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Abstract

The applications of Ruscheweyh derivative are studied and discussed of class of
meromorphic multivalent application. We get some interesting geometric
properties, such as coefficient bound, Convex linear combination, growth and
distortion bounds, radii of starlikenss , convexity and neighborhood property.
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1. Introduction
Let A*denote the class of functions of the form:

fw)=w™P + ¥, awt, (a; =0;peN=1[1,2...]), 1)
which are analytic and meromorphic in the punctured unit disk
U={w:w € C,0 < |w| < 1}=U\{0}.
The Hadamard product (or convolution) of two functions :

fw)=w=? + 372, awt, gw)=w"P + Yizp b;wt.
in A%is defined by
Frw) =fw)*gw) =w™+32,baw', )

Definition (1)[1, 2] :The Ruscheweyh derivative of f of order (1 +p — 1),is denoted by DA*P~1f
,defined as following :

A+p-1 — 1
DAPTH(W)= 5 e fW)
_ o TI'(A+p+k+1) ; %
wP +Zi=pmaiwl ,>—p, WeEU".
In particular , we have
A+p-1 R R | o TA+ptw+1) g
(D fw)) =—pw +2izpl rOsp) sy 4

Aep—1 “:_ o —p—2 o i TA+p+i+l) o
(DHPTf(wW))  ==p(—p = Dw P+ Bl — D) A
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A+p—1 (P+q-1)! —p— o T4p+i+1) i j—
D W)= oy D W P g iy Y
Definition (2): Let fe Abe given by (1) . The class &,(8, a,n, ) is defined
_ o [ 0Py @+ Dwa DM (W)
Pl and _{f A or ) T -owt (DA e | ﬁ}' ©
{f0<p<1,0<a<1,0<n<1,A>-ppi€eN={12.},weU’q€ENy_NU][0]}

This kind of study was carried out by several different authors such as Cho et al [3], Atshan and
Buti[4], Altintas et al [5], Liu [6] Joshi et al. [7], and Aouf and Shammaky[8], studied meromorphic
univalent and multivalent functions for another class.

2. Coefficient Bounds

We get a necessary and sufficient condition for f to be in the class &, (8, a,n, 1).

Theorem (1): Letf € A" Thenf € &,(B, a,n, ), ifand only if

q+1

T +p+i+1) il _B+“(p+1)—8(n—oc) .
zpFO\+p)(i+1)!(i— a—D!|" i—q i <
D 0+ @) + (g - m) ~ 11~ )], @

for(0<p<10<a<n<1,A>-ppi€eN={12,.},welU"q€N,=NU{0}.
sharpness of the result following by setting

—1)!

I %[ﬂ((mmﬂq—n))—nu—m]

fW)=w ™+ rorprn RGOS D)
T+p)G+1)I(i-q— 1)vl“ i—q

proof: Assume that the inequality (4) holds true and let |w|= 1 we have .
w1 (DMP-1r(w)) T 4 n(p + DWI(DMPLf(w))

=B w027 = @i (DH e

— n(@+q)! a+1y,,-p o TF'(A+p+i+1) ni! n(p+D(p+q-1)! . PE—

N (p—1)! o D +Zl =P r(A+p)(i+1)! (i-q- 1)| '+ (p-1)! =Dw

y FA+p+i+1) n(p+Dil T(A+p+i+1) il
=0 Towp)a+D)! (-q)

whi>p

:8 (P‘HI)( 1)q+1 _p+2i=p aiwi +

(p—1)! FA+p)+1)! (i—-q—1)!
Mm+DP+a-D! . g —p w TA+p+i+1) M+Di!
(p-1)! (=Dw +Zl=p rA+p)(i+1)! (i-q)! |
_|voo r'(A+p+i+1)  ni! p+1 ne+D@E+9-D! - g1 _
_|Zi=P TO+p) G+ D! (i—q—1)! 2 (1+ )+ (p-1)! D1 -aq)

i TA+p+i+1) il

n- (p+q-1)!
TA+pG+DIG—q-D! " (1+1—q)+

qw, P
oo CDW @ o)

+ M- a)

o T'(At+p+i+1) il n(p+1)—l3(n—oc) (p+q-1)!
S Zl pr‘()\+p)(1+1)| (1 q- 1)' [rl B i—q ]al [ (p 1), [B((p + a) + (q 7’)) -

n(1 - q)]| < 0, by hypothesis.

