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Abstract

The purpose of this paper is to define Bi- Hom TI'-Lie algebra, Lie triple Hom I'-
derivation on Bi- Hom I'-Lie algebra (g, [.,.]s, 0,1, 6,)and Jordan triple Hom T-
derivation on Bi-Hom T-Lie algebra (g, [.,.]s, 64, 6), Also to study the relation
between Lie triple Hom TI'-derivation and Jordan triple Hom I'-derivation on Bi-
Hom TI'-Lie algebra (g, [.,.]11, 01, 02).
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1. Introduction

It is indispensable that derivation and generalized derivation algebras are very substantial
topic in the study of Lie algebras. In [1] Leger and Luks investigated the construction of the
generalized derivation of Lie algebras. In [2] Benoist Generalized derivations also have a
crucial role in Benoist study of Levi principles in derivation algebras of nilpotent Lie algebras
In [3] Bresar and vukman generalized Herstein result to Jordan (o, ) — derivation. In [4]
Ashraf and Ali proved that in non-commutative prime ring R, a generalized Jordan derivation
is a generalized (a, 3)- derivation when a is an automorphism of R.  Nowadays in [5,9],
there is an increasing interest in studying the Lie triple derivation. In [10] Sheng, the Hom Lie
algebra is a reasonable generalization of the Lie algebra and has significant applications in
both maths. and phys. In [11] Bing and Chen identify the generalized derivations for Hom Lie
algebras. In short, Lie triple (a, 8)-Hom derivations and Jordan triple (a, ) -Hom derivations
on Hom L.ie algebra are studied .In [12] Rezaei and Davvaz , generalize the aspect of algebra
over a field. A T'- algebra is an algebraic structure consisting of a vector space V, a groupoid
I" together with a map from VX T X V to V. Then, on every associative I'-algebra V and for
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every a € I' establish an a-Lie algebra.In this study we generalize the above results to Bi-
Hom T'-Lie algebra,we proved that Jordan triple (a, ) Hom TI'-derivation if and only if Lie
triple  (a,B)-Hom  T-derivations on Bi-Hom I'-Lie algebra under some conditions.
In particular, a-Jordan Hom I'-derivation if and only if Lie triple a-Hom I'-derivation on Bi-
Hom T'-Lie algebra. For more result on I' —L.ie algebra, see [13,14] Throughout this paper, the
main field F is presupposed to be of features not equal to 3. We now recall some primary
definitions. In [15] Zhou, construct a Lie triple algebra L; by defining a triple product
[r,p,w] = [r, [p, w]], Where [r, p] is the brocket of elements r,p in the Lie algebra.

Now, we will recall the followings which are necessary in this paper.

Definition 1.1: [16]
A Hom Lie algebra is a triple (4, [.,.], @) consisting of a vector space , a skew symmetric
bilinear map [.,.]:A X A—— A, and a linear map 0: A —— A satisfying the following hom

- Jacobi identity[@(r), [p, W]] + [H(p), [w, r]] + [H(W), [r, p]] =0

Definition 1.2:- [17]
A Bi-Hom Lie algebra over a field K is a 4- tuple (L, [.,.],0,,6,) , where L is a K-linear
spase 6,:L - L, 0,:L — Land[,]:L x L —»L are linear maps, with notation
[,]1(x,p) = [r,p], satisfying the following conditions, forall r,p,w € L
1-0,060,=6,00,
2-[61 (1), 62(p)] = — [61 (p), 62(7)]
3622 (), 16, (0), 6 W)]| + [62° (), 16, (W), 8, (11| + [62° W), [62 (1), 6:(»)] = 0.

Definition 1.3: [11]
A Lie triple derivation of Lie algebra is a linear mapping D: A — A such that

D([[r, p],w]) = [[D(r),p],w] + [[r,D(p)],W] + [[r,p],D(w)] Jorallr,pweA.

