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Abstract

In this work, the Banach contraction principle is generalized to a new formula.
Then, it is used to give the guarantee conditions for the existence of common fixed
point for set valued mappings defined on complete partial b-metric spaces. In
addition, some results in connection with the existence of a fixed point for a set-
valued mapping defined on a partial b-metric space are given. Some examples are
established to illustrate our results.
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1- Introduction
Mohammad Imdad et al. in 2014 [1] proved some new common fixed point theorems in

metric spaces for weakly compatible mapping that satisfy an implicit relation under different
sets of conditions.

The existence and uniqueness of coincidence and common fixed points for a pair of self-
mappings defined on generalized metric spaces with a graph was proved by Karim Chaira et
al. in 2019 [2].

In 2021 Yusra J. and Samira N. [3] studied the coincidence points theorems for two pairs
mappings defined on a non-empty subset in a metric space by using the weakly compatible
between these mappings .
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Ishak A. Damjano et al. in 2010 [4] proved some common fixed point theorems for self-
mappings on ordered cone metric spaces in case the cone is not necessarily normal.

Czerwik in 1993 [5] introduced b-metric spaces by modifying the last property of the metric
space. In 2019, Hessian et al. [6] established rational condition in b-metric spaces. In the
same year, Qawagneh H. et al. [7] studied some applications in b-metric space. Nikola
Savanovi'c et al. in 2022[8] studied a hybrid pair of single and set-valued mappings and
discussed the common fixed points in b-metric spaces. Mitrovi” ¢ Z. et al. in 2020 [9]
presented some results about common fixed-point for quasi-contraction nonlinear mappings
in b-metric spaces.

Badr A. et al. in 2021[10] discussed common fixed point for the Proinov type mapping via
simulation function on b- metric spaces. Lili C. et al. in 2022 [11] devoted the existence and
uniqueness of common fixed points for two mappings in complete b-metric spaces by virtue
of the new functions F and 0.

In 1994, Matthews [12] introduced the notion of the partial metric space by adding the
non-self-distance property and proved the Banach contraction principle in this space. In 2020
[ 13], the existences of a fixed point for set valued mappings with some modifications for the
Banach construction principle in the Mathews’ space was studied.

In 2013 Calogero V. and Francesca V. [14] defined new implicit relations of contractive
conditions in partial metric spaces to study common fixed point theorems for two self-
mappings. Sigh S. et al. in 1989 [15] gave new ideas for common fixed points of hybrid pair
for single-valued and set-valued mappings.

Some theorems for the existence of a solution on the Voltera integral on dynamic
programming in Mathews’ space can be found in [16].

In [17] and [18], the integral inequality with some new classes is used to give the
guaranteed conditions for the existence of a fixed point for set valued mappings on complete
partial metric spaces.

In 2014, Shukla [19] defined a partial b-metric space by connecting with the Czerwiks
space and Mathews’ space.

In our work, we give some results and applications about a fixed point for a set valued
mappings and a common fixed point for two set- valued mappings defined on the partial b-
metric spaces.

2- Some Basic Concepts
The definitions of b-metric, partial metric space and partial b-metric space will be recalled.
(see [5],[22],[19]).

Definition2-1[5]

The space (Y,d,s) is a b-metric space where Y # @ and d:Y xY - [0,400) if the
following conditions satisfy:

(Mb1) d(u,v) =0 ifandonlyif u=v forall u,v €Y,

(Mb2) d(u, v) =d (v,u) forallu,v €Y;

(Mb3) d(u,v) <s[d(u,z)+d(z,v)],wheres>1 and u,v,z€Y.
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Definition 2-2 [12]
The space (Y, p) is called a partial metric space where aset Y # @ and if a function p :
Y XY - [0, 4+0) satisfies :
p1) Non-negativity and a self-distance, 0 <p (a,a) < p(a,b),a,b €Y,
p2) Indistancy implies equality, if p (a,a) = p(b,b) = p(a,b)then a=b;a,b €Y,
p3) Symmetry, p (a,b) =p (b, a),
p4) Triangular property, p (a,c¢) < p (a,b) + p(b,c) - p(b,b). Where a,b,c €Y.

