Mohammed Iragi Journal of Science, 2024, Vol. 65, No. 8, pp: 4550-4565
DOI: 10.24996/ijs.2024.65.8.34

o R —

fragi
1
Journal of

Ncience

S ———
ISSN: 0067-2904

The Dissipation of the Kinetic Energy for 2D Bounded Flow by Using
Moment-Based Boundary Conditions with Burnett Order Stress for LBM

Seemaa A. Mohammed
Department of mathematics, University of Baghdad, Baghdad, Iraq

Received: 21/6/2023  Accepted: 19/9/2023  Published: 30/8/2024

Abstract

In this article, the lattice Boltzmann method with two relaxation time (TRT) for
the D2Q9 model is used to investigate numerical results for 2D flow. The problem
is performed to show the dissipation of the kinetic energy rate and its relationship
with the enstrophy growth for 2D dipole wall collision. The investigation is carried
out for normal collision and oblique incidents at an angle of 30°. We prove the
accuracy of moment -based boundary conditions with slip and Navier-Maxwell slip
conditions to simulate this flow. These conditions are under the effect of Burnett-
order stress conditions that are consistent with the discrete Boltzmann equation.
Stable results are found by using this kind of boundary condition where dissipation
of the kinetic energy is found to be proportional to Re~! in the first regime and it is
o« Re~ %5 in the second part of the regime as expected. An excellent agreement with
the benchmark data is observed.
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1. Introduction

In the limit when the viscosity tends to zero, the dissipation of kinetic energy has been
proposed mainly by Frag et al [1] for no-slip and free-slip boundaries. This study is carried
out from numerical simulation to two-dimensional (2D) fluid flow, namely a dipole wall
collision. In this numerical study, the dipole collided with the wall normally. Noting, many
papers have investigated the dipole wall collision numerically for normal and oblique
incidents for slip and no slip boundaries, like in [2-6]. The interaction between the two
monopoles and the wall accompanies the generation of additional vortices at the wall. The
production of small-scale vortices at the boundary leads to the decay of the kinetic energy
caused by increasing the enstrophy at the wall. The study of this phenomena has been
experimented on by a lot of authors. Clercx and Heijst [7] investigated the scaling of energy
rate and the raise of the maximum enstrophy and Palinstrophy P(t) for no slip bounded and
unbounded domain. They show that owing to the production of the additional vortices at the
wall, the energy scales proportional to Re~%5. The Reynolds number Re is defined as Re =
UH /v where U is the characteristic velocity and H is the half-width of the domain. Their
examination happens for normal and oblique wall collisions in a range of Reynolds numbers
between 500 and 128000. Keetels et al. [8] used an oscillating plate as a boundary layer to
study the scales of enstrophy growth and Palinstrophy for no slip boundaries. Their
investigation states that the enstrophy o« Re®’> and P(t) « Re??> for Re < 20000. For
Re > 20000 the growth of enstrophy o< Re®> and P(t) o« Re'® . Following Frag et al [1]
and . Clercx and Heijst [7], and Sutherland [9] employed slip and no slip boundary conditions
to examine the energy dissipation structure. Frag et al and Sutherland showed that Prandtl's
theory [10] was satisfied for slip and various slip-length wall collisions. They showed that the
slope « 0.43 for slip equal to 4/Re and no slip walls. For boundary with slip length equal to
0.003, the slope is equal to -0.53+0.05 . Clercx and Heijst [11] gave a detailed study and
review of many investigations that deal with dipole wall collision and the scale of the
dissipation of energy.

