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Abstract

The module M is cofinitely rationally closed weak supplemented module
(denoted by CRCWS-module) if every cofinite rationally closed submodule of M
has weak supplement submodule in M. The CRCWS- module is stronger generalize
of closed cofinitely weak supplemented modules. In addition, we present a rationally
closed weak supplemented modules (denoted by RCWS-module) which is a stronger
generalize of closed weak supplemented modules. The relationships of our concepts
to other related concepts was discussed and studied, and we give the conditions that
make them equivalent were given. And also, we gave the necessary condition that
makes the direct sum of RCWS-module (or CRCWS-module) is RCWS-module
(CRCWS-module).

Keywords: Cofinitely rationally closed weak supplemented module, cofinite
rationally closed submodule, closed cofinitely weak supplemented module.
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1. Introduction
Along this work, M is unitary R-module over a commutative ring R with identity.

According to Goodearl in [1], a submodule L is a rational submodule in a module M
(symbolized by L <, M if for each a,b € M with a # 0 there exists r € R such that b € L
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and ra # 0. Z(M) = {a € M|La = 0; for some essential left ideal L of R} is singular
submodule of M. If Z(M) = M, then M is a singular module and if Z(M) = 0, then M is non-
singular module.

Kasch in [2], was introduced the notion of a submodule L which is small (symbolized by
<sM),if E <M suchthat M = L + E implies E = M. Also, a submodule L is supplement of
E in M (symbolized by sup-submodule or L <g,,, M) ,if L+ E=Mand LNE <, L.

Clark and others in [3], was introduced M is a supplemented module (symbolized by S-
module), when every submodule of M has a sup-submodule. In our work recall the Jacabson
radical of M (symbolized by Rad(M)), which is the sum of each L <; M. A module M is &-
supplemented if for each B;submodule of M, there is a sup-submodule B, (or ws-submodule)
for B, which is a direct summand of M. In addition, introduced that a submodule L is weak
supplement of E in M (symbolized by ws-submodule or L <,,c M ), if L+ E =M and LN
E <, M. A module M is weak supplemented module (symbolized by WS-module), if any
E < M has a ws-submodule. For more details about the generalizations of supplemented
module see [4]

Abbas and Ahmed in [5], introduced that a submodule P is rationally closed submodule of
a module M (symbolized by P <,.. M or rc-submodule), if P has no proper rational extension
in M. In addition, M is rationally extending module (symbolized by RCS) if each E < M is
rational submodule in direct summand of M. For more details about the generalizations of
RCS module see [6], [7], and [8]. A module M is rationally closed @-supplemented
(symbolized by RC-@-supplemented) if every N <,. M, has a sup-submodule which is
direct summand, [8].

Qing and other in [9], introduced that a module M is closed weak supplemented ( and
symbolized by CWS-module ) if every closed submodule of M has ws-submodule in M.

In Section 2: we introduced and study RCWS-modules, as well as we explain the
relationship between CWS-module, RCWS-modulse and WS-module, also we give necessary
condition to make these concepts are equivalent. Finally, we investigated the isomorphic
between the RCWS-modules and another module.

In Section 3: first we present new concept of CRCWS-module such that we define a
submodule K is cofinite rationally closed of M (and symbolized by crc-submodule or
K <. M) if K cofinite submodule and rationally closed submodule of M. Also, we discuss
the direct sum of CRCWS-modules.

2. Rationally closed weak supplemented modules
Definition 2.1. The module M is rationally closed weak supplemented (symbolized by
RCWS-module), if every rc-submodule of M has a ws-submodule in M.

Remarks and examples 2.2.

1. Every weak supplemented module is RCWS-module. While, the converse is not
necessarily true, since Z as Z-module is RCWS-module, but it is not weak supplemented.

2. Any RCWS-module is CWS-module. If M is non-singular then every CWS-module is
RCWS-module.
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3. Every RCS-module is RCWS-module. But the opposite is not achieved. Note a Z-module:
Z, @ Z, is RCWS-module , but it is not RCS since < (2,0),(2,1) > and < (2,0) > are rc-
submodule but it is not summand.

