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Abstract 
   E. C. Posner proved that if ߣ and ߜ are derivations of a prime ring ܴ with characteristic 
not equal 2 , then  ߜߣ = 0  implies that either  ߣ = 0  or  ߜ = 0 . David W.Jensen extend 
this result by showing that , without any characteristic restriction , ߜߣ௠ = 0  implies 
either  ߣ = 0  or  ߜସ௠ିଵ = 0 , also he proved that ߣ௡ߜ = 0  implies either ߜଶ = 0  or  
ଵଶ௡ିଽߣ = 0 , and finally , in general when  ߣ௡ߜ௠ = 0 , he showed that if  ߣ  and  ߜ  are 
commute , then at least one of the derivations must be nilpotent .Here we ask the 
possibility if the same results of  David can be satisfied on ܴ  with replacing the 
derivations  ߣ  andߜ with centralizers  T  and  G. 
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 المتمركزات عدیمة القوى في الحلقات الأولیة

 

 فاتن عادل شلال ،عبد الرحمن حمید مجید 
 العراق ،بغداد  ،جامعة بغداد  ،كلیة العلوم  ،قسم الریاضیات 

 
 :الخلاصة 

ߜߣ ت  إذا كان,   R2≠بحیث إن ممیز إل  Rمشتقات لحلقة اولیة   ߜو ߣانه إذا كانت  اثبت بوسنر    = 0   
ߣ فأنه  اما   = ߜأو 0 =   إن, Rوسع دافید هذه النتیجة بحیث بین انه بدون إي قید على ممیز أل.  0
௠ߜߣ = ߣیحقق  اما    0 = ସ௠ିଵߜاو    0 = ߜ௡ߣواثبت ایضا ان ,  0 = ଶߜیحقق  اما    0 = او    0

ଵଶ௡ିଽߣ = ௠ߜ௡ߣو اخیرا  اثبت بصورة عامة انه اذا كان    0 = تتبادل مع بعضها  فأنه على  ߜو  ߣ,   0
  .المتمركزات   على بتطبیق نتائج دافید الثلاثة  خلال هذا البحث سنقوم . الاقل واحدة منهم تكون عدیمة القوى 

 
Introduction: 
   Throughout this paper ܴ will represent an associative ring. Recall that ܴ  is a prime ring if ܴܾܽ = 0  
implies that  ܽ = 0 or ܾ = 0 (whereܽ, ܾ ∈ ܴ) , and  ܴ  is semiprime ring if ܴܽܽ = 0  implies that  ܽ = 0  
 (Whereܽ ∈ ܴ) . A ring ܴ  is n-torsion free if  ݊ݔ = 0  implies that  ݔ = 0 (where ݔ ∈ ܴ and n is a positive 
integer) . An additive mapping  ߣ:ܴ → ܴ  is called a derivation if  (ݕݔ)ߣ = ݕ(ݔ)ߣ +  holds for  (ݕ)ߣݔ
allݕ,ݔ ∈ ܴ . An additive mapping  ܶ:ܴ → ܴ  is called left (right) centralizer if  ܶ(ݕݔ) = (ݕݔ)ܶ) ݕ(ݔ)ܶ =
∋ ݕ, ݔ  holds for all  ((ݕ)ܶ ݔ ܴ . T is called centralizer if it is both left and right centralizer. A centralizer 
is said to be nilpotent if  ܶ௡(ݔ) = 0  for some fixed integer n. An additive mapping  ܶ:ܴ → ܴ  is called 
left (right) Jordan centralizer in case ܶ(ݔଶ) = (ଶݔ)൫ܶ ݔ(ݔ)ܶ = ݔ ൯  holds for all(ݔ)ܶݔ ∈ ܴ. Following 
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ideas from [1] ,Zalar has proved in [2] that any left (right) Jordan centralizer on a 2-torsion free semiprime 
ring is a left (right) centralizer. J. Vukman [3] shows that for a semiprime ring ܴ with extended centroid C 
if 3ܶ(ݔݕݔ) = ݔݕ(ݔ)ܶ + ݔ(ݕ)ܶݔ + (ݔ)ܶݕݔ   holds for all  ݕ,ݔ ∈ ܴ  then there exists ߙ ∈ ܥ  such that  
(ݔ)ܶ = ݔ  for all , ݔߙ ∈ ܴ .Other results concerning centralizer in prime  and  semiprime  ring  can  be 
found  in  [4 -9] . David W. Jensen [10] showed that ,if  ߜߣ௠ = 0  implies either  ߣ = 0  or ߜସ௠ିଵ = 0 , 
also he proved that  ߣ௡ߜ = 0  implies either  ߜଶ = 0  or  ߣଵଶ௡ିଽ = 0 , and finally , in general  when  
௠ߜ௡ߣ = 0 , he showed that  if  ߣ  and  ߜ  are commute , then at  least one  of  the derivations  must  be  
nilpotent .Here we ask the possibility if the same result can be satisfied on ܴ with replacing the derivations  
 .with centralizers  T and  G  ߜ  and  ߣ
   First  we  shall prove the  following two Lemmas  which shall be used  throughout the  proof  of our  
results : 
Lemma 1: Assume ܶ  is a centralizer of a prime ring ܴ  and there is a nonzero element  ܽ ∈ ܴ , such that  
ܽ(ܶ௡ܴ) = 0  or  (ܶ௡ܴ)ܽ = 0 , then ܶଶ௡ିଵ = 0 . 
Proof:  Assume first  ܽ(ܶ௡ܴ) = 0 . Then for all  ݕ,ݔ ∈ ܴ  we have : 