Definition 1. 4: [11]
A Jordan triple derivation of a Lie algebra is a linear mapping D: A — A such that

D ([[r, p],r]) = [[D(r),p],r] + [[r,D(p)],r] + [[r, p],[)(r)], forallr,p € A.

2- Main Results

In this section, we give a definition of Bi-Hom I" — Lie algebra , Lie triple Hom I'-derivation
on Bi-Hom TI'-Lie algebra and Jordan triple Hom TI'- derivation on Bi-Hom I'-Lie algebra. We
will use the notation L for Lie, L.T for Lie triple, J.T for Jordan triple.

Definition 2.1:

A Bi-Hom I'-(L) algebra over a field K is a 4 - tuple (L,[.,.];,61,65) , where L is a K-
linear spase 6;:L —> L, 6,:L > L and[,];:L XL — L are linear maps, with notation
[,]a(r,p) = [r,pla, satisfying the following conditions, forall r,p,w €L, 1 €T.

1-0,060,=6,00,

2-[61 (1), 6:(p)]2 = — [01 (p), 0:(1)]a

3-[62%(r), [6; (), 6:(W)1a], + [62° ), [6, W), 6, (4], + [62 (W), [62 (1), 6, (P)]a], =
0.
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Definition 2.2:

A L. T Hom TI'-derivation on Bi-Hom I'- L algebra (4,[.,.]13, 64, 65) is a Linear map
D:A— Asuchthat Do 6; =6, 0D,Do6, =6,0°D and §: A - A is a homomorphism such
that§ o0y = 6,06, 606,=0,08,

D(llr,plawld) = [0, 6. @], ,0." )] +[[6:°®),D@)],. 0, w)] +
[[191k(r),92"(19)]/1,D(W)]/1 + 6[[r,ply,wly forallr,p,w e A, 1 €T.

Definition 2.3:

A J. T Hom TI'-derivation on Bi-Hom TI'- L algebra (4,[.,.]3, 61,6,) is a Linear map
D:A— A suchthat Do, =6,0D, Do 6, =6,0D and 6:A— A is a homomorphism
suchthat§oc6; = 8,06 , §060,=6,06 ,

b(llr,plarl) = [[D@)6:5 @), 6] +|[[6:5 .0 @], 6,5
+ [[Hlk(r), 192"(;9)]/1 ,[)(r)]/1 + 6[[r,pla, ]y, forallr,p e A, 1 €T.

Definition 2.4:

Let (4,[.,.]15, 604,0,) be a Bi-Hom I'- L algebra and let D ,a,3:A— A be Linear maps
satisfying Do 6, =6, 0D,Do60, =60,0D and §:A - A is a homomorphism such that § o
0, =016, 600,=6,08,
1-DiscalledaL. T (a, 8),- Hom I'-derivation on Bi-Hom I'- L algebra if

D(llr,plawly) = |[D@), a(6:* @)1, B (62X w))| +
[« (6:5@).0@],. (6:* )| +|a (8 )8 (0 @)] .o +

5[[7‘, p]/'b W]l :
2-DiscalledaL. T (a, 8),- Hom I'-derivation on Bi-Hom T'- L algebra if

DAl plawly) = [0, e (6 @) (6 )] +
[« (0:“@).0@], .60 )] + (86" ). B8 @), D], +51lrplawla
3-DiscalledalL. T (a,B);- Hom I'-derivation on Bi-Hom I'- L algebra if

DAl plawld) = [[P0),a (6:°®)] a6, )],

|8 (6" ). @] a(e )] +[[8 (02 ). 8 (6 ®)], D] +

6[[r,pla,wl, forallr,p,we A A€T.