4. Every RC-@-supplemented is RCWS-module. While the convers it is not necessary true,
asin (Zg @ Z, as Z —module) is RCWS-module, but not RC-@-supplemented.

From the above relationships, we get the following diagram:

WS-module
U
RCS-module = RCWS-module
U
CWS-module

Now, we will offer adequate conditions to make the reverse relationships above true:

Proposition 2.3. If M is a RCWS-module with Rad(M) = 0, then M is RCS-module.

Proof: Let M be a RCWS-module and D <,. M, so there exists a ws-submodule W for D in
M, suchthat D n W < M, but Rad(M) = 0, then D N W = 0. Hence, every rc-submodule is
a summand of M, and therefore, an M is RCS. m

We know that if M is a semi simple then all those concepts are equivalent (weak
supplemented, CWS-module and RCWS-module). Now, we give another condition for
equivalent:

Proposition 2.4. Let M be a RCWS-module, for each D < M there exists W <,.. M such that
D=W+SorW =D+ S'forsome S,S" <; M. Then M is weak supplemented.

Proof: Assume that there exists W <,. M such that +S"' = W , S’ <, M. But M is an RCWS,
then there exists F <, M ,suchthat F+W =M and FNW <; M. So, we have M = F +
D+S', but S"<;M then M=F+D and FND<FNW <, M. Hence M is weak
supplemented. m

In [3], we have, M is refinable module if for each D, W < M with M = D + W. Then there
exists a summand W' of M suchthat W' < W and W' + D = M.
Proposition 2.5. Let M be a refinable module and Z(M) = 0. Suppose that for each D < M
there exists W <,.. M (depending on D) suchthat D =W + S or W = D + S’ for some S, S’
small submodule in M. Then the following concepts are equivalent:
1. M is @-supplemented,;
M is S-module;
M is WS-module;
M is RCWS-module;
M is CWS-module.

a0

Proof: (1) = (2) itis clear.
(2) = (3) itis obvious.
(3) = (4) = (5) by Remarks and examples 2.2.
(5) = (1) itis follows from [9]. m
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In a RCWS-module M, the submodule of M is not necessary to be RCWS-module. For
example: if M = Q @ Z, as Z-module is RCWS-module (since it is weak supplemented by
[3]), but the submodule Z @ Z, as Z-module is not RCWS-module (since Rad (M) = 0 and
is not RCS module). In the next result we explain when is the submodule of RCWS -module
iIs RCWS-module.

Proposition 2.6. Let D @ F = M and M is RCWS-module, then D is RCWS-module.

Proof: Let D@ F =M and E <,. D, we have E <,. M by [5]. But M is RCWS-module,
then E has ws-submodule T < M. Since E <D <, M and E <,,; M then by [4] E <,,s D.
Hence, D is RCWS-module. m

Now, we explain that the direct sum of RCWS-module need not be RCWS. If N =Z @ Z,
as Z —module, we have Z and Z, are RCWS-module, but N is not RCWS-module. Now, we
give some conditions to make the direct sum of RCWS-module it is RCWS-module.

Firstly, we named H is distributive submodule of M, if HN(V; +V) =(HNV,))+(HNYV)
for any ,V;,V € M. A module M is distributive module, when all its submodules are
distributive [10].

Proposition 2.7. Let a module M = M; @ M, is distributive, then M; and M, are RCWS-
modules if and only if M is RCWS.

Proof: Let M; and M, is RCWS-module and <,. M , since M is distributive module, then we
have A = (ANM;) @ (ANM,). Hence, ANM; <,. A and A <,. M, then ANM; <,. M by
[11] and hence ANM; <,. M; (i = 1,2). So, ANM; has ws-submodule B; < M; (i = 1,2).
Hence, [M =M, &M, =B, +(ANM,) @ B, + (ANM,) = B, © B, + (ANM,) D
(ANM,) =B, @ B, + A], and (B, @ B,)NA = (ANB;) @& (ANB,) <, (M; & M,) = M.
Therefore, M is a RCWS-module. Directly from Proposition 2.7 the opposite direction is hold.