The papers above used traditional computational fluid dynamics (CFD) methods to
investigate the scale of energy dissipation, which discretizes the Navier-Stokes equations
directly, like finite difference, finite volume, finite elements and spectral methods and others
[12-14]. Mohammed [15] used a method that avoided the difficulties where CFD methods
are faced and reached out to the same results as Frag et al and Sutherland. These difficulties
are summarized by computational expenses or complicities by applying the boundary
methods, especially with slip conditions. This method is called the Lattice Boltzmann method
(LBM). The LBM is an alternative to the CFD methods. Thus, the LBM has been obtained
from the velocity space and discretizing the Boltzmann equation (BE)[16][17]. The first
model of this method is called the Bhanagar-Gross-Krook (BGK-LBM) collision operator
[17][18]. Because of a shortcoming of the BGK operator in terms of higher Reynolds
numbers, a generalization of this model is found by d’Humieres [19] namely, the multiple
relaxation time (MRT- LBM) operator. This operator gave more stability and accuracy to the
LBM. A special case of MRT is the two relation time model (TRT-LBM). The stability of this
model is ruled by one parameter the so called “magic parameter” A. For D2Q9 LB model by

setting A = i , one can reach the numerical stability of the LBM [20-22].

One of the most important distinguishing features of LBM is the ease of applying the
boundary conditions for simple and complex boundaries. The simplest method is “bounce
back” boundary conditions. In this method, the velocity particles hit the wall and reverse their
way to the fluid bulk [23][24]. However, for the accuracy of this method, a numerical error
appeared with a second-order error if the wall is located midway between grid points and
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first-order accuracy elsewhere. Alternatively, other methods were proposed as a modification
of the bounce back method that depends on lattice velocity distribution function, like [25-28].
On the other hand, another approach was proposed by Noble et al. [29] that depends on the
hydrodynamic moments of the LBM. This method was modified by Bennett [30] for the
D2Q9 model, the so-called “Moment-based “ boundary conditions. This method simulated
simple and complex flows with slip and no slip boundaries accurately, like in [3][31-34]. The
moment method is also employed to consider conditions that are proportional to the
deviatoric stress which is used to estimate the non Navier-Stokes behavior for slip and no slip
boundaries [35][36]. In this article, it is shown that the LBM with a consistent moment
method with an effect of Burnett contribution can precisely compute and capture a dissipation
of the kinetic energy with an enstrophy growth rate for slip and no slip boundaries for 2D
bounded flow.

This article is organaised as follows:

In Section 2, we introduce the discrete Boltzmann equation (DBE). In Section 3,4 we
show the macroscopic moments of DBE, then we discuss the lattice Boltzmann algorithm.
The TRT-LBM scheme is proposed in Section 5. In Section 6, we explain the moment-based
boundary condition with the Burnett effect. Finally, in Section 7 numerical results are
provided for the dissipation of the kinetic energy by using the boundary method from Section
6.

2. The discrete Boltzmann equation
In this section, the D2Q9 model will be presented for the discrete Boltzmann equation
(DBE) as
1

afj .
L. Vfi=—-(fi - ) for j=0,..,8. (N
The advection part of the probability distribution function f; is given in the left hand side of
equation (1) with the discrete particle velocity ¢;. The D2Q9 model has 9 particle velocities

¢j, as shown in Figure 1.

Figure 1: The D2Q9 lattice

The right hand side is the collision part that relaxes the distribution function into their
local equilibrium fj0 with single relaxation time t. The stipulated equilibria fj"can be defined

from Maxwell Boltzmann equation as a function of fluid density p and macroscopic velocity
u as [37],

. R
Fooc)=w; p(1+ L 4 - 2y, @

2¢cd
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where c¢¢ = 1/3 is the speed of sound for the D2Q9 LB model. The D2Q9 model
weights is given by:

(5=0
wj =43, j=1..4, ©)
— ., j=5..8
while the discrete lattice velocity are calculated from
(0,0), j =0,
¢ = i (cos (j_zl)n,sin (j_zl)n), j=12,34, (4)
ﬁ(cos@,sin@), j= 5,6,78.

The hydrodynamic variables which are, density(p), momentum (pu) and momentum flux
(IT), are defined via a discrete moments of the distribution functions f;

p=2Xifi; pu=23;fi¢; Im=3%;fjcc; ®)
The lasting three non-hydrodynamic moments (“ghost moments”) are presented by
Quxy =X fiGy s Quyy = ZjfiGx s Sxayy = Zjfify Gy - (6)
3. Macroscopic equations

The following evaluation equations are obtained by taking the zeroth, first and second
order moment equations of the discrete Boltzmann equation (1), [24]

2 4+V.pu=0, @)
Zrivn=0, (8)
on __ 1 o

6t+V'Q_ T(H n°), (9)

where Q = %; fj ¢jc; ¢; and H":ijoj cjc; declares that the momentum flux relaxes

into its equilibrium which is obtained from equation (2), such that
m = gl + puu. (10)

The ideal equation of the state gives the pressure equation P = §.