Hence by maximum modulus principle , f€ &,(8, a,n, A).
Conversely,suppose that fe &,(B, a, 1, 1).
Hence

nwaHL(DMP1E(w)) T 4 + 1)29( DMP1F(w))A

Wq+1( DMP=1f(w)) a+1 + (n — @)wa( DA*P-1f(w))a
Z?op F(A+p+i+1)  ni! (1 p+1)  n(p+1)(p+g-1)! (-19(1-q) < ,8

TA+p)(i+D)!(-q— Plke i-q (p—1)!

o0 T(A+p+i+1) il n-ao\, (p+q-1)!
520 TSt w1(1T. ) oo CDWTP(-(+a)+(-a)
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Since |Re(w)|<|w| for all w, we have
Zoi l"()\+p+.i+1) ni! awl (14 p+1\ , n(p+1)(p+q-1)! (- 1)q(1 )
Re{ 2 w! (1) <p

F(A+p)(i+1)!(i-q-1)! i-q (p-1)!

0 TA+p+i+1) i L n-a), (p+gq-— 1),
Zi=17 1“(}\+p)(i+1)!(i—q—1)l“1Wl (1 i— q)' (p—-1)! ~DIWTP(=(p+a)+(n-a)

We can choose the value of z on the real axis, so that wa( D**P=1f(w))dis real, let w— 1~. Through
real values , we get the inequality (4) . sharpness of the result following by setting

(prq-1)! [B((p+a)+(q m)-n(1-q)]

) (p—-1)!
f(W) =w + T(A+2p+1) p! n—B+ n(p+1)-B(—-a)

T(A+p)(p+1)!(p—q- 1)l p—q

i

w i=p (5)

the proof is complete.
Corollary(1): Let f€ &,(8, a,n, 4). Then
1
($5HM@+m+m m) = n(1-q)]
%4 = Tos2ptD) [ B+ n(p+1)—8(n—a)] ’
YSS ey cmrryr] U P

where
0<Bp<10<a<1,0<n<1,A>-ppi€eN{12,.},welU"q€N,=NU/{0}
Theorem (2): The fe ¢,(B, a, n, 1) is closed convex linear combination.

Proof: Suppose the function
o T'(A+p+i+1)
=P r(A+p)(i+1)! 1W !

fiw)=w™P + 3 a;;=0,j=12,peE N, (6)

be in the class fe £,(B8, a,n, 1), Its sufficient is show that the function h(w)€ &, (8, a,n,4) defined
byh(w)=(1 — t)f; (W) +f,(w) € &,(B,a,n, 1) ,0<t <1
since h(W)=w P + 322 [(1 — )a;q + ta;,|w',0<t < 1. (7)

By making use of theorem (1) , we see that

FA+p+i+D i )[—B+”(p+1)_8(“_°‘)][(1—t)ai,1+tal,2]

LTO+ )+ DG i—q
<=0 B+ 0 + g -m) - 01— )
+ t%;q—[ﬁ((p+a) +(q—m) - n(1-q)]

_ o T'(A+p+i+1) i! np+1)—-BM—a) o T(A+p+i+1) i!
‘(1_t)Zi=Pr(A+p)(i+1)l(i q-1)! [T]—B+ i-q ]airl +edis =PT(A+p)(i+1)! (i-q— 1)|[“ B+
(p+1)-B(N—-) +q-1
M0y, < ELRB((+a) + (@ -m) -~ -9)].
Hence h(W)€ &, (8, a,n,1).
The proof is complete.
3.Distortion theorems
In the following theorem , we obtain growth and distortion bounds for the function f €
&(B,a,m, A).
Theorem (3) : If the functionf € &,(8,a,n, 1) ,thenfor  O<|w|< 1.
+q-1
@D p((p +a) + (@ —m) —n(1 - q)]
o wlP < |fw)
|w|p F(A+2p+1) p! [ _B+n(p+1)—8(n—a)] -
T+p)(p+ D! (p-q-1! | p—q