If w =r we can defined a J. T (a, 8),-Hom TI"-derivation on Bi-Hom I'- L algebra by the
same way it is easy to see that if D isa L. T (a,B)i- Hom I'-derivati of (4,[.,.]s, 61,6>)
where is, i = 1, 2, 3.In this section, (4, [.,.],, 6,,0,) is Bi-Hom I'- L algebra and
a, B: A—— A be a Linear mappings, where 9; is an injection and 0;[r,p], = [r, 0;(p)],, 62
be a homomorphism

Definition 2.5:

Let (A,[.,.]1,04,0,) be a Bi-Hom I'- (L) algebra and let D,a,8:A — A be linear map
satisfying, Do 6; =6,°D,Do0, =6,°D and §: A - A is a homomorphism such that § o
0= 0,06, §06,=60,06,

1- Discalledal. T (a,); —Hom I'-derivation on Bi-Hom I'- L algebra if

DUl pL 1) = [ (65®))] 8 (624 )]
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+« (6 @).0m] .8 (6:*@)].
+la (8 ®).8 (6 ®)], . ] +6lirplarl vrpea
2-Discalledal. T (a, 8),-HomI'-derivation on Bi-Hom I'- L algebra if
DAl plarl) = [[P@)a (6 ®)], e (6 0)]
=[[pea (0 )], (6 )] +|[e(6"m).p@] .8 (6 )]
+[p (8" )8 (0 @)], . 00| +6lrplarlivrpea.
3-Discalleda J. T (a, B)3-Hom I'-derivation on Bi-Hom I'- L algebra
D(([r,pla 7)) = [pe)a (0 ®)], « (62 ®)] +
[ (e:@). p@)] e (62" )]
+ [[ﬁ (Hlk(r)),ﬁ (92"(}9))])L,D(r)])L + &[[r,ply, ]y forallr,p,e A, A €T

Theorem 2.6:
DisalL.T (a,B); — Hom I'-derivation if and only if D isa
J. T (a, B); Hom I'-derivation on Bi-Hom I'- L algebra (4, [.,. 1, 61, 6) such that:

i-||a (8" )8 (0 @)] . o] =[[8(6:™).a (6" @), . D] .
2- B(r,p,w) + B(p,w,r) + B(w,r,p) = 0,wherer, p, w € A and
B(r,p.w) = 0200, ([[D0), (6,®))] B (8:4w)] +

(" @.0m)],. 6 (62" )] +|la(6: ). 6 (92"<P>)L'D<W>L)

+8[[r, pl, wl; . And 6, be a homomorphism 6, [r,p], = [r,6:(p)]yandch A = 3

Proof:
Assume that D isa (L. T) (a,8); - a Hom I'-derivation of (4, [.,.];, 61, 6,). Clearly D is a
(J. T (a, B),- Hom I'-derivation of (4,1.,.],, 64, 6,) and

D ([1tr,plal,wl, )= =D (p,rlawly) =

-|lp@).a (8 )|, s8] - |[«(6®).0m] .8 (0 ®))]
~[l«(&:*®@).8(6:*)], . D] - o1l plawl;

=[[p@a(of®)] p (6 )| +[[pre(e®)] (6 )]

+[[8 (65 ). a (6" @), . 00| +6llrpla,wl; - And

lir.plawl) = [[p0).a (6:5@)] . £ (6" )]
+l«(6:4@). 0@, .86 )] [[ (65 ).8 (0 ®)] . 0w +
S[[r,pla, wla , Then we get 1

[ (:*@).a (8" @)], . o] =[a (8" ®). 8 (62 ®))], .0 )] .

Since Disa (L. T) (a,B),-Hom T- derivation of (4,[.,.];, 61,6,), we have

92001(D([[r,p],1, W]A)) = B(r,p,w), Hence
B(r,p,w) + B(p,w,r) + B(w,1,p)

i
=

4523



Shaheen and Rahman Iragi Journal of Science, 2024, Vol. 65, No. 8, pp: 4520-4528

= 6,00, ((D[[r,pla, wla) + D([[p,wl, 712) + D([Iw, 715,12 )

= D[[0,(1), 0,(P)]2, O1(W)]1 + [[62(D), 02 (W)] 2, 61()]a + [[62(W), 0,(1)]12,0:(p)]2 = 0
Conversely, letD bea J. T (a,B),- Hom T- derivation of (4,][.,.]s,6,,6,) for which 1, 2

conditions hold then, 6,06, (D([[r,pl4,712)) = B(r,p,7). It follows that

8,001 (D([[r + w,pl T +pl2))