Definition 2-3 [19]
A partial b-metric space( Y ,pb) isasetY and a function pb: Y XY — [0,+00) such
that for all u,v,w €Y, the following conditions hold:
(Pb.1) u=vifandonly if pb (u,u) = pb(u,v) = pb(v,v);
(Pb.2) Pb (u,u) <pb(u,v);
(Pb.3) pb(u,v) = pb (v,u);
(Pb.4) Pb (u,u) < s[pb(u,w) + pb(w,v)] —pb(w,w) , s=1 and w,v,w €Y.

Definition 2-4[19]
The sequence {y,, }in (Y ,Pb)istobe:
1- Converges if lim pb(y,,y) =pb(y,y),y €Y
n—-oo
2- Cauchy if lim pb(y,, yym) exists and is finite.
n,m—oo

3- (Y, Pb) is complete if every Cauchy sequence satisfies:
im pb(yn, ym) = lim pb(yn,y) = pb(y,y),y €Y

Definition 2-5 [20]
Let CBpb (Y) be all closed bounded subsets of (Y,pb), then for all M,N € CBpb(Y),
Housdorff partial b-metric space which denoted by Hpb on (Y, pb) is defined by :
Hpb (M,N) = max {dpb( M,N), dpb(N, M)} such that
Opb(M,N) = sup { fpb(u,N):u € M},
Opb(N,M) = sup { fpb(v,M):v € N},
Bpb(u,N) = inf{pb(u,t),t € N}.

3- Main Results
The Banach contraction principle is modified and used to prove the existence of a
common fixed point for set- valued mappings on partial b- metric spaces.
Two essential lemmas in our work will be recalled.
Lemma 3-1[21]
Let (Y,pb) be a partial b-metric space and M, N are closed bounded subsets of Y.Forall u €
M, then there exists y = y(u) € N and k > 1 with pb(u,y) < kdpb(M,N).
For more details, see [21].

Lemma 3-2[21]

Let (Y,pb) be a partial b-metric space , and M,N,W three closed bounded subsets in Y
then

a- Hpb (M ,M) < Hpb (M,N),

b- Hpb (M,N) = Hpb (N, M),

c- Hpb (M,N) < s[Hpb (M,W) + Hpb (W,N)] — inf, ¢y pb(W,w).

For more information, see[22].
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Two Set-valued mappings G,W : Y — CB(Y) defined on (Y,Pb) can have a common
fixed point under a modification contraction condition as will be proved.

Theorem 3-3

Let (Y,pb) be a complete partial b- metric space and G,W : Y - CB(Y) be two set-valued
mappings defined on Y which satisfy the contraction condition Hpb(Gu, Wv) < k L(u,v)
where L(u,v) = max{ pb(u,v),pb(u, Gu),pb(v,Wv)} and k € (0,1).Then, G,W have a
common fixed point.

Proof:

Assume that u, €Y, u; € Wu, ,then the following two cases will be discussed :
First :
If (ug,uy) =0,then uy = u;,s0 u, € Wu, , hence u, is a fixed point for W, G .
Second :
If L(ug,u;) > 0, then by using Lemma (3-1) with p > Osuchthat p+k <1 there is
u, € Gu, such that

pb(u, ,u) < Hpb(Gu,,Wuy) + pL(ugy,uq). (D

By the same way , there is u; € Gu, such that
pb(us,uz) < Hpb(Gu, ,Wuy) + pL(uy,uy). (2)

Thus, one can construct a sequence {u,,} in Y such that

& Umyr € Wy, Uiz € GUpyg -

b- L(upp1, Um) >0.

C- pb(u m+1,Um ) = Hpb (Gum: Wum—l) + pL(u m fum—l) :
d- pb (U2 Umsr) < Hpb (Gupyy, W) + pL(Umiq, tm)

However, we have Hpb (Gupiq, Wity,) < KL(U 141, Umm)

ThUS, pb(u m+2 0 U m+1 ) < kL(um+1 :um) + pL(u m+1,U m) < (k + p)L(u m+1,U m)-

Let w=k+p<1.