In the next result we show that the RCWS-module property is transmitted under the
influence of isomorphism mapping.

Proposition 2.8. Every module isomorphic to RCWS-module is RCWS.

Proof: Let M be RCWS-module and g: N — M be an isomorphism. Let 0 # D <,. N and
gD) <, W<M.D=glg(D) <, g7'(W) <M by [11, for each monomorphism g: N —
M, if D<,N. Then g7*(D) <, M]. But D<,.N , then D =g *(W) and g(D) =
W <,. M. Since M is a RCWS-module, thus g(D) has a ws-submodule in M. Then by [12] D
has a ws-submodule in N. Therefore, N isa RCWS-module. m

Proposition 2.9. If g is an epimorphism from a RCWS-module N to a non-singular module
M, then M is a RCWS-module.

Proof: Let N be a RCWS-module, Z(M) =0 and g:N - M Dbe an epimorphism. Let
D <,. M, but Z(M) =0 then D <. M by [5] and [9] we have g~'(D) <. N. Then F =
g Y(D) <, N, but N is a RCWS-module. Then F has a ws-submodule W in N such that
M=gF)+gW)=D+gW), [g(F)=g(g~*(D)) =D since gis epimorphism]. By
[21g(FnW)<Dng(W)<; M.Hence, M is RCWS-module. m
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Recall that in [8], a module M is weakly supplement rationally extending module if every
rc-submodule of M is ws-submodule in M. In the next proposition we give the relationship
between weakly supplement rationally extending module and RCWS-module.

Proposition 2.10. A module M is an RCWS if and only if M is weakly supplement rationally
extending module.

Proof: Let M be an RCWS-module and U <,. M, so U has a ws-submodule B in M. Then
M=U+Band UNB <; M. Hence, U <, M, and so M is weakly supplement rationally
extending module. For opposite direction, let M be a weakly supplement rationally extending
module and U <,. M, then U <, M. So, we have U has a ws-submodule B in M. Hence, M
Isa RCWS-module. m

3. Cofinitely rationally closed weak supplemented modules

Alizade, et al. in [13], introduced and named a submodule D of M is cofinite (for shortly,
cof-submodule or D <., M), if M/D is finitely generated. A module M is called cofinitely
supplemented, ( for shortly cof-S-module) if each cof-submodule of M has a supplement in
M. Recall that M is cofinitely-weak-supplemented (for shortly cof-WS-module) when all cof-
submodule has a ws-submodule in M, [14].

As wall as, a module M is @-cofinitely-supplemented if all cof-submodule of M has sup-
submodule that is direct summand of M, [14].

Finally, M is closed cofinitely weak supplemented (for shortly, CCWS-module) if all
cofinite closed submodule have ws-submodule in M, [15]. A submodule is cofinite closed if it
is cofinite and closed submodule.

Definition 3.1. A module M is cofinitely rationally closed weak supplemented (for shortly,
CRCWS-module, if any crc-submodule of M has a ws-submodule in M.

Remarks and examples 3.2.
1. Every cof-S-module and CWS-module are CRCWS. But the opposite is not necessarily
true. For example Z as Z-module is CRCWS (since has only Z and (0) are crc-submodule has
ws-submodule), but not cofinitely weak supplemented module (since not all cof-submodule
has ws-submodule.
2. Every CRCWS-module is CCWS-module. The opposite is true when Z(M) = 0.
3. Every RCWS-module is CRCWS-module.
4. Every RCS-module is CRCWS. But the opposite is not necessarily true. For example:
Z1, as Z-module is CRCWS-module (since is RCWS-module), but not RCS-module.
From the above relationships, we get the following diagram:
RCS-module
U
RCWS-module
U
Cofinitely supplemented = cofinitely weak supplemented = CRCWS-module
U
Closed cofinitely weak supplemented

Now we give a necessary condition to make the some concepts in Remarks and examples
3.2 are equivalents.
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proposition 3.3. If a module M is non-singular, then all concepts are equivalent:
1. Misa cof-WS-module;
2. M isa CRCWS-module;
3. Misa CCWS-module.
Proof : (1) = (2) = (3) They are clear by Remarks and examples 3.2.
(3) = (1) Itisclear by [15]. m

A module named cofinitely-refinable (for shortly C-refinable), if every cof-submodule C,of
M and any C, < M with M = C; + C,, there exists a suumand F of M such that F < C; and
M = F + C,, [16].