By using the Chapman-Enskog expansion [38], the equations of motion can be obtained from
the Boltzmann equation, which aims for solution for a long timescale, extremely longer
than 7. In other way, the deviatoric stress Q = IT— I°, which is the right hand side of
equation (9), can be used by applying a methodology was proposed by Maxwell to get the
Navier-Stokes equations [15]. To do this, one can take moments regarding a velocity which is
defined as a difference between the fluid velocity and the particle velocity, such that § = ¢; —
u [39]. The deviatoric stress for D2Q9 according to Dellar [36] can be written for equation
(9) as

‘QO(B + T(at ‘QO(B + uy ay QO‘B + Qay ayu[; + Qﬁy Oyua ):

u(aﬁua + aaua)i (11)
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Where u = pt/3 is the dynamic viscosity and «, § and y are the Cartesian components
of the vectors and tensors. Noting, the third order moment is equal to zero.
Equation (11) gives three components of the stress which are

ouy

.QXX + 271 'Qxy E = 0, (12)

0y =0, (13)
Uy

Qxy — U E = 0. (14)

The normal component and the shear stress are given in equations (13) and (14),
respectively. These two stresses are the same as in Navier-Stokes equations. However, the
tangential stress from equation (12) is not as in the Navier-Stokes equations which should be
vanished. Instead, it is proportional to the square of the shear stress at O(z?) which is
identical to the stress of the Burnett equation. Owing to this fact, a special treatment of the
tangential stress at the boundary is considered in the lattice Boltzmann simulations.

4. The BGK lattice Boltzmann equation
Equation (1) is integrated for both sides along characteristic for time,At, to get

fi(x+ At t + At) = £ t) = == [2(f; - £°)ds. (15)

The left side is evaluated exactly. By using the trapezoidal rule, the right hand side is
approximated to get a second order with implicit system of equations

fi(x + ¢jAt, t + At) — fi(x,t) = —%(fj(x +¢At, t + At) — £ (x, t))
—2 (it - @) + o). (16)

Transformed functions are proposed by He et al. [40], to convert the second order implicit
system of equations (16) to explicit algorithm, thus

= A

Fi=fan+a(fixd - D) (17)
Substitute equation (17) into equation (16), the Lattice Boltzmann equation is recovered in
term of f;

filx+catt+At)—F (xt) = _ﬁ(fj(x' 0-7°x t)) + O(AL3).

(18)

Mention that the lattice speed connect the grid space and time step by ¢ = (Ax/At) > 1
The zeroth moment of equation (17) gives the density p,

p=2ifi=2f;; 19
The first moment of equation (17) yields the momentum equation of motion in terms of f;

pu=2fic=%;if;¢- (20)
While the non-conserved momentum flux is given by

= —= A A

Consequently, the deviatoric stress @ = IT—TI° s given in terms of barred distribution
functions as
270 M)

Q=Mn-1°= .
(2T+At)

(22)

5. Two Relaxation time lattice Boltzmann equation
The BGK-LBE model is an accurate model to simulate different kinds of numerical
simulations. However, sometimes this model experienced a lack of numerical stability,
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particularly with a high Reynolds number; because of f ; over relax their equilibria [41]. To
solve this problem, instead of using one rate of collision time t, one can use two relaxation
times. The two Relaxation time (TRT) is a special model of multiple relaxation time (MRT)
[19][41-43] . In general, the discrete Boltzmann equation gives the two relaxation time
equations as follows

%+cj V= —T% (% (f} +fj—)_f1'0+)
LG @

Equation (23) relaxes the odd and even moments at various rates. The even relaxation
time t* relaxes the even moments to its equilibria and 7~ is the relaxation rate for the odd
moments. Moreover, j~ is the opposite way to j where ¢; = —c;. The equilibrium function is
divided into odd and even components fj°+ and fj‘" [44]. The Reynolds number controls the
even relaxation time while 77 is calculated by using the “magic parameter” A = t+7~. For
numerical stability we set A = 1/4 [22].

