzzy set, thensois V — (| JN,) =
aeA aeA
Ny €Ty = (X, Ty)is a fuzzy topological space.

oeA

Definition (2.6): Let A be a fuzzy subset of a fuzzy topological space (X, T) . Then:

(i) clx(A)=N{F:AcF and Fis a fuzzy N-closed set in X} is called the fuzzy N-closure of A .
(ii) inty (A) = U{N:Nc A andN is a fuzzy N-open set in X} is called the fuzzy N-interior of A .
Definition (2.7): A fuzzy subset A of a fuzzy topological space (X, T) is called a fuzzy quasi N-
neighborhood of a fuzzy point P,i‘ if there exists a fuzzy N-open set N in X such that P,z”qN cA.
Theorem (2.8): LetA andB be fuzzy subsets of a fuzzy topological space (X, T) . Then:

(i) inty (A)c A and A ccly(A).

(ii) If A, isafuzzy N-open setin X for each o A, thensois | JA,, .

aeA
(iii) If A, isafuzzy N-closed setin X for each a.e A, thensois (1A, .

aeA
(iv) inty (A) is a fuzzy N-open set in X and cly (A) is a fuzzy N-closed set in X.

(v) A is a fuzzy N-open set in X iff inty (A)= A and A is a fuzzy N-closed set in X iff cly (A)=A .
(vi) inty (inty (A)) = intn (A) and cly (cly (A)) =cly (A).
(vii) [inty (A)T° = eIy (A) and [cly (A)]€ =inty (AS).
(viii) P} einty(A) iff there is a fuzzy N-open set N in X st P} e Nc A.
(ix) If Ac B, then inty(A)cinty (B) and cly (A) cely(B).
(x) inty (ANB) = intx (A) Ninty (B) and cly (A UB) = cly (A) Ucly (B)
(xi) If P,f € clN(A) , then every fuzzy quasi N-neighborhood of P,i‘ is quasi coincident With A .
i) (Jeln(Ay) celn(|JA,) and  Jinty(A,) cinty ([ JAy).
aeA oaeA aeA aeA
Proof:(vii) Since inty (A)=U{N:Nc A, NeTy} = [inty(A)]* =[{N:Nc A, NeTy}¢
=ﬂ{1<1c :NgA,NeTN}=ﬂ{1§I° :A®S cN¢ N¢ e'i"Nc}=clN(Ac).
(x) Since ANBc A and ANBc B, then by (ix), we get inty (AN B) cinty (A) and
inty (ANB) cinty (B) = inty (ANB)cinty (A)Ninty (B). To prove that
inty (A) Ninty (B) cinty (ANB). Let P2 einty (A) Ninty (B) = P einty(A) &
Pi‘ einty(B) = IAN; eTy st Pi‘ eN;cA &3IN,eTy st P,Z‘ eN,cB =
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AN; NN, ey st P e(N;NN,)cANB = P} einty(ANB). Hence

inty (A) Ninty (B) cinty (AN B). Therefore inty (AN B) = inty (A) Ninty (B).

(xi) Assume that P2 e cly (A) and N is a fuzzy quasi N-neighborhood of P To prove that NqA .
Since N is a fuzzy quasi N-neighborhood of P,i‘ = 3 a fuzzy N-open set V in X such that

P}qV = N. Assume that NgA = N(x)+A(x)<1,VxeX.Since Ve N =
V(x)+AX) < Nx)+A(x)<1,Vxe X = V(x)+A(x)<1,VxeX.Hence Ac V®.Since V

is a fuzzy N-open set in X = V© is a fuzzy N-closed set in X which contains A . Since P}qV

= k+\7(x) >1= k>1—\7(x). Hence P,f A P;‘ eclN(A) this is a contradiction.