= 60,06, (D([[r, P2 1)) + D(([r, pl wlx) +D([w, pl1, 712) + D([[w, pla, wlp)

= B(r,p,7) + B(w,p,w) + 6,06,(D([[r, ], w]1)) + 6,06, (D([[w, p]57]2)), And
0,00,(D([[r + w,plp, 7 +wl)) = B(r + w,p,7 + w)

= B(r,p,r) + B(r,p,w) + B(w,p,r) + B(w,p,w)

thus we obtain

62091 (D([[ r, p])l! W])l) + 62091(D([[W) p]l ’ r]l))
=B(r,p,w) +Bw,p,r) (D

B(p.r,w) = 0,00, ([[D@).a (6:40)] .8 (6.5 w)] +
([« (6:4@).0®)], .6 (82" )] +[[a (6" @) 5 (ezk(r))]l.mm]l)
+5[[p, 712wl
= —0,00, ([[[Dm, a(0:"®)] |5 (92"<w))] =
A

[« (0:5®).0@], .5 (6 )| +[[8(6"®). (0 ®)] . D(W)])

+6[[r, pla, wlx

= ~0,00, ([[p0. 2 (0.)] .5 ()] +[[« (™). o] .8 (62 )] +
[[«(6:). 8 (62" )], . DG ) + Ll pi, wh,

= —B(r,p,w) = 6,00,(D([[r, ]2, P11)) = —6,00:(D([[p, 12 p11))
= —B(p,r,p) = B(r,p,p). A similar argument proves

92091 (D([[T, p])l! W]/l)) + H(D ([[7", W]li p]l))

=B(r,p,w) +B(r,w,p) ()
By (1) and (2), we have
92091 (D [[T', p],l' W])l) + 92091 (D[[W, p]/b r]l) +02091 (D[[T, p]l' W]l) +

02091 (D [[T, W])u p]l)
= B(r,p,w) + B(w,p,r) + B(r,p,w) + B(r,w,p) . Then

6,00, ((D[[r, pla, wlp)) + 6206, (D([[r, p]1, wla)) — 62061 (D([[p, 712, W11))
= B(r,p,w) + B(w,p,r) + B(r,p,w) + B(r,w,p) . That is,

30,00, (D([[r,pls, w13)) = 3B(r,p,w)

+B(w,p,r) + B(r,w,p) + B(p,r,w) = 3B(r,p,w),

Where the last equation (ii) is used. Since ch A # 3, we have
0,001 (D([[r, p], wl;)) = B(r,p,w), and so
D([[r,plrwli) =

[[2@.a (6 @), (0" w)] +|[ (64" 2, D). 8 (02" )],

+[a (6 ™) 8 (6" @)], . D] + ol plawla
ie.,Disa L. T (a,B),-Hom I"-derivation of (4, [.,.],, 61, 62)
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Corollary 2.7:

Disa L. T a- Hom I'-derivation of (4, [.,.],61,6,) on Bi-Hom T'- L algebra if and only if
Disa J. T a-Hom T-derivation of (A,[.,.]1,,64,6,).

Proof.

If Dis aJ. T a-Hom I'-derivation of (4,[.,.], 64, 6,), then 1 follows immediately.

2 holds because

B(r,p,w) + B(p,w,r) + B(w,1,p)

= 6,00, ([[D(r), a(0:5®)| @ (ez"(w))]l +|la(6:®).0®)| .a (HZR(W))L +
[[«(6:) . (62" )], . D] ) + 6l L,

00, ([P0 (6 )], w050 + [« (o). o0, «(0:"@)] +
[[«(62 @)@ (62" )], D] )+ 6lp, wha, 1,
+02091(::D(W),a(le(r)):l,a(ﬁzk(p))]l ([« (62 w0). 0], (8:@))] +
([« (62 w)). « (6:)], . D] ) + Lm0 91