Similar to Section 4, one can discretise equation (23) to get Two relaxation lattice Boltzmann
equation ( TRT-LBE)

filx+catt+At) =f (xt) — wfﬁ(% (F it +F7(x0) — 2 (x, t))
At

© (T +At /2) (% (f () + fieo) - fi(, t)) (24)
Noting if t* = ™ in equation (24), BGK-LBM will be obtained.

6. Slip and no slip moment based boundary conditions based on Burnett contribution

For straight and aligned boundaries with grid points, there are three unknown distribution
functions ( the dash red lines in Figure 2) after every streaming step needed to be found at
each boundary for the D2Q9 model, see Figure 2.

6 2 5
3 >|£ ]
o 1N
6 2 5 v 2 5
‘ 7 a 8 ()‘. A
D N SRR > 2L i 1
“a "
W e 2 A 4
7 B E %% % 4 7 @] 8
1

7 4 8
Figure 2: Distribution functions at the boundaries

To do this, Bennett [30] followed Noble et al.[29] by finding these unknown functions by
imposing conditions on the three hydrodynamic moments at the boundary. This method is
called “ moment-based boundary condition” . Here we will explain this method for slip first
then no slip conditions.
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To understand the method let us investigate the tangential north wall. At the wall, the
x —components of the velocity can be formulated with the Navier-Maxwell condition [45].
This condition illustrates that the tangential velocity is proportional to the shear stress at the
planer wall, as

ouy

Ug =€ 3y Wau, (25)

where ¢ indicates to slip length and y is the normal direction to the boundary.

Table 1: Combination of unknown at the north boundary

Moments Combination of unknown at the north wall
P, plly, Iy, fatfs+fs
Pl My, Quyy fr—fs
I )~ fr+fs

At the north wall, the three incoming functions that indicate into fluid domain
fafsand fg needto be determined. In summary, since we have three unknown functions
then three linearly independent moments should be used. It can be seen in Table-1, the
unknown f ; appear in three linear combinations equations. In the moment method, one
moment at each row will be picked and apply constraint on it, depending on the condition we
use (slip, no slip, or free slip conditions). The moments will be appeared in terms of “barred”
guantities. Since we simulate the Navier-Stokes equations, the rational choice is the
hydrodynamic moments in lieu of higher-order moments. For slip walls, we will select from
the first and second rows in the table pu, and pu, and apply conditions on them as

puy =0, pu, = puy, (26)
while from the third row we will pick the tangential stress I1,.,.
To deal with the stresses we should mention that since this work includes TRT-LBE, the
relaxation time depends on the even and odd rates, for more details see [35]. Applying
equation (14) into equation (12) yields the tangential stress at the wall

21T

Qyy = ——— 02

— 0k, @7

+
where u = %.

By the definition of equation (22), the tangential momentum flux can be defined as a
relationship between the deviatoric stress and the tangential one as follows:

My, = §+ pus + %szcy' (28)
Using the transformation of f (17) gives the three converted hydrodynamic moments in
equations as
pu, = 0,

_ _ 3AH il

pUs = p(2Tt+1) XV’

= _ B 2 6T 72
Iy = 3 + pug + p(r++%) Iy, (29)

where A = ¢/H is the dimensionless slip length and the width of the domain is defined in
terms of LB discretization as H = H,, = (im;;, — 1)Ax. It should be mentioned that the
number of grid points is denoted by m;;, and the grid spacing is Ax.
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By solving the above three equations, the three unknown functions f 4, f 7, f ¢ can be found
in terms of known f;

J— f— f— — [— [— 6_ J—
fa=f1+f3 +f2+2(f5+f6)—§—fm§_@n§y;
v = = 1 1 317 =
f7=—fs—f6+§+;pu§—;pus+@nzy,
s _ 7 v p,1 5, 1 317 =5
f8__f1_f5+g+5pus+Epus+wnxy- (30)
The moment density can be Iound_by usi_ng the k_nown_f f arEJI the normal velocity pi,,
p=Ffotfri+fs+2(f2+fs+fs)—piy (31)

where at the horizontal northern wall, pi,, = 0.