3. Weak Forms of Fuzzy N-Open Sets

In this section we introduce and study new concepts of fuzzy N-open sets called fuzzy -N-open
sets, fuzzy b-N-open sets, fuzzy pre-N-open sets, fuzzy semi N-open sets and fuzzy a-N-open sets
which are weaker than fuzzy N-open sets. The basic properties and characteristics of these fuzzy open
sets also have been studied.

Definitions (3.1): A fuzzy subset A ofa fuzzy topological space (X, T) is called:

(i) A fuzzy a-N-open set if A cinty (cl(inty (A))).

(ii) A fuzzy pre-N-open set if A cinty (cl(A)).

(iii) A fuzzy semi N-open set if A < cl(inty (A)).

(iv) A fuzzy b-N-open set if A cinty (cl(A))Uecl(inty (A)).

(v) A fuzzy p-N-open set if A < cl(inty (cl(A))) .

Proposition (3.2): Let (X, T) be a fuzzy topological space. Then:

(i) Every fuzzy N-open (resp. fuzzy open) set is fuzzy a-N-open (resp. fuzzy a-open)

(ii) Every fuzzy a-N-open (resp. fuzzy a-open) set is fuzzy pre-N-open (resp. fuzzy pre-open).
(iii) Every fuzzy pre-N-open (resp. fuzzy pre-open) set is fuzzy b-N-open (resp. fuzzy b-open).
(iv) Every fuzzy b-N-open (resp. fuzzy b-open) set is fuzzy B-N-open (resp. fuzzy p-open).
Proof: (i) Let A be a fuzzy N-open set in X, then A =inty(A) . Since A ccl(A), then

A ccl(inty (A)) and A cinty (cl(inty (A))). Hence A is a fuzzy o-N-open set in X.

(ii) Let A be afuzzy a-N-open set in X, then A cinty (cl(inty (A))) cinty (cI(A)). Thus A is
a fuzzy pre-N-open set in X.

(iii) Let A be a fuzzy pre-N-open set in X, then A cinty (cl(A)) < inty (c1(A)) U cl(inty (A)).
Hence Aisa fuzzy b-N-open set in X.

(v) Let A be a fuzzy b-N-open set in X, then A cinty (cl(A)) U el(inty (A)) < el(inty (cI(A)))U
cl(inty (c1(A))) = el(inty (c1(A))). Thus A is a fuzzy B-N-open set in X.

The converse of proposition (3.2) may not be true in general we can see by the following examples.
Example (3.3): Let X =N and V, A be fuzzy subsets of X defined by:

A 1 x=1 N 1 x=12
V(x)= . and A(x)= -
0 otherwis 0 otherwis

Then T={X,$, V}is a fuzzy topology on X, and A is a fuzzy a-N-open (fuzzy a-open) set in X,
but is not fuzzy N-open (resp. fuzzy open).
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Example (3.4): Let X=N and T={X,¢}=1 be the indiscrete fuzzy topology on X. Then

n 1 =1

A(x) ={ X . } is a fuzzy pre-N-open (resp. fuzzy pre-open) set, but is not fuzzy o-N-open
0 otherwis

(resp. fuzzy a-open).

Remark (3.5): Fuzzy N-open (resp. fuzzy a-N-open, fuzzy pre-N-open, fuzzy b-N-open, fuzzy p-N-
open) sets and fuzzy open (resp. fuzzy a-open, fuzzy pre-open, fuzzy b-open, fuzzy p-open) sets are
independent as shown by the following examples.

Example (3.6): Let X ={a,b,c,d}and T={¢, X}=1 be the indiscrete fuzzy topology on X. It is clear
that N = {(a,0.4),(b,0.6),(c,0.1),(d,0.5)}is a fuzzy N-open (resp. fuzzy a-N-open) set, but is not fuzzy
a-open. Also, in example (2.4), Visa fuzzy open (resp. fuzzy a-open) set, but is not fuzzy a-N-open.
Example (3.7): Let X =N and Vy,V,, V3, A be fuzzy subsets of X defined by:

X)= ' X)= y X)= y
! 0 otherwis 2 0 otherwis 3 0 otherwis

A(x) = {E xeN _{1}}

x=1

Then T ={X,$, V1, V,,V3} is a fuzzy topology on X, and A is a fuzzy pre-N-open set, but is not
fuzzy pre-open. Also, in example (2.4), V is a fuzzy pre-open set, but is not fuzzy pre-N-open.

