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Abstract 

In this paper, we study the concepts of generalized reverse derivation, Jordan 

generalized reverse derivation and Jordan generalized triple reverse derivation on -

ring M. The aim of this paper is to prove that every Jordan generalized reverse 

derivation of -ring M is generalized reverse derivation of M. 
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  –مشتقات جوردان المعكوسة لحمقاتحول تعميم 

 
 *مروة رياض صالح ,صلاح مهدي صالح
 جامعة المستنصرية ,بغداد, العراققسم الرياضيات,كمية التربية, ال

   :الخلاصة
م يمعتو المعكوسة  جوردان مشتقاتعمم متو  المعكوسة مشتقاتالم معمتفي هذا البحث,سندرس مفهوم 

م مشتقات يعمتاثبات ان هو الهدف من البحث .   –من النمط  عمى حمقة ةثلاثيمشتقات جوردان المعكوسة ال
   .   –النمط  منم المشتقات المعكوسة لحمقة عميتهو     – من النمط حمقةجوردان المعكوسة ل

 

1. Introduction 
The concepts of a -ring was first introduced by N.Nobusause [1] in 1964, this -ring is 

generalized by W.E.Barnes in a broad sense that served now – a day to call a -ring. 
Let M and  be two additive abelian groups. Suppose that there is a mapping from M ××M→M(the 

image of(a,,b) being denoted by ab,  a, b M and ) satisfying for all a, b, c  M and ,  

i) (a +b)  c = ac + bc  

    a( + ) c = ac + ac 

    a(b + c) = ab + ac 

ii) (ab)c = a(bc) 

Then M is called a -ring. [2] 

Throughout this paper M denotes a -ring with center Z (M) [3], recall that a -ring M is called prime  

If aMb= (0) implies a=0 or b=0 [4], and it is called semiprime if aMa= (0) implies a=0[6], a 

prim-ring is obviously semiprime and a -ring M is called 2-torisiofree if 2a=0 implies a=0for  

every a∈ M [5],an additive mapping d from M  into itself is called a derivations if d(ab)=d(a)b + 

ad(b),for all a, b∈ M ,∈, [7] and d is said to be Jordan derivation of a -ring M if d(aa)= 

d(a)a + ad(a),for all a, b ∈ M , ∈ , [7].A mapping f from M into itself is called generalized 

derivation of M if there exists derivation of M such that 
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f (ab)=f(a)b +ad(b), for all a, b ∈ M,   ,[8]. And f is said to be Jordan generalized derivation 

of -ring M if there exists Jordan generalized derivation of M such that f (aa) =f (a) a +ad (a) for 

all a ∈ M and  ∈, [8].  

Bresar and Vukman, [9] have introduced the notion of a reverse derivation as an additive mapping d 

from a ring R in to itself satisfying d (xαy) = d(y) αx +yαd(x) for all x, y  R. 

M. Samman, [10] presented study between the derivation and reverse derivation in semiprime rings R. 

Also it is shown that non-commutative prime rings do not admit a non-trivial skew commuting 

derivation. 

We defined in [11] the concepts of reverse derivation of -ring M d(xy) = d(y) x + yd(x) for all 

x,y ∈M,α∈ 

2. Generalized reverse derivation of -ring: 

     In this section we introduce and study the concepts of generalized reverse derivation, Jordan 

generalized reverse derivation and Jordan generalized triple reverse derivation of -ring. 

Definition 2.1 

     Let M be a -ring and f: M  M be an additive mapping then f is called generalized reverse 

derivation on M if there exists a reverse derivation d: M  M such that  

f(xy) = f(y)x + yd(x) ……(1) 

f is said to be a Jordan generalized reverse derivation of M if there exists a Jordan  reverse 

derivation  such that f(xx) = f(x)x + xd(x) …(2)    for every x ∈M and  

f is said to be a Jordan generalized triple reverse derivation of M if there exists Jordan triple higher 

reverse derivation  of  M  such that: 

f(xyx) = f(x)xy + xd(y)x + xyd(x) …..(3) 

Example 2.2. 