ܽܶ௡(ݕݔ) = ݕ,ݔ  for all   , (ݕ)௡ܶݔܽ ∈ ܴ                                         (1)  
Replacing ݕ in (1) by ܶ௡ିଵ(ݕ) yields that  ܽܶݔଶ௡ିଵ(ݕ) = 0 , for all , ݕ ∈ ܴ . Therefore , ܴܽܶଶ௡ିଵ(ݕ) =
0  , for all ݕ ∈ ܴ . Hence since ܴ is a prime ring and  ܽ ≠ 0  we have that   ܶଶ௡ିଵ(ݕ) = 0,   for all  ݕ ∈ ܴ 
, so  ܶଶ௡ିଵ = 0 . 
Similarly , if  we  begin  with  (ܶ௡ܴ)ܽ = 0  we  can  get  that   ܶଶ௡ିଵ = 0  . 
Lemma 2 : If  T and  G are centralizers of a prime ring  ܴ  and TG = 0, then either  ܶ = 0  or  ܩଶ = 0 . 
Proof:  For  all  ݕ,ݔ ∈ ܴ , we have  
0 = (ݕݔ)ܩܶ = (ݕ(ݔ)ܩ)ܶ = ݕ,ݔ  for  all ,  (ݕ)ܶ (ݔ)ܩ ∈ ܴ                           (2) 
Replacing  ݔ  by (ݔ)ܩ  in  (2)  we get that  ܩଶ(ݔ) ܶ(ݕ) = 0   , for all  ݕ,ݔ ∈ ܴ . 
Assume  ܩଶ(ݔ) ≠ 0 , then by Lemma 1  we have that  ܶ(ݕ) = 0, for all  ݕ ∈ ܴ , hence  ܶ = 0 . 
   Next we will prove the main results in this research which will show that for a prime ring  ܴ  and 
centralizers ܶ,ܩ  of  ܴ , if  ܶ௡ܩ௠ = 0  , then at least one of  the centralizers will be nilpotent if  ݊ =
1 ,݉ = 1  or  ܶ  and  ܩ  are commute .  
Theorem 1 : Let  ܶ  and  ܩ  be centralizers of a prime ring  , and let  ܶܩ௠ = 0  where  ݉  is a positive 
integer . Then either  ܶ = 0  or  ܩ௥ = 0 , where  ݎ ≤ 4݉ − 1 . 
Proof : We proceed by induction , when  ݉ = 1 , Lemma 2  implies that the result is true . Assume the 
theorem is true for  ݉ = 1,2, . . . ,݇ − 1 .  
Now assume  ܶܩ௞ = 0 , then for all  ݔ  and  ݕ  in  , 
(ݕݔ)௞ܩܶ = ܶ൫ܩݔ௞(ݕ)൯ = 0                                                   (3) 
Replacing  ݔ  by  ܩ௞ିଵ(ݔ)  and  ݕ  by  ܩ௞(ݕ)  in (3)  yields 
0 = ܶ൫ܩ௞ିଵ(ݔ) ܩଶ௞(ݕ)൯ = (ݕ)ଶ௞ܩ((ݔ)௞ିଵܩ)ܶ = ݕ, for all ,  (ݕ)ଶ௞ܩ(ݔ)௞ିଵܩܶ ∈ ܴ . 
If  ܶܩ௞ିଵ(ݔ) ≠ 0 , then by  Lemma 1  we get  that  ܩସ௞ିଵ = 0   . On the other hand if  ܶܩ௞ିଵ(ݔ) = 0  for 
all ∈ ܴ , then by induction hypothesis we get that the theorem is true . 
Theorem 2 : Let  ܶ  and  ܩ  be centralizers of a prime ring  , let  ܶ௡ܩ = 0 , where ݊  is a positive integer . 
Then either  ܩଶ = 0  or  ܶ௧ = 0  , where  ݐ ≤ 12݊ − 9 . 
Proof :  Let ܵ  be the set of  all centralizers of  ܴ . 
Claim : ܵ is a Lie ring . 
Let ܶ,ܩ ∈ ܵ, 
(ܶ − (ݕݔ)(ܩ = (ݕݔ)ܶ − (ݕݔ)ܩ = ݕ(ݔ)ܶ −  ݕ(ݔ)ܩ
= ൫ܶ(ݔ) − ݕ൯(ݔ)ܩ = (ܶ −  . ݕ (ݔ)(ܩ
Hence  ܶ − ܩ ∈ ܵ . 
Now  we want to prove  ܶܩ ∈ ܵ . 
(ݕݔ)ܩܶ = (ݕ(ݔ)ܩ)ܶ =     . ݕ(ݔ)ܩܶ
So  ܶܩ ∈ ܵ  .  Hence  ܵ  is a ring . 
Now , 
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ܩܶ) − (ݕݔ)(ܶܩ = (ݕݔ)ܩܶ −  (ݕݔ)ܶܩ
= ݕ(ݔ)ܩܶ − ݕ(ݔ)ܶܩ = ܩܶ) −  ݕ (ݔ)(ܶܩ