Example (3.8): Let X =N and Vi, V,, A be fuzzy subsets of X defined by:

\”fl(x)={1 x=1 }1V2(X)={](-) x=12 },andA(x):{l xeN—{l}}

0 otherwis otherwis 0 x=1

Then T={X,§ V;,V,} is a fuzzy topology on X, and A is a fuzzy b-N-open (resp. fuzzy B-N-

open) set, but is not fuzzy p-open. Also, in example (2.4), V is a fuzzy b-open (resp. fuzzy p-open)
set, but is not fuzzy -N-open set.

The following diagram shows the relation between the types of fuzzy open sets and the types of weak
fuzzy N-open sets in fuzzy topological spaces

fuzzy open set r" fuzzy o-open set H'—_P fuzzy pre-open set = fuzzy b-apen set ;—’P fuzzy f-open set

“+

fuzzy N-open set — fuzzy o-N-open set — fuzzy pre-N-apen set — fuzzy b-N-open set — fuzzy f-N-open set
IS

o+
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Proposition (3.9): If Ais a fuzzy pre-N-open set in a fuzzy topological space (X,’i“) such that
B = A c cI(B) for any fuzzy subset B of X, then B is also a fuzzy pre-N-open set in X.

Proof: Since A < cl(B) = cl(A) < cl(cl(B)) = cl(B) = inty (cl(A)) < inty (cI(B)). But B< Aand
A cinty(cl(A)) = Bcinty(cl(B)). Thus Bis a fuzzy pre-N-open set in X.

Theorem (3.10): A fuzzy subset A of a fuzzy topological space (X, ’i‘) is fuzzy semi N-open iff Aisa
fuzzy B-N-open set and inty (cl(A)) < el(inty (A)).

Proof: LetA be a fuzzy semi N-open set in X, then A < cl(inty (A)) < el(inty (cl(A))) and hence
Ais a fuzzy B-N-open set. Also, since A < cl(inty (A)) = cl(A) < cl(inty (A)) = inty (cl(A)) <
inty (cl(inty (A))) = inty (cl(A)) c el(inty (A)). Conversely, if Ais a fuzzy p-N-open set and

inty (cl(A)) < el(inty (A)). Then A < el(inty (cl(A))) = cl(cl(inty (A))) = cl(inty (A)). ThusA is
a fuzzy semi N-open set in X.

Remark (3.11): The intersection of two fuzzy pre-N-open (resp. fuzzy o-N-open, fuzzy b-N-open,
fuzzy B-N-open) sets need not be fuzzy pre-N-open (resp. fuzzy a-N-open, fuzzy b-N-open, fuzzy -
N-open) we can see by the following examples:

Example (3.12): LetX =R and V, A, B, C be fuzzy subsets of X defined by:

<«@={1 Xem_ﬂ?,A@o=f' xeQ },ﬁ@3=¥' XGQCUﬂ%,am

0 otherwis 0 otherwis 0 otherwise

n 1 x=1
C(x) = e
0 otherwis

Then T={X,$, V}is a fuzzy topology on X, and A ,B are fuzzy pre-N-open (resp. fuzzy b-N-
open, fuzzy B-N-open) sets, since A cinty (el(A)) = inty (X) = X and
B c inty (cI(B)) = intn (X) = X,
but ANB = C is not fuzzy p-N-open, since C & el(inty (e1(C))) = el(intx (C)) = el({¢}) = §..
Example (3.13): Let X =N and V;,V,, V3, A, B,C be fuzzy subsets of X defined by:

\A]() 1 x=1 ‘AI() 1 x=2 V() 1 x=12
X)= y X)= y X)= y
1 0 otherwis 2 0 otherwis 3 0 otherwis