Hence pb(Umy1,Um) <@ LU peq,Um)
= @ max{ pb(Up-1,Um), Pb(Um—1, GUpm—1), PD (U, Wiky)}
Sw max{ pb(um—l ’ um)' pb(um—l' um)f pb( Um, um+1)}
=w max{ pb(um—ll um): pb( Um, um+1)}-

That is pb(u m+1,Um ) Sw max{ pb(u m-1U m)r pb( U m, um+1)}-

Now, the maximum value will be discussed as follows:
First: if max { pb(u 1, U ), PD( U, Umms1)} = PD( U, U i1)

Then pb(U 41, Um ) < WPb(U 1 Ume1) < PD(U pqq, UL, ) thatis contradiction.
Second: if max { ph(U m—1, U ), PP(U 1, Ums1)} =D (U g, U)o

then pb(U 41, Um ) S PO(U -1, U m).

Thus,

Pb(Umir Um) < @pb(Um_1,Um)
< wzpb(um—l 'um—z)
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< w¥pb Uy , Up—3)

< w™pb(uy,up).
Since w =k +p < 1,then {u,,}represents Cauchy sequence.
Since (Y, pb) be a complete partial b- metric space, then {u,,} convergesto a pointu inY.
That is 711_1)120 pb (U, u) = pb(u,u).

Now:

pb(um+2J WU) < Hpb(Gum+1 4 WU) )
< @ L1, w)
= W max { pb(um+1i U), pb(um+1i Gum+1)' pb (u' Wu)}
< ®w max { pb(um+1' U), pb(um+1' um+2)' pb(u' Wu)}

By the last property of the partial b-metric spaces, one can get the following:
pb (U, Wu) < s[pb (uy,u) + pb (u, Wu)] — pb (u,u)

But, lim pb (u,,, Wu) =pb (u, Wu).
m-—oo

Then, pb (u,Wu) < wpb(u, Wu).
Hence, (u, Wu) = 0, hence u € Wu.
That is u is a fixed point for W.

Now, by following the same previous steps for G, we get:
pb(um+Zr Gu) < Hpb(Gum+1 ’ Wu) )
Sw L(um+1' u)
= wmax {pb(um+1,w), pb (Um+1, Gms1), pb (u, W)}
< w max { pb (um+1: U), pb (um+1r um+2)' pb (u' Wu)}
pb(um,Gu) < s[pb(up,u) + pb(u, Guw)] — pb(w,u) < s[pb(um,u) + pb(u, Gu)].
But, lim pb(u,,, Gu) = pb(u, Gu) .
m-oo

Then, pb(u,Gu) < wpb(u, Gu).

Hence, (u,Gu) = 0, hence u € Gu.

That means w is fixed point for G.

Subsequently, wu is common fixed point for W and G.

The same contraction condition can be used to get another important result.

Theorem 3-4
Let (Y, pb) be a complete partial b-metric space, T : Y — CB(Y) is a set-valued mapping that
satisfies the following condition Hpb(Tu,Tv) < kL(w,v), L(u,v) =

max{ pb(u, v),pb(u, Tw),pb(v,Tv)}, k € (0,1), then T has a fixed point.

Proof:
Letu, €Y, u; € Tu, ,then two cases will be discussed:

First : if L(ug,uy) =0, then uy = u;,s0 uy € Ty, hence u, is a fixed point for T.
Second :

If L(ug,uy) > 0, then by using Lemma (3-1), with p > 0 suchthat p + k < 1 there is
u, € Tu, such that

pb(uy ,u) < pb(Tuy,Tug) + pL(up,uy) . 3)
As the same way , there is u; € Tu, such that
pb(us,u,) < Hpb(Tuy,Tuy) + pL(uy,up) . (4)

7067



Khaleel Iragi Journal of Science, 2024, Vol. 65, No. 12, pp: 7063-7072

Thus, one can construct a sequence {u,,} in Y such that

a- Uy ETUp—1,Uns1 €ETuy, .

b- L(u,,ump,meq)>0.