= 6,00, ([P0 (814 @)), v (8 )] +[[a (6" ®).a (8" 0)] D] +
l«(6:400). 2@, (8. w)] )

+6,08, ([[a (6:5®).0(0)| .a (sz(w))h +][p@).a (6 w)| .a (sz(r))]l -
[«(0).a (0. )], 0] )

+6,00, ([[2(6:" () @ (8:*®)],. o] +[[a (8" @) D] e (8:5)] +

[ k k _
[pew),a(ok@)], a(0:*@)] ) =o.
Therefore D isa L.T a-HomrI'-derivation on Bi-Hom I'- L algebra (4,[.,.14, 61, 62) .

~

Theorem 2.8: D is a L. T (a,8),- Hom T-derivation on Bi-Hom I'- L algebra
(A4,].,.11,61,0,) ifand only if Disal. T (a, B),-Hom I'-derivation on Bi-Hom I'"- L algebra
(A4,[.,.14 61, 6,) such that

[P 0.a (6 )], 6 - @ (0:5w)]

=[[e(0f®).0 @] . B - (6 w)]
2-B(r,p,w) + B(p,w,r) + B'(w,7,p) = 0, Where r,p,w € A
and B(r,p,w) = 0,00, ([0, (6, ®))] e (8" )] +

[[«(64@). 0], 6 (6: )] +[[8 (0" ®).8 (6:*®)], . D] )

Proof.
Let Dbea L. T (a,B),-Hom I'-derivation on Bi-Hom I'- L algebra (4, [.,.];,61,6,) use
the fact that
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D([[r,pla,wla) = —D([Ip, 711, wly). As well as the fact that
~D([lp, 712 wlp) = =|[D®), (6,5 ()], a(6,* W)

~[[a(6:5®@).0®)] .8 (6" w))]
- A
-[[B(6:5®@).8 (6.4 )] .ow)] = éllp.rlawl;

_ A

= ([ (60 ®)] L (6, )l [« (). @] . 8 (62" )],
+[8(8"®).8 (62 ®)], . 00| + o1l plaw,

Then we have

(2@« (6 ®)], (0" w))] +[[e(64°). 0w (62" )],

=[[pe.a (e @), .8 (6: )] +[[e(60.0m)], (0 w)] |
That is

k k K k
[p.e (e ®)], . 6= (6 w)| =[la(e*O)0@)] . 8 - (62 )]
Since Disa L. T (a, B),- Hom I'-derivation of (4,[.,.,.];, 61, 6,), we have
68,001 (D([[r, p1, wla)) = B(r,p,w), Hence
B(r,p,w) + B(p,w,r) + B(w,1,p)
= 92091((D[[T, p]l: W]l) + D([[p' W])L' r])L) + D([[W, T]A, p]/l) ) =
D([[62(r), 62(p)]a, O1(W)]a + [[62(p), O2(W)]2, 61(1)]5 + [[62(W), B2(r)]2, 61 (p)]2) = 0
Suppose that, conversely, that Dis a (J. T. (a,f),- Hom I'-derivation on Bi-Hom I'- L
algebra (4,[.,.],,0,,6,) satisfying 1 and 2. Note that
B'(p,r,w)

= 6,00, ([[D(p),a(elk(r))] pa(Bw)| +[[a(0:"®). 00| | ﬁ(sz(w))]A +

18 (62 @). 8 (62" )], Dww)] ) + 6llp, i wh,

= ~0,00, ([0, a(0:* @)1, B0 )], = [[a (62 ). 0@))] e (0 w)] -
18 (6:). 8 (62" )], . D] ) - Ll pla, wh,

= 6,00, ([ (6" )] (")), = [[a (6:¥)). 0], . (64 )] -

18 (62 @).8(8:*®)],. Dw)] ) = ol ph, wh,

= —B(r,p,w)
Similarly, we can obtain equations (1) and (2). The proof of the remainder is the same as A
similar argument proves the following result the corresponding proof of Theorem2.5.