R 1 N-{1} . 1 =13 A 1 =3
A=t XEN-W g )X Land em={" " L
0 x=1 0 otherwis 0 otherwis

Then T={X,$,V;,V,,V3} is a fuzzy topology on X, andA,B are fuzzy a-N-open sets, but
ANB=
C is not fuzzy a-N-open, since C & inty (cl(inty (C))) = inty (cl(§)) = ¢ .
Theorem (3.14): If {Aa o € A}is a family of fuzzy b-N-open (resp. fuzzy o-N-open, fuzzy pre-N-
open, fuzzy B-N-open) sets of a fuzzy topological space (X, T), then UAQ is also fuzzy b-N-open

oeA

(resp. fuzzy a-N-open, fuzzy pre-N-open, fuzzy -N-open).
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Proof: Since A, is fuzzy b-N-open V ae A = A, cinty(cl(A,))Ucl(inty(A,)) V aeA
Therefore | JA, < [ [intn (c1(A,)) Uel(inty (A,))]

oA aeA

=[Jintx (ef(ANIUL [ Jel(inty (A,))]

aeA oA

c [inty (|Jed(A DUl | Jinty (A,))] (By theorem (2.8),(xii))

oA oeA

< [intx (el [ J(A)NU[el(inty (| J(Aq))] (By theorem (2.8),(xii)
aeA oA

Thus UAa is a fuzzy b-N-open set in X. By the same way we can prove the other cases.

aeA
Proposition (3.15): IfAis a fuzzy b-N-open set in a fuzzy topological space (X, ”i“) such that
inty (A) = @, then A is a fuzzy pre-N-open set in X.
Proof: Since A is a fuzzy b-N-open set, then A < inty (cl(A)) Ucl(inty (A)). Since inty (A) = ¢,
then cl(inty (A)) = ¢, hence A cinty(cl(A)). Thus A is a fuzzy pre-N-open set in X.
Definitions (3.16): A fuzzy subset A of a fuzzy topological space (X, "i“) is called:
(i) Fuzzy N-t -set if inty (A) = inty (cl(A)).
(ii) Fuzzy N-B -set if A=UNV, where Ue Ty and V is a fuzzy N- t -set.
Proposition (3.17): If Al and Az are fuzzy N-t -sets in a fuzzy topological space (X, ”i“) , then so is
ANA,.
Proof: Let A; and A, be fuzzy N-t -sets. Then:
inty (c1(A; N A,)) cinty (cl(Ag) Nel(Ay))
= inty (cl(Aq)) Ninty (el(A))
= inty (A7) Ninty (Ay) = inty (A NAS).
Since inty (A1 NA,) cinty(cl(A;NA,)), then inty(A;NA,)=inty(cl(A;NAS)). Thus
A;NA, isafuzzy N-t -set.
Proposition (3.18): Let (X, T) be a fuzzy topological space and A be a fuzzy subset of X. Then the
following statements are equivalent:
(i) A is a fuzzy N-open set in X.
(ii) A is a fuzzy pre-N-open and a fuzzy N- B -set in X.
Proof: (i) = (ii) . Let A be a fuzzy N-open set in X, then A =inty(A) cinty(cl(A)), thus A is a
fuzzy pre-N-open set in X. Also, A= AN X, where A e Ty and X s a fuzzy N- £ -set. Hence A
is a fuzzy N- B -set in X.
(i) = (i). If Aisafuzzy N-B-set, then A=U[(1V, where Ue Ty and V is a fuzzy N-t -set. By
hypothesis, Ais a fuzzy pre-N-open set, then A cinty(cl(A)) =inty(l(UNV))c
inty (c1(0) Nel(V)) = inty (e1(0)) Ninty (el(V)) = inty (el(0)) Nintn (V) . Thus A=UNV =
(UNV)NU < (inty (el(0)) Ninty (V)N U = (inty (e(U)) N U) Ninty (V) = UNinty (V) =
inty (U) Ninty (V) =inty (UNV) =inty (A). Hence A =inty(A), therefore Ais a fuzzy N-open
setin X.
Definitions (3.19): A fuzzy subset A of a fuzzy topological space (X, T) is called:

(i) Fuzzy N-t,-set if inty (A) = inty (cl(inty (A))).
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(ii) Fuzzy N-B,, -setif A=UNV,where Ue Ty and Vis a fuzzy N-t,, -set.
Proposition (3.20): If f&l and Az are fuzzy N—fa—sets in a fuzzy topological space (X, ’i‘) , then so is
ANA,.
Proof: Let A, and A, be fuzzy N-1t,,-sets. Then
inty (cl(inty (A; N A7))) = inty (el(inty (A) Ninty (A)))
c inty (el(inty (Ag)) Nel(inty (A5))) =inty (cl(inty (A1) Ninty (cl(inty (A2)))
=inty (A7) Ninty (Ay) =inty (A NA).
Butinty (A; NA,) cinty(cl(inty (A7 NAS), then inty(A;NA,)=inty(cl(inty (A; NA5))).
Hence A;NA, isafuzzy N -, -set.
Proposition (3.21): Let (X, T) be a fuzzy topological space and A be a fuzzy subset of X. Then the
following statements are equivalent:
(i) A'is a fuzzy N-open set in X.
(i) A'is a fuzzy a-N-open and a fuzzy N- B, -set in X.
Proof: (i) = (ii) . Let A be a fuzzy N-open set in X, then A =inty(A) < el(inty (A)) =
inty (cl(inty (A))), hence A is fuzzy a-N-open set in X. Also,A=ANX, where A e Ty andXis
a fuzzy N-t,-set , thus A is a fuzzy N- B, -set in X.
(ii)= (i) . If Aisafuzzy N-B, -set, then A=UNV, where Ue Ty and V is a fuzzy N-{, -set. By
hypothesis, A is a fuzzy a-N-open set, then A < inty (cl(inty (A))) = inty (cl(inty (UNV))) =
inty (el(inty (0) Ninty (V))) < ity (el(inty (0) Nel(inty (V)))
= inty (cl(inty (0))) Ninty (cl(inty (V))) < inty (el(U)) Ninty (V). Therefore A=UNV =(UNV)
NU ¢ (inty (el(U)) Ninty (V))NU = (inty (el(0)) N U) Ninty (V) = UNinty (V)
=inty (U) Ninty (V) =inty (UNV) =inty (A). Hence A =inty(A), thus Ais a fuzzy N-open in
X.
Definitions (3.22): A fuzzy topological space (X, T) is said to satisfy:
(i) The fuzzy N- ﬁa -condition if every fuzzy a-N-open set is fuzzy N- ﬁa -set.
(ii) The fuzzy N- B -condition if every fuzzy pre-N-open set is fuzzy N- B -set.
4. Weak Forms of Fuzzy Dy -Sets
In this section we introduce and study new concepts in fuzzy topological spaces (X, T) called

fuzzy ﬁN -sets, fuzzy f)a_N -sets, fuzzy D N -sets, fuzzy f)b_N -sets and fuzzy ﬁB—N -sets which

pre—
are weaker than fuzzy Dy -sets. Furthermore we discussed the relation between weak fuzzy N-open
sets and weak fuzzy Dy -sets.

Definition (4.1): A fuzzy subset Aofa fuzzy topological space (X, T) is called a fuzzy ﬁN -set (resp.
fuzzy D,_y -set, fuzzy D

pre— S€L, fuzzy ﬁb_N -set, fuzzy ﬁB—N -set) if there exists two fuzzy N-

open (resp. fuzzy a-N-open, fuzzy pre-N-open, fuzzy b-N-open, fuzzy -N-open) sets Al and Az in
X suchthat A=Aq\A,.