Cc- pb(u mrUm-1 ) = Hpb (Tum—l»Tum—Z) + pL(u m-1,U m—Z) .
d- pb(um+1 yUm ) < Hpb (Tum' Tum—l) + pL(u m 'um—l)-

But, Hpb (Tuy,, TUpm—1) < kL(Up , Up—q) -
ThUS, pb(u m+1,Um ) = kL(u m 'um—l) + pL( Um,u m—1) = (k + p)L(u m,u m—1)-
Let w =k + p < 1. Hence,
pb(Up, Upog) S LUy :um—l)
w maX{ pb(um ) um—l)» Pb(um—z' Tum—z)' pb( Um-1, Tum—l)}
w max{ pb(um—z » Um—1)) pb(um—z; Um—1), pb( Um-1, um)}
w maX{ pb(um' um—l)» pb( Um-1, um)}'
Thatis, pb(um , Um-1) < w max{ pb(um, Um-1), Pb (U1, Um)}.

A i

Now, the maximum value will be discussed as follows:
First: if max = pb(U g, U ), then pb(U py , Um—1) < WPb(U 1, U ) <
pb(u ., , U1 ), contradiction.

Second: if max =pb(U,, Um_1), then pb(U  , Um—q ) < Pb(U o U p_q)
Thus,
Pb(Um Um—1) S0 pb(Um—2,Um-1)

< 0’pb(Up—z , Um-3)

< 0 pb(Up-3 , Um-4)

< w"pb(uy,ug).
Since w =k +p <1,then {u,,}is Cauchy sequence, and thus it converges to some point
uinY.
That is 7ll_r)ilo pb(uU,,, u) = pb(u,u).
Now:
pb(upmysq, Tu) < Hpb(Tu,, ,Tu))

< w L(up,u)

= w max { pb(u,, u), pb (U, TUy), pb (u, Tu)}

< w max { pb(um, w), pb (U, Um+1), pb(u, Wu)}.

By the last property for partial b-metric spaces, one can get :
pb(um—1,Tw) < s[pb (um-1,u) +pb (W, Tw)] —pb (w,u)
< s[ pb(upm—1,u) + pb (u, Tu)].

But, lim pb(u,,_,,Tu) = pb(u,Tu).Then, pb(u,Tu) < wpb(u,Tu).
m—oo

Hence, (u, Tu) = 0, thatis u € Tu which means u is a fixed point for T.

Another important result in complete partial b- metric space can be discussed in the
following theorem.
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Theorem 3-5

Let (Y,pb) be a complete partial b-metric space , G:Y — CB(Y) be a set -valued
mapping. for any u € Y there is y € I ={y € G(y):apb(w,y) < pb(u,G(w)}, a €
(0,1), I¥ c Y satisfying
pb(v,G (¥)) < kpb (w,y),k € (0,1), then G has a fixed point in Y providing k <
a,g(y) = p(y,Gy)isalower semi-continuous.

Proof:

For any initial point y, € Y, there exists y; €2° such that pb(y,,Gy;) < kpb(Vo,y1)
andfory, €Y, thereisy, € I2*suchthat pb(y,,G y,) < kpb(y.,ys).
Similarly , one can get a sequence {y,}>., suchthat y,., € I’ and

. pb(y‘n+1i G Yn+1 ) < k pb(ynl yn+1) ’ n= 0'1'2' (5)
Since, yn1€ I;" , then, apb (Y, Yns1) < pb(n, Gyn)
That is ,
pb(ynﬂyn+1) Sipb(yn' Gyn) y = 0'1'2"" (6)

By the inequalities (5) and (6), one can get the following inequality
k

Pb W Yne1) < 2 Pb(Ypo1,Gy) , n=0,1,2, ..