Thus  ܶܩ − ܶܩ ∈ ܵ . Hence  ܵ  is a Lie ring of  ܴ . 
Therefore  [ܩ, ܶ] = ܶܩ − ܩܶ   is a centralizer  of  ܴ ܶܩ] ,  − ܩܶ ,ܶ] = ଶܶܩ − ܶܩ2ܶ + ܶଶܩ    is a 
centralizer , also  [ܶܩଶ − ܶܩ2ܶ + ܶଶ ,ܶ] = ଷܶܩ − ଶܶܩ3ܶ + 3ܶଶܶܩ − ܶଷܩ  is a centralizer . Continue  
in  this way  we may conclude that 
  ∑ ቀ2݊ − 1

݅ ቁଶ௡ିଵ
௜ୀ଴ (−1)௜  ܶ௜ܶܩଶ௡ିଵି௜  is a centralizer                              (4) 

The coefficients are not germane to the rest of  the proof , so we suppress them from here on out .Using 
the assumption that  ܶ௡ܩ = 0 and (4) we get that   ܶܩଶ௡ିଵ + ଶ௡ିଶܶܩܶ + . . . +ܶ௡ିଵܶܩ௡  is a centralizer. 
Since 
ଶ௡ିଵܶܩ)  + ଶ௡ିଶܶܩܶ + . . . +ܶ௡ିଵܶܩ௡)ܩ = 0                                       (5) 
Then by applying  Lemma2 on (5)  gives us that  ܩଶ = 0  or 
ଶ௡ିଵܶܩ + ଶ௡ିଶܶܩܶ + . . . +ܶ௡ିଵܶܩ௡ = 0                                              (6) 
If  ܩଶ ≠ 0  , then premultiplying (6) by ܶ௡ିଵ  and using ܶ௡ܩ = 0  to obtain  ܶ௡ିଵܶܩଶ௡ିଵ = 0  . 
Premultiplying (5)  by ܶ௡ିଶ   it  follows  that  

ܶ௡ିଶܶܩଶ௡ିଵ + ܶ௡ିଵܶܩଶ௡ିଶ = 0 

 
⇒ (ܶ௡ିଶܶܩଶ௡ିଵ + ܶ௡ିଵܶܩଶ௡ିଶ)ܶ = 0 

 
⇒ܶ௡ିଶܶܩଶ௡ିଵ = 0 

Premultiplying (6) by ܶ௡ିଷ  it follows  that  
ܶ௡ିଷܶܩଶ௡ିଵ + ܶ௡ିଶܶܩଶ௡ିଶ + ܶ௡ିଵܶܩଶ௡ିଷ = 0 

