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Abstract

The study of analytic univalent and multivalent function theory is an ancient
subject of mathematics, particularly in complex analysis, that has drawn a large
number of scholars due to the sheer elegance of its geometrical properties and the
numerous research opportunities it provides. Researchers have been interested in
the traditional study of this subject since at least 1907. During this time, many
complex analysis researchers emerged, including Euler, Gauss, Riemann, Cauchy,
and many others. Show several results for differential subordination using the
convolution operator as well as broader hypergeometric functions Yp"k(z).
Geometric function theory is a synthesis of geometry and analysis. The main goal of
this paper is to investigate the dependence principle and add a new subset for
polyvalent functions with a different operator that is related to higher order
derivatives. As a result, the discoveries were significant in terms of geometric
properties as an example coefficient estimation, growth bounds and distortion,
convexity, close to convexity, and the radii of starlikeness.

Keywords: Best dominant, Analytic functions, Differential subordination,
Hadamard product, Admissible functions, Convex, Univalent.
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1. Introduction and Preliminaries

The main driving force behind this is the renowned conjecture referred to as the
coefficient issue, which offered an enormous opportunity for growth in 1916 until its
favorable settlement in 1985 through De Branges, in which numerous leads to using this
problem have been achieved. Geometric Function Theory was subsequently studied
independently. Geometric Function Theory is a popular topic. Despite this, it is still finding
new uses across an array of fields, which includes modern physics with mathematical,
medicine, and engineering applications, among others, as well as more traditional physics
topics in particular, the study of fluids, nonlinear compatible theories of systems, and the use
of the partial differential equation hypothesis. A geometric function during complicated
analysis is a function that describes particular geometries.
If C is a complex aircraft and U = {z € C: |z| < 1} in which the uncovered unit disc is
represented C. Let U be the open unit disk and H (U)be the class of holomorphic functions. If
k and h are members of H(U), a function is defined as k has subordinate towards a function
h or just that h has precedence over k when the Schwarz function exists j(z) that has
analytic within U, alongside j(0) = 0 and |j(2)| < 1, (z € U), in such a way that

k(z) = h(j(2)).

The term denotes this subordination
k(z) < h(2).

Additionally, if the function h has become univalent inside U, it means [1- 5] as equivalences.
k(z) < h(z) © k(0) = h(0) and k(U) c h(U).
Let T,, be class containing all analytic functions as defined

k(z) = 2% + z a,z’, (z €V) )
v=u+1

which is analytic in .

Let D denote the subclass of T that contains functions k which are univalent in U. An
operation k is analytic in an open unit disk U and claimed to be convex function if so has
univalent and k(U) is convex.

The class N is defined as

N={keT:m(z+%)>o,(zeU)}, 2

denotes the normalized convex function class in U.

Mocanu introduced method via 1978 [6, 7], as well as the concept of theory started to take
shape within 1981 [8, 9]. Miller published a book in 2000 [10,11]. Allow F: €3 x U - C and
w to become univalent in U. When t is analytic in U as well as meets the condition of second-
order type differential subordination,

F(t(2),zt' (2),zt"(2); z) < w(2). 3)
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Following that t is referred to as a differential subordination remedy. If t < [ for everyone t
fulfilling known as univalent function [ is called a dominant member of a team differential
subordination remedy or simply a dominant (3).

Let al'TlJ""al'Tl' BliRli"'l ﬁd,Rd(l,dEN, Tv=1(v = 1,...,[), szl(v =
1,...,d) and

x = (Mei F(@) (Meey T (BY) (4)

At geometric function hypothesis, generalized hypergeometric functions as well as the
architect's generalized hypergeometric functions are now being used, as shown in [12- 18].
As the intent of the present article, we characterize a linear operator as a component of the
architect's generalized hypergeometric function. The following function has been
investigated, as shown in Dziok [19] and Raina [20]

YV [(ay, T)1, 14+ 1;(By, RL,d+1]:TY - TV,
By using function k from (1), we obtain

W@ THLL+ 1 B RIL A+ 1Tk() =24+ Y m, (@) a2 (5)
v=u+l
such that m, (a;) is
T, (@) = , )
(Moo (@) (T T () pe i)l ) ©)
we obtain

Y{Y[(Xl + 1]k(Z)) = Y;’f[(oh + 11 Tl)l ey (al' Tl); (ﬁl rRl)' L] (ﬁd ) Rd) ]k(Z))
It is clear from the relation (5) that
2T (Y [ + 1] k(2))) ' = a; V) [ag + 2] k(2) — (ay — uT) Y [og + 1] k(2).