Now,

k
Pb(Yn Yns1) < =

[= Pb(Yn-2, GYn-2)]
< (5)2 2 pb(n-3, Gyn-s)]

=d 1=

a

< (S)” pb(¥o, G yo) -
Forany n,me N , one can get
pb (ynr y(n+m))
< s[pb(Y n ¥ n+1y) + PPV (ns1) Y 42))] — POV (n41) Y (nv1))
+ s[p(Y ez Y (nray)
+2(Y 4y Y rs))] — PV (ray ¥ (ney) + -+ S[P(Y name2) Y (nrm-1))
+ p(y (n+m—1):y (n+m))]

_p(y (n+m—1)ry (n+m—1)) :
Thus,

k k k ~

IﬂKYMPYW+mﬂ S[IE)H4—(a)n+1+.“+.(a)n+m l]pbbhl;y@
k n

= (111_)5 pb(¥5,G vo) = 0 as n > o dueto S < 1.

im pb (Y Ym) = limpb (yn , ¥o) = Pb(Yo, ¥o) -

Furthermore, Since { gy )In=o = {P b(¥n, Gy, ) }n=o is decreasing and bounded
below, hence it converges to zero . By the lower semi-continuous for g ,

0 <g(p) < limg(y,) = 0.
Hence, g (y) = 0 andthen p b(y,,Gy, ) = 0.

Thatis y, € G = yo =Gy, .

Now, since I c Gy, one can conclude the following corollary .
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Corollary 3-6

If (Y,pb) is complete partial b-metric space, H : Y — CB(Y) such that pb(y,Hy) <
kpb(u,y)
foranyu €Y,y € Hu and k € (0,1), then H has a fixed pointin Y.
4- Some Applications
For applications of the previous theorems, two examples will be studied in this section.
Example 4-1

For Y = & Sizsissin}u{on Set p,(k,1) = max {k,1} forallk,l €Y
(Y, pp) is a partial b-metric space with s = 2.
Now, define:
1 1 1
Fo -5 (=512
(1} [=1

1 1 1 1) .
Take w=1 €Y =>Fw)=F(3)= {5} i=12..
And u=1€eY =Fu)=FQ1)= {1}.
pb (W,F(W)) =inf {Pb ( w,wy), wy € F(w)} = inf{max {w,w} = Z,

Pb(u,F(u)) = inf { P, (W, up),uy € F(u)} = 1. i
H(F(w),F(w)) = % k max { Pb(u,w),Pb(u, F(w)),,Pb( w,F(v))}

max{ Pb(u,w), Pb(u, F(w)),Pb(w, F(v))}=1.
So, if k=2 €(0,0).

Then, H(F(w),F(w)) < kmax{Pb(u, w),,Pb(u,F(w)),Pb(w,F())}
Which means F has a fixed pointinY.

Example 4-2
1 1 1
LetY—{E PRRIREI z—n,}U{O,l}

Pb(k,l) = max{k,Ll} forall k,l € Y;Y isComplete Partial b- Metric Space.

)

define G: Y — CB(Y) as follows:

1 1
{—,1}, k= — n=20,12..
omn

{03} k=0
Let k== ,l=0,then Pb(k,1)= max{kl}= = ;

T oon 2n

G(k) =

1

Hpb(G(k),G(1)) = max{zin 0} =—

Zn
g (k) = pb(k,G k) =inf{pb(k,q),q € Gk} = inf {max (k,q),q € Gk}
Then
- k - 1,2,3
an =—-—, Nn=1,.4y,..
_ Jon 2n
g(k) 0 k=0

. . 1 k=1
Hence, g Is continuous.
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Furthermore, by definition of 1¥ = {q € G(k):apb(k,q) < pb(k,G(k)) };
There exists y € I, suchthatpb (¢,G (q)) = % pb(k,q).
Hence, by Theorem 3-5, the existence of a fixed point is guaranteed. =

5-Conculosions

We have been shown in our work, the set valued mapping can have a fixed point in
complete partial b-metric space if it is satisfied specific condition. Also, we have been proved
that two set valued mappings can have a common fixed point in complete partial b-metric
space if they are satisfied specific condition. Some applications are illustrated the previous
results.
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