 
⇒  (ܶ௡ିଷܶܩଶ௡ିଵ + ܶ௡ିଶܶܩଶ௡ିଶ + ܶ௡ିଵܶܩଶ௡ିଷ)ܶଶ = 0 

 
⇒ܶ௡ିଷܶܩଶ௡ାଵ = 0 

Continuing  this  algorithm we arrive at  ܶܩଷ௡ିଶ = 0 . 
Applying Theorem 1  completes the proof . 
Theorem 3 : Assume ܶ and G  are centralizers of a prime ring ܴ , and assume  ܶ௡ܩ௠ = 0  , where n and  
m  are positive integers . If  T  and  G  are commute then at least one of  them  is nilpotent . 
Proof : First by our hypothesis we have  for all  ݕ,ݔ ∈ ܴ 

0 = ܶ௡ܩ௠ ቀܶ௠௡(ݔ)ܩ(௠ିଵ)௠ܶ௡ିଵ(ݕ)ቁ = ܶ௡ ቀܶ௠௡(ݔ)ܩ௠మܶ௡ିଵ(ݕ)ቁ 

= ܶ(௠ାଵ)௡(ݔ)ܩ௠మܶ௡ିଵ(ݕ) 
If ܶ௡ିଵܩ௠మ ≠ 0 , then by using Lemma 1  we have that   ܶଶ(௠ାଵ)௡ିଵ = 0  . 
If   ܶ௡ିଵܩ௠మ = 0 . Hence , for  ݕ,ݔ ∈ ܴ 

0 = ܶ௡ିଵܩ௠మ ቀܶ௠మ(௡ିଵ)(ݔ)ܶ௡ିଶܩ൫௠మିଵ൯௠మ(ݕ)ቁ 

= ܶ௡ିଵ ቀܶ௠మ(௡ିଵ)(ݔ)ܶ௡ିଶܩ௠ర(ݕ)ቁ 

= ܶ൫௠మିଵ൯(௡ିଵ)(ݔ)ܶ௡ିଶܩ௠ర(ݕ) ,  for all  ݕ,ݔ ∈ ܴ . 
If  ܶ௡ିଶܩ௠ర ≠ 0 , by Lemma 1  we have that  ܶଶ(௠మିଵ)(௡ିଵ)ିଵ = 0 .  
If  ܶ௡ିଶܩ௠ర = 0   continue by applying the same way above we arrive at  ܩ௠మ೙ = 0  . Then G is a 
nilpotent centralizer . 
Remark 1: The assumption that  ܴ  is prime is essential, as the following example  shows : 
Example : Let  F  be a field and ܦଶ(ܨ) the ring of  2 by 2  diagonal matrices over  the field  F  , and let  T, 
G  be centralizers  of  ܦଶ(ܨ) defined  by  

ܶ ൬൤ݔ 0
0 ൨൰ݕ = ቂݔ 0

0 0ቃ   and   ܩ ൬൤ݔ 0
0 ൨൰ݕ = ൤0 0

0 ݕ,ݔ ൨  , for allݕ ∈  ܨ

   Easily one can show that the centralizers commute with each other , and  TG = 0 , but  none  one  of  the  
centralizers  are  nilpotent . 



Majeed and Shalal                                             Iraqi Journal of Science, 2015, Vol 56, No.1A, pp: 214-217 

217 

Remark 2: In this research we applied the same results in [11] by using centralizers instead of 
derivations, so we shall give examples to illustrate that there is no relation between derivation and 
centralizer. 
Example 1: Let  F  be a field and ܦଶ(ܨ) the ring of  2 by 2  diagonal matrices over  the field  F  , and let  
T  be a mapping  of  ܦଶ(ܨ) defined  by  

ܶ ൬൤ݔ 0
0 ൨൰ݕ = ቂݔ 0

0 0ቃ   , for all ݕ,ݔ ∈  ܨ

Easily one can show that  T  is a centralizer but it is not a derivation . 
Example 2: Let  ܴ  be the ring of 2 by 2 upper triangle matrices over a field, and let  d  be a mapping  of  
ܴ defined  by  
݀ ቀቂݔ ݕ

0 ቃቁݖ = ቂ0 1
0 0ቃ ቂ

ݔ ݕ
0 ቃݖ − ቂݔ ݕ

0 ቃݖ ቂ
0 1
0 0ቃ   , for all ݕ,ݔ, ݖ ∈  ܨ

Then d is a derivation but not centralizer. 
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