Theorem 3.4. Let M be a C-refinable module and Z(M) = 0. Suppose that for each
D <oy M there exist W <,. M (depending on D) suchthat D =W + S,orW =D+ S
for some S <; M. Then all following concepts are equivalent:

1. M is a @-cofinitely supplemented;

2. M is a cofinitely supplemented;

3. Misacof-WS-module;

4. M isa CRCWS-module;

5. Misa CCWS-module.

Proof: (1) = (2) = (3) They are clear by [15].
(3) = (4) = (5) They are clear by Remarks and examples 3.2.
(5) = (1) Its follows by [15]. =

Proposition 3.5. Let M be a CRCWS-module (where, Rad(M) = 0), then every crc-
submodule is a summand of M.

Proof: Let W <. M, since M is CRCWS-module then there exists a D <, M, such that
M=W+Dand WnD <; M, but Rad(M) = 0 implies W n D = (0). So, we have W <g
M.m

In the next result we show when the submodule of CRCWS-module is CRCWS-module.
Proposition 3.6. Every cofinite direct summand of CRCWS-module is CRCWS-module.

Proof: Let D <. W and W each cofinite summand of M. Since W <,., M and D <,. W,
then D <,. M by [10]. So, we have D <_,.. M, since %EM/N. But M is CRCWS-module

N
/p
then D has a ws-submodule U of M. Now, by (modularlaw =W N (D +U) =D + (W nU)
) thenDNn(WnNU)=DnNU <, M. Since W is summand of M and DNU <W, so DN
(W nU)<; W. Then W is CRCWS-module. m

The following example illustrates that the direct sum of CRCWS-modules need not be a
CRCWS-module.

Example 3.7. Let M = Z[x] @ Z [x] as Z[x]-module, Z [x] as Z[x]-module is CRCWS-

module (since it is RCS-module by [8]). But M is not CRCWS-module (since by [9] is not
CCWS-module).
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Now, we give a necessary condition to make the direct sum of CRCWS-modules is
CRCWS-modules.

Proposition 3.8. Let M; any R-module and M, is CRCWS-module with = M; + M, , for
each D <. M and DNM, <. M,. Ifany D <... M with M; not contained in D has a weak
supplement, then M is CRCWS-module.

Proof: Let D <..Msuch thatM; <D. Then M=M; +M, =D+ M, has weak
supplement 0. Since DNM, <... M, and M, is CRCWS-module  then has W <, M, by
[12]. Then W + D = M and WND <; M. Then M is CRCWS-module. m

Proposition 3.9. Let Y =Y, @Y, an R —module and Y;, Y, are CRCWS-module. If we
have ;N (Y;+D) <., Y and ,n(D+W) <. Y; , when W+ (¥;n(¥;+D) and
wWNn; n(Y;+D) <Y, j#1i,foreach D <, Y thenY is CRCWS-module.

Proof: Let Y =Y, + (Y, + D) has (0) is a ws-submodule in Y, when D <_,.Y. ButY;is
CRCWS-module, and Y N (Y, + D) <. Y1, thenY;N(Y, + D) has W <, ;.

Now, by [12] W is ws-submodule of Y, + D in Y. Since Y, is CRCWS-module and Y, n
(D+ W) <Y, thereis ws-submodule Vof Y, n (D + W) inY,. So, by [12] (W +V ) +
D=Yand (W +V)ND < Y. Therefor, Y is CRCWS-module.