@”1WM@+m+m m) —n(1 - q)]

(p—1)!
=Twpp T Taazprn [ g 1 D0 [wiP. (®)
r(x+p>(p+1>'(p o [N p—q
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The result is sharp and attained for

p(;ql)l,) [B(o+ )+ (@—m)—n1—q)]

— p
lwlp _L@Q+2p+1) p! [T] _B+n(p+1)—6(n—a)] Iwl ©)
r+p)(p+1! (p—q-1)! p—q
Proof: Let f € &,(B, a,n, 1), then
[fW)I=|w™P + X2, aw'| < |w|™ + B2, aglw | < Iwl™P + [w|P B2, a;
By theorem (1), we have
i [B((p+a)+(q m)-n(1-q)]
Zl pal = T@+2p+1) __ p! —B+ ,n(p+1)-B(-a)
T(A+p)(p+1)!(p—q- 1)l p-q
Thus
+q-1)!
1 BB+ @+ (@-m) -1 -q)
fW < o+ wl
wlp = _T+2p+1) p! [ﬂ B+ n(p+1)—6(n—a)]
FA+p)(p+1)! (p—q-1)! p—q
Similarly, we have
fWI= w|™? = ZZ,ailw'| = [wl™ = [w]P X2, a;
(p+q-1)!
LB+ o+ @-m)-n1-q)
Fw)l = w|P ~ T(Q+2p+1) p! [ _B+n(p+1)—8(n—oc)] Wl
TP (p+1)! (p-q-1)! [ P
Hence result (8) follows . The proof is complete.
Theorem (4) : If the function f € &,(B, a,n, 1), then for 0 <|w|< 1,
+q-1)!
p BB+ ) @ -m)-na-a)]
TV BT P P 2V 0] WP < |fw)l
FA+p)(p+1)! (p—q-1)! p—q
(p+q-1)!
p ppqn,zﬂﬁ(uo+c0-+(q m)-n-9]
=t T Tarzp [ — p + Xr DB WP
ITA+po+1Y(p q-1)! p—q

The result is sharp and achieved for the function given by (9)
Proof: Let f € &,(B8, a,n, 1) then

B p[B((p+ @) + (g —m) —n(1 - )]

i} p—1
|f(W)| = |W|p+1 + I'(A+2p+1) p! [ _ B +n(p+1)—B(n—oc)] |W| '
TA+p)(p+D! (p—q-1)! L] p—a
On the other hand
LAIL wlP—1
|f( )| |p+1 ;lallwl | |p+1 | Zp l|W|p+1
(P+q-1)!
zﬂyMM@+m+m m)nu—@] -
 _TQ+2p+1) [ 8 +n(p+1)—B(n—a)] wiP™
Ty Temey ] U P

The proof is complete.

4. Radii of starlikenss and convexity

In the following theorem we obtain radii of starlikeness and convexity.