Remark (4.2): In definition (4.1), ifAz = ¢, then every fuzzy N-open (resp. fuzzy a-N-open, fuzzy
pre-N-open, fuzzy b-N-open, fuzzy f-N-open) set in X is a fuzzy ﬁN -set (resp. fuzzy f)a_N -set, fuzzy

Dpre_N -set, fuzzy Dy,_  -set, fuzzy DB—N -set).
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The converse of Remark (4.2) may not be true in general as shown by the following examples.
Example (4.3): Let X =N and T ={X, ¢} be a fuzzy topology on X. Then

n 1 x=1 . A A .
A(x) = . ¢ IsafuzzyD,_y -setand a fuzzy Dy -set, but is not fuzzy a-N-open set.
0 otherwis

Example (4.4): Let X =N and V, A be fuzzy subsets of X defined by:

V(x)={t XeN_{l}} and A(x)={1 x=1 }

otherwis 0 otherwis

Then T={X,, V}is a fuzzy topology on X, and A is a fuzzyﬁpre_N-set (resp. fuzzy Dy,_ -set,
fuzzy ﬁB—N -set), but is not fuzzy p-N-open set.

Proposition (4.5): Let (X, ”i“) be a fuzzy topological space. Then:

(i) Every fuzzy Dy -set is a fuzzy D, -set.

o—-N
(ii) Every fuzzy D,,_y, -set is a fuzzy ﬁpre_N -set.
(iif) Every fuzzy Dpy._ . -setis a fuzzy Dy_y -Set.
(iv) Every fuzzy ﬁb_N -set is a fuzzy ﬁB_N -set.

Proof: Follows from proposition (3.2).
The converse of proposition (4.5) number (i) and (ii) may not be true in general we can see in the
following examples.

Example (4.6): Let X =N and V,A,A;, A be fuzzy subsets of X defined by:

V(x)={g x=1 },A(X)z{l xeN—{1,2}}, Al(x)={1 xeN—{l,Z}}, and

otherwis 0 otherwise 0 otherwise
A ) 1 x=12
X) = )
2 0 otherwis

Then T ={X, ¢, V}is a fuzzy topology on X, and A is a fuzzy D,_y -set, since 3 A; and A, are
fuzzy a-N-open sets such that A = A; \ A, , but A is not fuzzy Dy -set.
Example (4.7): Let X=N and A, Aq, A, be fuzzy subsets of X defined by:

A(X)z{l xeN—{l,Z}},Al(X)z{l xeN—{l}},and Az(x)={1 x=2 }

0 otherwise 0 otherwis 0 otherwis

Then T ={X,¢}is a fuzzy topology on X and A is a fuzzy D N Se since 3 Al and Az are

pre—

fuzzy pre-N-open sets such that A = Al \AZ , but A is not fuzzy ﬁa_N -set.

-set is

Proposition (4.8): In any fuzzy topological space satisfies fuzzy N- B -condition fuzzy f)pre_N

a fuzzy Dy -set.
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Proof: Follows from Proposition (3.18).
Proposition (4.9): In any fuzzy topological space satisfies fuzzy N- ﬁa -condition fuzzy ﬁa_N -setis a

fuzzy Dy -set.

Proof: Follows from Proposition (3.21).
The following diagram shows the relation between the fuzzy open sets and each of fuzzy N-open sets,

weak fuzzy N-open sets and weak fuzzy ﬁN -set.

fuzzy open set —’P fuzzy a-open set —+ fuzzy pre-open set —F fuzzy b-open set —’P fuzzy f-open set

NN

fuzzy N-open set —p fuzzy ¢-N-open sel — fuzzy pre-N-open set — fuzzy b-N-apen set —Pfuzzy f-N-open set

fuzzy Dy se ﬁl’m}' Du—\' 5ot ﬁfm}' ﬁpﬂ_\; 5t T_r_ fuzy Dl N sel‘__:fm}' Dﬁ—\' 5t
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