Now consider the following definition:

Definition 1.1.[21] Let R,, ,,(4) be the class of functions k € T and v € N,u > 0, satisfying
R{VK [y +11k(2))'}>1 1<A<2, zE€U. (7)

The following lemmas are used to obtain the most important results:
Lemma 1.1.[22, 23] Take h be an analytic function within U such that h(0) = 1, Re{r} > 0

and v € N,
A =v) —t]*+ |v? -7

3vR{t}
Suppose that
a1+ @)
W' (2) '
Such p(z) = 1 + p¥z" +pY*1z¥*1+... isanalytic within U and
1
p(2) + —zp'(2) < h(2), ()
getting
p(z) < q(2),

in which g denotes a differential equation what happen.
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Lemma 1.2.[24] If h be analytic, univalent and convex in U, h(0) = aandify € C\{0}is a

complicated number and R{y} = 0, such that
p(@) + 2p'(2) < h(2),
then,
p(z) < q(z) and q(z) < h(2).

Lemma 1.3.[25, 26] Let g become a convex function within U and

h(z) = g(2) + 3vpzg'(2),
in which 8 > 0 and n is a positive integer.
If p(2) = g(0) +p¥z” +p"*1z"*1 + ... isholomorphic in U such that

p(z) + 3Bzp'(2) < h(2),
hence,

p(z) < g(2).

2. Main Results

€)

There are a few interesting findings over differential subordination as well as
superordination about analytic univalent functions set up. The deformation of two linear
operators was then used to report specific outcomes of differential subordination that involve

linear workers.

Theorem 2.1. If q is a convex function in U and

h(z) = q(2) + 21 2q'(2),
where u € C, R{u} > 1. If k € R, ,(B) and M" = 2ypu k, where
M(2) = 2yuk(z) = “;j L e k(D (10)
we obtain

(lay + 11k(2)) < g(2).
Implies

(Y5 loy + 1M ()" < q(2).

Proof. From the equality (10), we get
M (z) =2(u—1) [+ k(t)dt.
When we differentiate our equality (12) alongside regards to z, we receive
(W) M (z) + zM'(2) = 2(n — Dk(2),

then we have

Y,[o + 110 (2) + z (Y [ay + 11M0 (z)) = 2(u — DY¥[oy + 1]k(2).
Differentiate (11) with respect to z, we obtain

O Tes + 112 @)+ 7=

By subordination (11) in the equality (14), we get

(Ylow + 110 @)’ + = 2((FF[ar + 110 ()" < h(2).

Now,
p(2) = (Yylay +11M (2))".
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Following that, using a simple calculation,

c ~1
P(z) = Z+Z7‘[v(d1) s a,z’| = 1 + pz + pzi+....

—~ u+v

By equation (15) in subordination (14), we get
1 ! !
P(Z)+M— 1 zp'(z) < h(z) = q(z)-i-'u_1 zq'(2) .
Using lemma 1.1, then we get
r(z) <q(2).

Theorem 2.2. If q is a convex function and g the function
9(z) = q(2) +2q'(2).

If feN, p = 0, k €D, then the following subordination
Yy + 2]k(2)
Kk < g(Z)l
Yyla; +11k(2)

then
Y¥lay + 2 Tk(z)
YFlar + 11k ).

Proof. For k € D, given by the equation (1), we have
ka[(an +1,4,)1,q; (By, By)1,slk(z) =z + Z Ty () ayz¥ = ka[al + 1 ]k(2).

v=2
Hence,
+ X 42y Bl o
Yilay +21k(z)  Z v=2 o (01 +2) gy Wz
p—1 a,z?

p(z) = Yilay +1)k(2) 4 Ly=a Ty (a1 + 1) g

p
1+ E T (a: + 2) 1 a Zv_1
v=2""%v 1 u+v v

- o) -1 -
L+ S,y (a +1) Fo ay 27

then
(e +2k@) (Ffa +1k@)
(@) = o+ 1k PP T 110G
we achieve
(e + 21k (@)

p(2) + zp'(2) = ka[011 +11k(2)

By the relation (15) becomes
p(z) + zp'(z) < h(z) = q(2) + zq'(2),

as well as applying Lemma 1.3, we as a species obtain
p(z) < q(2).

Then
k
)& [alz]k(Z) < q(2).
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Theorem 2.3. If

E_2+ | —11% = |u? + 2pl

3R{u -1}
and h be an analytic function, suppose that
ll( )
iR{l , } > E,

h'(z)

then
(ley + 11k(2)) < h(2).