The shear stress can be constructed at the boundary by applying the known £ j and the

horizontal velocity ply L L

ny:_pux+f1_f3+2(f5_f6)- (32)
Thus, together the shear stress of equation (32) and known distribution functions (31) can be
used to find the tangential velocity at the wall
—_— 67”‘1(]?1—]?3‘*2(]?5—]?6))

Us = p(2TH+1+6 1 H) (33)
For no slip case, if we apply u, = 0 at the wall, the no slip moment based boundary
conditions with Burnett contribution will be found.

Finally for both cases, slip and no slip conditions, at the corners we need five constraints
to find the unknown distribution functions. In our work, the no slip boundary conditions will
be applied at the intersecting walls, For more details see [4] [33].

7. Numerical simulation of two-dimensional bounded flow

In this section, our aim is to show the scaling of the kinetic energy and the growth of the
enstrophy for 2D flow using the boundary method that is presented in Section 6. To do this,
firstly we will give a brief numerical study of dipole wall collision. This study is inserted to
give an overview about the effect of the wall collision on the dissipation of the energy and its
relationship with the increasing of the vortices production at the wall.

7.1 Initial setup and simulation parameters for 2D flow

The initial setup given here is similar to [2][3] as follows:
In a square box on a 2D domain with a size [—1,1] x [—1,1], the dipole wall collision has
been studied by using TRT-LBE. This study is carried out with slip and no slip boundary
conditions by using moment based with Burnett's contribution from section (6). Following

[2], the initial characteristic velocities are defined by U = ifflul2 dx dy = 1. The half width

of the domain is considered to define the Reynolds number Re = UV—H . In the center of the

cavity box, the initial two monopoles are located with the initial velocities

o = 2l 0 =y exp (= (2)) + Heel 0 =y exp (- (2)), (34
tyo = Haop G — 1) exp (= (2)') Ll e = xp) exp (— (2)), (35)

To To
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where 1 =(x —x)2+ (¥ —y)% 1=/ (x — %)%+ (y —y,)? , 15 =0.1. Also,
(x1,y1), (x5,v,) is the position of the vortex at the center of the domain, according to the
angle of the incident while the strength of the vortices is set to be |w,| = 299.5. Since our
work shows the relationship between the kinetic energy and the total enstrophy by using the
presented boundary method, then the following definitions are used

Total kinetic energy: E(t) = %f_ll f_llluzl(x, t)dx dy, (36)
Total enstrophy :: Q(t) = % f_11 f_llla)zl(x, t)dx dy, (37)

where the vorticity o = dyu, — d,u, . Noting, to normalise these to values, we set
E(0) = 2and Q(0) = 800. The convergent number of grid points m;, is similar to the
one in [3] . In [3][4] detailed explanations have been shown to the evaluation of two
symmetric monopoles that collided with slip and no slip walls. These papers investigated the
collision at normal and oblique incidents for different values of Reynolds numbers and
boundary conditions. An evaluation of the flow is shown in Figure 3.

@) t=0 (b) t =02

Figure 3: Vorticity contours of dipole wall collision at an angle of 0 for Re = 2500 .