4. Conclusions

In this work we reached the following conclusions: every RCWS-module is CWS-module,
and the inverse we need a module be non-singular. A @-supplemented, supplemented, weak
supplemented, RCWS-module, CWS-module all this concept is equivalent when M is
refinable and Z(M) = 0. A submodule of RCWS-module need not be RCWS-module. The
direct sum of RCWS-module we need a module be distributive to make direct sum is RCWS-
module. Also, every RCWS-module is CRCWS-module. Finally, a cof-WS- module,
CRCWS-module and CCWS-module are equivalent when Z(M) = 0.

5. Acknowledgement
The authors would like to thank Mustansiriyah University (www.uomustansiriyah.edu.iq)
Baghdad- Iraq for its support in the present work.

References

[1] K.R. Goodearl, ”Ring Theory: Non-Singular Rings And Modules”, marcel dekker, inc. New york
and basel,(1976).

[2] F. Kasch, ”Modules And Rings” , Academic Press Inc. London ( English Translation), 1982.

[3] J. Clark, C. Lamp, N. Vanja and R. Wisbaur, "Lifting Modules, Supplements And Projectivity In
Module Theory”, birkhauser verlag, basel , 2006.

[4] S. A. Al-saadi and A. A. Al-rubaya, "Weakly Supplement Extending Modules”, Journal of Al-
mostansiriyah Sci., vol. 31, no. 2, pp. 38 - 44, 2020.

[5] M. S. Abbas and M. A. Ahmed,” Rationally Extending Modules And Strongly Quasi-Monoform
Modules”, Journal of Al-mostansiriyah Sci., vol. 22, n. 3, pp. 31-38, 2011.

[6] Z. M. Abd al-majeed, Mahdi Saleh Nayef,”On supplement rationally-extending modules”,
(ICARAS2021), AIP conference proceedings 2398. 060073, 2022.

[7]1 Z. A. Fadel, and Mahdi Saleh Nayef, ”Goldie Rationally Extending Modules”, Iraqgi Journal of
Science, vol. 64, no. 11, 2023.

[8] Z. A. Fadel and Mahdi Saleh Nayef, ”On WS-Rationally Extending Modules” (1ICEAT, AIP
Conference proceedings , ISSN:0094-243X, 1551-7616),to appear 2023.

[9] Z. Qing-Yi and Shi Mei-Hua, ”On Closed Weak Supplemented Modules”, J. of Zhejiang Uni.
Science, vol. 6, no. 2, pp. 210 — 215, 2006.

7115


http://www.uomustansiriyah.edu.iq/

Nayef and Fadel Iragi Journal of Science, 2024, Vol. 65, No. 12, pp: 7109- 7116

[10] Y. Zhou and M. Ziembowski, ”Distributive Modules And Armendariz Modules™, Journal of
Math. Society of japan ,vol. 67, no. 2, pp. 789-796, 1991.

[11] M. S. Abbas and Mahdi Saleh Nayef,” Rationally Injective Modules”, Journal of Advances in
Mathematics, vol. 10, no. 5, pp. 3479-3485, 2015.

[12] R. Alizade, and E. Biiyiikasik,” Cofinitely Weak Supplemented Modules”, comm. Alg., vol.31,
no.11, pp. 5377-5390, 2003.

[13] R. Alizade, G. Bilhan, and P. F. Smith, ”Modules whose maximal submodules have supplements”
Comm. Algebra, vol. 29, no. 6, pp. 2389-2405, 2001.

[14] H. Calisict, A. Pancar,”@-Cofinitely Supplemented Modules”, Chech. Math. J., vol.54, no. 129,
pp. 1083-1088, 2004.

[15] B.N. Tiirkmen, Y. Aydin, and A. Pancar,”Closed Cofinitely Weak Supplemented Modules”,
International Journal of Algebra, vol.10, no.1, pp. 41-47, 2016.

[16] B. N. Turkmen, " On Refinable Modules", Asian Journal of Current Engineering and Maths ,
vol. 3, pp. 48-51, 2014.

7116