Implies

(Y loy IM(2)) < q(2).

Proof. Should we choose v = 1 aswell asy = u — 1 within Lemma 1.1, the demonstration
is then easily accomplished employing the evidence of Theorem 2.3.

2+ @B+ 1)z
2+z

h(z) = , 0<B <1

Based on Theorem 2.3, we gain the next result.

Corollary 2.1. If R{u} > 1, M =2yuk, 0<B<1,0<{< landp = 0, is defined by
Theorem 2.3, then we obtain

2yu Rp, k(B)) c Rp, k),

in which,
¢ = minR{q(2)} = I(w. B,
(={p)= -+ 2(u + DA - P(w), (16)
such that,
1 t#
() = f T 1 dt. a7

0

Proof. By Definition 1.1, we obtain k € R, (B) and R{(Y,[a, + 11k(2))'} > B, which is
equivalent to
(Y [y + 1]k(2))" < h(2).
Theorem 2.3 yields
(Y [ay + 1IM (2)" < q(2).
If we take

h(z)=#f_;1)z, 0<p<1.

Following that h is convex, along with theorem 2.1 yields

(lay +11M(2)) < q(2) =

‘ L2+ (3B — 1)t
J 36 )dt
2+t
0
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=(3f-1)+2

A-B@w-1) [ t*
zh-1 f 1+t dt.
If R{u} > 1, then we obtain ’
R{(Wplar + 1IM ()} = minR{q(2)} = Rla(D} = ¢ p)
=(3B-1 + 2(u— D(A- B (W),
in which t(u) is given by (17) and (16), we obtain
yu (Rp, k(B)) € Rp, k(D).

Theorem 2.4. If q is a convex function as well as g(0) = 1, such that

h(z) = q(2) + zq'(2),
and subordination

(Yploy +11k(2))' < h(2) = q(2) +2q'(2),

then
K
Yp [al ]k(Z) < CI(Z)
Proof. Let
(o) = LD
we get
(V5 lay +1k(2)) = p(2) + zp'(2).
Then

p(z) + zp'(2) < h(z) = q(2) + 2q'(2),
By employing lemma 1.2, we as a species get
r(2) < q(2).
Hence
Y¥[a, 1k
p [al] (Z) < CI(Z)

3. Conclusions

We provided a few uses using the differential subordination idea to subclasses of univalent
functions that include certain convolutions managers. By employing a linear operator, certain
significant results were obtained in the differential subordination and differential
superordination of a second order meromorphic analytical univalent function. Obtain
geometric properties like the value boundary, coefficient disparities, deformation theorem,
closing theorem, extremely points, starlikeness radii, convexity, near-perfect convexity, as
well as integration values. Using differential subordination, we investigated neighborhood
property. We obtained some differential subordination results involving a linear operator, as
well as some sandwich theorems.

4. Future Study

The future study is broken down as follows:
e Can create two new bi-univalent function subclasses and estimate the concepts for the
class of functions.
e Multiple findings over fifth order differential subordination within the uncovered unit
disk can be obtained by using the generalized hypergeometric function and the properties of
the generalized derivative operator.

1153



Hameed et al. Iragi Journal of Science, 2025, Vol. 66, No. 3, pp: 1147-1155

References

[1] T. Bulboaca, "Differential subordinations and superordinations,” Recent Results, Casa Cartii de
Stiinta, Cluj-Napoca, 2005.

[2] J. Dziok, "On the convex combination of the Dziok-Srivastava operator,” Appl. Math. Comput.,
vol. 188, p. 1214-1220, 2007.

[3] M. I. Hameed, B. N. Shihab, "Several Subclasses of r-Fold Symmetric Bi-Univalent Functions
possess Coefficient Bounds," Iragi Journal of Science, vol. 63, no. 12, p. 5438-5446, 2022.

[4] J. Dziok and H. M. Srivastava, "Certain subclasses of analytic functions associated with the
generalized hypergeometric function," Integral Transform. Spec. Funct., vol. 14, p. 7-18, 2003.

[5] A. Gangadharan, T. N. Shanmugam and H. M. Srivastava, "Generalized hypergeometric
functions associated with k-uniformly convex functions,” Comput. Math. Appl., vol. 44, p. 1515-
1526, 2002.

[6] M. L. Hameed, M. H. Ali and B. N. Shihab, "A certain Subclass of Meromorphically Multivalent
Q-Starlike Functions Involving Higher-Order Q-Derivatives,” Iraqgi Journal of Science, vol. 63,
no. 1, p. 251-258, 2022.