This figure includes the initial stage at t = 0 until the first collision with no slip wall
around t = 0.3 for Re = 2500 as an example. The two isolated monopoles are released from
their shelf normally in the center of the domain at t = 0 towards x = 1. At the first wall
collision, secondary dipoles are created at the same time the kinetic energy declines while the
total enstrophy reaches its peak. In [4] we can notice that the total energy decreases by
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increasing the slip length and the maximum enstrophy declines after the first wall collision
with a higher slip length.
This leads to the following relationship for two-dimensional incompressible bounded flow.
Within the slip wall, the relationship between the kinetic energy and the growth of the
enstrophy is given by the following dimensionless equation [4]
dE 2 1 i
E——EW—EIS (wxXu).n ds, (38)
While for no slip walls, the above relationship will be reduced to not including the velocity
part as
dE 2
it 4 (39
7.2 Dissipation of the Kinetic energy scale for 2D flow
Farge et al. [1], one of the first authors who investigated the dissipations of the kinetic
energy and its relationship with the growth of the enstrophy . They applied that the dissipation
of the energy persists in the vanishing viscosity limit. From the evaluation of the dipole wall
collision, one can see two regimes. The first one appears before the first wall collision, from
t = 0 until a boundary layer at the wall appears where the dipole is close to the wall
around t = 0.3. Here, the effects of the boundary layer are neglected. So according to
equation (38), the energy dissipation scales fulfill the following

E(ty) — E(ty) « —. (40)

The second regime is placed when the two cores of vortices are close to the boundary where
the secondary vortices start to induce by the effect of the first wall collision around t = 0.3. In
this regime, the Prandtl’s theory is satisfied [10]. From this theory, we can see the boundary
layer of thickness scales of order Re~%>. Thus in the second regime, the dissipation of the
energy scale is

E(t,) — E(t;) « Re™=. (41)

The growth of the enstrophy scale will depend on the relationship of equations (38) and
(39) thus

In this section, we present two cases of incidents, the normal wall collision and an oblique
wall collision at an angle of 30°.

7.2.1 Dissipation of the kinetic energy for normal wall incident

In this section, we study the energy dissipation rate of the dipole that collides with the wall
normally. For the two regimes, as a function of Reynolds number in a range of Re = 250 to
Re = 10000, the dissipation of the kinetic energy will be investigated. When the dipole is at a
long distance from the wall, the first regime is identified in the time interval t € [0: 0.2]. The
study of average dissipation is carried out for no slip and slip boundaries for various values
of slip length. As can be seen in Figure 4, For different values of slip length the dissipation
of the energy collapses in one line on a scale of Re~!. Noting, that the energy dissipation and
the growth of the enstrophy will be divided by A(t) = (t, — t;).
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10 — e —
-/\:0 004 _0—
A= 4/Re —8—
NO Slip =i
1 He 1
s
=
LT'J 0.1
&
<
W
) 0.01 }
0.001 { 1
1000 10000
Re

Figure 4: Energy dissipation for normal collision in the first regime, 0 <t < 0.2. The
dissipation for slip length: 2=0.004, A =4/Re and no slip cases are shown.

When the dipole reaches the wall, the second regime will be chosen. In this area, the
boundary layer will be induced as a result of the interaction between the two monopoles and
the boundary. Therefore Prandtl’s theory will be satisfied. Following [9][15], we choose the
time interval that satisfies Prandtl’s theory when the dipole starts to collide with the wall.
Once we identify the time period, we start to investigate the dissipation of the energy and the
growth of the enstrophy. The investigation shows that the dissipation of the energy fulfills
Prandtl’s theory. First, we considered A = 0.004. The best choice of time interval is when the
boundary layer appears near the wall at t = 0.23 and it ends when the dipole separates from
the wall at t = 0.47. After we choose the correct time interval, we test the validation of the

theory. As a results, we found that the decay of the energy rate is i—f « Re~%5. Thus Prandtl’s
theory is achieved. For the corresponding enstrophy growth for A = 0.004 we show it
satisfies AA—T o Re for Reynolds numbers higher than 2500. The results are shown in Figure
5.