Theorem 2.9:
Disa L. T (a,B)s;-Hom I'-derivation on Bi-Hom I'- L algebra (4, [.,.]3,64,0,) if Disal.
T(a, B);-Hom I'-derivation on Bi-Hom I'- L algebra (4, [.,.];,6,,0) such that.

[P @ - p (05 @)], « (62 ))]
=[[@-p (6 ®).00)] .« (6 )|
2- é(r, p,w) + é(p, w,r) + é(w,r, p) = 0. Where r,p,w € A and
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B(r,p,w) = 6,06, ([[D(r), a(6:"®)] .« (9zk(W))L
+[[8(6®).0@)] (0 w)]

+[18(8:4®). 8 (0. @), )] )
Proof.

Assume that D be a L. T (a,f8);- Hom TI-derivation on Bi-Hom I'- L algebra
(4,[.,.,.12 61,0;). Use the fact that. D([[r, p], w]x) = —D([[p,r]xwlA),
As well as the fact that

—~D({[p, 11, W]
=-[[p@.a (6 m)], (0 w)] -8 (0 ®).00] (6 )]

- [[ﬁ (elk(P));ﬁ (92"(7‘))] D(W)] —8[[p,rlLwla

= |[o@.8(6: ®)| (62" (W))L [[«(6:5). D@ e ()]
+ [[ﬁ (Qlk(r)),ﬁ (ezk(p))LL , D(w)]/1 + 6[[r, pla, wla, Then we have
[p@)a(6:®)] .a (HZR(W))L +[[B(6: ), D@1, (6" w))|.
=|[pe.p (91k(p))]l,a(92k(w))]l

+[[a(04@), D@ a (6" )] Thatis

[p@). @@~ p) (6:5®)] e (HZR(W))]A =

[[(a -B) (Hlk(r)),D(p)L,a (sz(w))]l, Since D isa (L. T) (a, 8);-Hom T-derivation of

A4,1.,.,.11 61, 65), we have

6,00, (D([[r, p]x Wh)) = B(r,p,w), Hence

B(r,p,w) + B(p,w,r) + B(w,1,p)

= 92091((D[[T, p])l! W])l) + D([[p' W])Lﬂ r]l) + D([[W, T]A, p]l) )

= D([[82(1), 02 (p)12, 61 (W)]5 + [[62(p), 62 (W) 15, 6, (1)]a + [[82(W), B, (1)1, 6, (p)]2)=0
conversely, Suppose that D is a (J. T. (a,8);-Hom I'-derivation on Bi-Hom I'- L algebra
(A,].,.14 64, 0,) satisfying 1 and 2. Note that

é(p, r,W)
= 6,06, ([[p@, 2 (0] .« (62 )] +[[(6: @0, a6 )], +

18 (6:®). 8 (6:)], . D] ) +5Llp. 7 wh,

= —0100; ([0, 8 (6" @) (02 w)] = [[a (04, D)), (65 )]
~[[8(6:4). 8 (62" @)],. D] ) = 6l L w

= ~0,00 ([[p0).a (04®)] @ (2 on)| -l (6 ).0@)] a6 )] -

18 (6:09). 8 (62" )], . D)) ) =5l pls, why

= —B(r,p,w).
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Similarly, we can obtain equations (1) and (2). The proof of the remainder is the same as A
similar argument proves the following result the corresponding proof of Theorem 2.5.

Remark 2.10:

Corollary 2.6 can also be concluded from the 2.7 or theorem 2.8 since forany ,p,w € A,
B(r,p,w) = B(r,p,w) = B(r,p,w)
When D isaJ. T a- Hom I'-derivation

Conclusions

In this research we have reached to D is a Lie triple (a, 8); — Hom I'-derivation if and
only if D is a Jordan triple (a,8); Hom TI-derivation on Bi-Hom TI'- Lie
algebra (4, [.,. 13, 61, 6,) under some conditions, where i = 1,2,3.
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