[7] M. I. Hameed, C. Ozel, A. Al-Fayadh and A.R.S. Juma, "Study of certain subclasses of analytic
functions involving convolution operator,” AIP Conference Proceedings, vol. 2096, no. 1, AIP
Publishing LLC, 2019.

[8] V. Kiryakova, M. Saigo and H. M. Srivastava, "Some criteria for univalence of analytic functions
involving generalized fractional calculus operators,” Fract. Calc. Appl. Anal., vol. 1, p. 79-104,
1998.

[91 M. I. Hameed, S. J. Al-Dulaimi and K. A. Jassim,"Some applications of certain subclasses of
meromorphic functions defined by certain differential operators,” In AIP Conference
Proceedings, vol. 2554, no. 1, p. 020001, AIP Publishing LLC, 2023.

[10] S. S. Miller and P. T. Mocanu, "Second-order differential inequalities in the complex plane,"” J.
Math. Anal. Appl., vol. 65, p. 298-305, 1978.

[11] J. L. Liu and H. M. Srivastava, "Certain properties of the Dziok-Srivastava operator,” Appl.
Math. Comput., vol. 159, p. 485-493, 2004.

[12] M. I. Hameed, B. N. Shihab and K. A. Jassim, "An application of subclasses of Goodman-
Salagean-type harmonic univalent functions involving hypergeometric function,” In AIP
Conference Proceedings, vol. 2398, no. 1, p. 060012, AIP Publishing LLC, 2022.

[13] M. I. Hameed and M. H. Ali, "Some Classes Of Analytic Functions For The Third Hankel
Determinant," In Journal of Physics: Conference Series, vol. 1963, no. 1, p. 012080, I0P
Publishing, 2021.

[14] S. S. Miller and P. T. Mocanu, "Differential subordinations and univalent functions,” Michigan
Math. J., 28, p. 157-171, 1981.

[15] M. Hameed and I. lbrahim, "Some Applications on Subclasses of Analytic Functions Involving
Linear Operator, " International Conference on Computing and Information Science and
Technology and Their Applications (ICCISTA), IEEE, 2019.

[16] S. S. Miller and P. T. Mocanu, "Differential subordinations," Theory and applications,
Monographs and Textbooks in Pure and Applied Mathematics, Marcel Dekker, Inc., New York,
2000.

[17] R. K. Raina and T. S. Nahar, "On univalent and starlike Wright’s hypergeometric functions,"
Rend. Sem.Math. Univ. Padova, vol. 95, p.11-22, 1996.

[18] J. Sokot, "On some applications of the Dziok-Srivastava operator,” Appl. Math. Comput., vol.
201, p. 774-780, 2008.

[19] M. 1. Hameed and B. N. Shihab, "Some Classes of Univalent Function with Negative
Coefficients,” In Journal of Physics: Conference Series, vol. 2322, no. 1, p. 012048, IOP
Publishing, 2022.

[20] P. L. Duren, "Univalent functions,” Grundlehren der Mathematischen Wissenschaften,
Fundamental Principles of Mathematical Sciences, Springer-Verlag, New York, 1983.

[21] M. I. Hameed, B. N. Shihab, "On Differential Subordination and Superordination for Univalent
Function Involving New Operator,” Iraqi Journal For Computer Science and Mathematics, vol.
3,no. 1, p. 22-31, 2022.

1154



Hameed et al. Iragi Journal of Science, 2025, Vol. 66, No. 3, pp: 1147-1155

[22] G. Oros and G. 1. Oros, "A class of holomorphic functions Il," Libertas Mathematica, vol. 23, p.
65-68, 2003.

[23] M. I. Hameed, B. N. Shihab and K. A. Jassim, "Certain Geometric Properties of Meromorphic
Functions Defined by a New Linear Differential Operator," In Journal of Physics: Conference
Series, vol. 1999, no. 1, p. 012090, 10P Publishing, 2021.

[24] D. J. Hallenbeck and S. Ruscheweyh, "Subordination by convex functions,” Proc. Amer. Math.
Soc., vol. 52, p. 191-195, 1975.

[25] P. T. Mocanu, T. Bulboaca and G. Salagean, "Geometric theory of univalent functions,” Casa
Cartii de Stiinta, Cluj-Napoca, 1999.

[26] M. I. Hameed, B. N. Shihab and K. A. Jassim,"Some properties of subclass of P-valent function
with new generalized operator,” In AIP Conference Proceedings, vol. 2394, no. 1, p. 0700086,
AIP Publishing LLC, 2022.

1155