@ Energy dissipation (b) Enstrophy growth
10 - 100 - - -
E049-E0.24) —@— W0 A91-9(0.24) —— |
E(0A9)-E[0.25] = = V049)-Y(025) = =
E(0.49)-E0 2:5‘_; — - - ¥(0.49)-9(0.27) = = |
R — ° R — |

01

(E(1)-E(t)))aln)

(P (ta)-(t, WA

0.01

0.01 0.001
1000 10000 1000 10000

Ra Re

AE AY ..
v and " at A = 0. 004 for normal wall collision

Figure 5:
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Second, we test the theory for no slip wall and a boundary with slip length that depends on the
Reynolds number such that A = 4/Re. The last value of slip length is chosen for sake of
comparison with Sutherland [9], Mohammed [15] and Frag et al. [1] . We found an excellent
agreement between our results and the findings in these papers. For both cases, the time
interval will be between t = 0.2 and t = 0.49 . Noting, that the same technique is used for
all slip lengths to find the best time interval for the second regime. Figures 6 and 7 show the
kinetic energy dissipation and growth of enstrophy scales for these two cases. These figures
illustrate that the dissipation of the energy scale is proportional to Re™ where k « 0.5 for
Re > 1252 and 0.43 for Re < 1252. These results synchronize with the difference of
enstrophy growth such that AW « Re for higher Reynolds numbers.

(a) ) Energy dissipation (b) Enstrophy growth
~ 00
1 E(0.49-E(0.2) == ' ‘¥(0.49)-%0.2) ——
E(048}-E(0.2) = = W(0.48)-1(0.2) = =
E(049)-E(0.21} = - (0.49)-¥(0.21) =—— -
% » Re ——

g
0.1 .::
\ 0.01
0.m

0.001
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7.2.2 Dissipation of the kinetic energy for oblique —30° wall collision case
In this subsection, the dissipation of the kinetic energy with the growth of the enstrophy

rates will be performed for dipole wall collision at an angle of 30° with an initial location
(0.0839,0.0866);(0.1839, -0.086). In this case, as at normal wall collision, the rate will be
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discussed for no slip and slip walls with slip length A = 0.004 and A = é. For an oblique
collision, The first regime is located from t = 0 until ¢ = 0.2 which is before the boundary
layer appears near the east wall. Similar to the normal collision, three lines for various slip

lengths collapse in one slop where AE(t) o« Re™!, see Figure 8

1 - -
7=0.004 = - - -
=4Re =W
No slip —— -
Re”’

= 0.1 - i

-3 -

= -

=) ~_

Le R

&

=)

w 0.01 }

0.001 .
1000
Re

Figure 8: Energy dissipation for oblique-30° collision in the first regime, 0<t<0.2. The
dissipa tion for slip length: A=0.004, A =4/Re and no slip cases are shown.

At the second regime, the two monopoles reach the wall approximately around t = 0.3.
We use the same time intervals that we applied for normal wall collision since the bottom
core of the vortices hit the wall at this time step. Figure 9 shows the dissipation of the kinetic
energy and the growth of enstrophy rates for an oblique case close to the wall for A =
0.004,4/Re and no slip cases for t € [0.21,0.48]. As a result, the dissipation of the Kinetic
energy is consistent with Prandtl’s theory and the growth of enstrophy increases linearly with
Re at higher Reynolds numbers.

(@) Energy dissipation (b) Enstrophy growth
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Figure 9: Energy dissipation and enstrophy growth for for oblique-30- dipole wall collision
for the second stage of collision.
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Conclusions
The lattice Boltzmann method with two relaxation time model has been used to examine
the dissipation of the kinetic energy and the growth of enstrophy for 2D fluid flow. For

precision reasons, we set the “magic parameter A =% in the TRT-LBE model. No slip and

Maxwell slip velocity conditions under the effect of Burnett- order deviatoric stress
conditions were imposed on stationary walls using the Moment-based method. The numerical
study was implemented for median and higher Reynolds numbers. Also, it was performed for
fixed slip length and A = 4/Re for the sake of comparison. The given approach captured the
dissipation rate accurately for two angles of collisions and proved that the dissipation of the
energy is proportional to enstrophy. The examination includes two regimes. The first one

showed that the dissipation rate is proportional to Re™! while Z—focRe‘O-S when the

boundary layer appearance is dominant. In this stage and according to the relationship in
equation (38) we found AW o Re. This method showed an excellent agreement with other
benchmark methods.
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