Theorem (5):Let f € &,(8, a,n, 1), then fis meromorphically multivalent starlike of order §
(0 <6 <p) . Inthedisk |w|< ry,where
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[‘(7\+p+.i+1) §p+6)i! [“‘B : 'r](p+1?—[3('r]—oc) ﬁ
r a, ,A,(S =inf l"();+p?(1+1)!(1—q—1)! i-q 11
1B eom2,0) =in, {(p(;f;)l!)'(HZp—S)[ﬁ((p+a)+(q—n))—n(1—Q)] D
Proof : It is sufficient to show that
Zf(w)+p‘£p—5, 0<p<d (12)
fw)
for (w|< (8, @, n, 4, 8) , we have
wf (w) ‘ _ ‘Wf(W) +pf(w)| _ ‘—pW"’ + XiZpiaw! +pw P + 32, paw!
fw) fw) wP 432, awt
_|BEpG+ paw!| _ BE,G + p)alw] P
wP+ Y2 aw| T 1-32 aw|tP
The last idiom above is bounded by p — ¢ if
o +2p-8 ;
I pf’a a;|w|i*? < 1. (13)
In view of (12),that follows (13) is right if
i+2p—5 l+p
TS |l <
Q+p+itn) il NP +D-BM-) (A+p+i+1) (p+8)i! NP +D-BM-) i
g(xrg)?i::)!(i-q-n![n_ﬁ = p+1i—q - ] 5(7\3)?13)!(12-1)!{7]_8 = p+1i—q - ] P
+g-1! w| < P+q-D! (14)
oot B ((@+a)+(a-m)-n(1-q)] oo (+2p=8)[B((p+a)+(@-m)-n(1-a)]
Theorem (5) follows easily from (14).
Theorem (6): Let f € £,(B, a,n, 1), then fis meromorphically multivalent convex of order §
(0 <6 <p).Inthedisk |w|< r,,where
F(A+p+.i+1) §p+6)i! [n_6+n(p+1?—ﬁ(n—a)] ﬁ
r a, ,A,é‘ —inf. 1"(}\_+p')(1+1)!(1—q—1)! i-q 15
(6,04, 8) =infy {%(mp—a)[ﬁ((p+a)+(q—n))—n(1—q)] (15)
Proof: it is sufficient to show that
f(w)
1+——=+p[<p-94, (0<p<9d) (16)
fw)
for |w|< (B, a,1n, 4, 8) , we have, we have
fw) _ [wiwm+aspfm| _
‘1+f(w)+p‘_| 7o)
P+ DW= P43 i(i-Daw T -p(p+ )W PTD4ER i(p+Daw! ™t
| —pw‘(P+1)+Z‘i’§p iqwi-1
| ZEpiG+paw YiZp (i + pag|w|™*P
—pw= @D + 32 iawiTH T p = X2, alw[P
The last expression above is bounded by p — § if
Si(i+2p -0 .
zwalwwyw < 1. a7
p(p—96)

In view (16) , it follows that (17) is true if
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I'(A+p+i+1) il _ n(p+1)-BMm-a)
TP (i+D)! (—q-1)! [T] B+ i—q

: w
TL2[B(( + @) + (g =) —n(1 - )

F(A+p+i+1) (p+d)i! [ _B+n(p+1)—6(n—a)] i+p
FA+p)(i+1)! (i—-q—1)! i—q

@D 1 2p - )B((p + ) + (g —m) (L — )]

(i+2p—19)

p_5 I |L+p

(18)

Theorem (6)follows easily from (18).

5. Neighborhoods Property

We defined the (i, §)-neighborhoods of functionsf(w)€ &, (8, a, n, ).
Definition( 3)[ 9]:For fe€ &,(B, a,n, A), of the from (1), and § = 0. We define.

_ _(9:g€epgw)=w ‘p+2f°pbwand2lpl|al b|<6}
Nis(gif) = | S 19)
and private, for the identity function

e(w) =w™P,

we immediately have

Nos(e f) _{g gEepgw) =wP+3¥2 bw ‘and Y2 p bl <6} (20)

0<6<1

We will study neighborhood result of the €, (8, a, 1, 4),due to Goodman[10] and Ruscheweyh[11]
Definition (4) : A function fe M is saidto be in the class £, (8, a, 1, 1) if there exist a functiong €
&y (B, a,m, A) such that

f(w) |
—-1|<1- o, welU,0<p<1).
gw)
Theorem (7): If g € &,(B8,a,n, 1) and
F'(A+2p+1)  p! 77 BLn(vH)(B(n a)]
T(A+p2+p) (p—q-D!L p—q ' (21)

=1-
v BB (o +a)-(a-m)-n(1-q)]

Then N; 5s(g) € &, (B, a,n, 4)
Proof : Let f € N; s(g). Then we find from (1) that

Zilai—bil <6,

i=p
which implies the coefficient inequality
YiZplai —bi| <6, (i €N).
Since g € &,(B, a,n, ), then by using theorem (1), we get
—-1)!
Z (’;;ql),) B +a) = (@@=m-n -]
bi < F(/1+2p+1) p! 4 1@+ DE0-)
S e
o +2p+ n(p+ n-a
f(w) _ | Yizpla; — byl I(A+p2+p)  (p—q—1)! [77 B+ p—q —1-¢
—yY%® ph = (ptg-1) - '
gw) =250 L2 +a) ~ (g —m) —n(1 - )]

By definition (3), f€ &,(B, a, 1, A) for ¢ given by (21).
This completes the proof.
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