     Let f be a generalized reverse derivation on a ring R then there exists a reverse derivation d of R 

such that f (xy) = f(y) x + y d(x)  

We take M = M1×2(R) and  = then M is -ring. 

We define D be an additive mappings of M such that D (a  b) = (d (a)  d (b)) then D is reverse 

derivation of M. 

Let F be additive mappings of M defined by F (a  b) = (f(a)  f(b)) Then F is a generalized  reverse 

derivation of M. 

It is clear that every generalized reverse derivation of a -ring M is Jordan generalized reverse 

derivation of M, But the converse is not true.  

Lemma 2.3. 

     Let M be a -ring and let f be a Jordan generalized reverse derivation of M then for all x, y, z ∈ M 

and, ∈   , the following statements hold: 

i) f(xy + yx) = f(y) x + yd(x) + f(x)y + xd(y) 

 

ii) f(xyx+ xyx) = f(x)xy +xd(y)x + xyd(x) + f(x)xy + xd(y)x +xyd(x)   

 

iii)f(xyx)=f(x)xy+ xd(y)x+ xyd(x) 

 

iv)f (xyz +zyx) = f(z)xy + zd(y)x +zyd(x)+ f(x)zy + xd(y)z + xyd(z) 

 

v)f(xyz) = f(z)xy + zd(y)x + zyd(x) 

 

vi)f (xyz + zyx) = f(z)xy + zd(y)x + zyd(x)+ f(x)zy + xd(y)z + xyd(z)   

Proof: 

i) Replace (x + y) for x and y in definition 2.1 (1) we get: 

  f((x+y)(x+y))=f(x+y)(x+y)+ (x +y)d(x+y)  

=f(x) x +f(y) x + f(x) y + f(y) y +xd(x) + yd(x) + xd(y) + yd(y)                              …… (1) 

On the other hand: 

  f((x + y)(x + y)) = f(xx +xy + yx + yy)  

=f(xx + yy) + f(xy + yx) 
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= f(x) x +xd(x) + f(y)y + yd(y) + f(xy + yx )                                                                   ..… (2) 

Compare (1) and (2) we get: 

f(xy + yx) = f(y)x + yd(x) + f(x)y + xd(y) 

 

ii) Replacing xy +yx for y in 2.3 (i) we get: 

   f(x(xy+yx)+ (xy + yx)x) 

= f(x(xy) +x ((yx) + (xy) x +(yx) x) 

= f((xx) y + (xy)x + (xy)x + (yx)x) 

    =f(y) xx+yd(x) x+yxd(x) +f(x)xy+xd(y)x+xyd(x)+f(x)xy+xd(y)x 

+xyd(x) +f(x) yx+xd(x) y + xxd(y)                                                                            …… (1) 

On the other hand 

      f(x(xy + yx) + (xy + yx)x)  

   = f(xxy + xyx + xyx + yxx) 

= f(xxy + yxx) + f(xyx + xyx)  

=f(y) xx + yd(x) x + yxd(x) + f(x)yx + xd(x)y + xxd(y) +f(xyx + xyx)    …..(2) 

Compare (1) and (2) we get the require result. 

iii) Replacing  for  in 2.3 (ii) we have: 

 f(xyx + xyx) = 2(f(xyx)) 

                                =2(f(x) xy+xd(y) x+ xyd(x)) 

Since M is 2-torsion free then we get: 

f(xyx) = f(x)yx +xd(y)x + xyd(x) 

 

iv) Replace (x+z) for x in 2.3(iii) we have: 

  f((x+z)y(x+z)) 

=f(x+z)(x+z)y+(x+z)d(y)(x+z)+(x+z)yd(x+z) 

=f(x)xy + f(z)xy + f(x)zy + f(z)zy+xd(y)x+zd(y)x+xd(y)z+zd(y)z +xyd(x) 

+ xyd(z) + zyd(x) + xyd(z) + zyd(z)                                                                            …..(1) 

 

On the other hand  

    f((x+z)y(x+z))  

= f(xyx + xyz + zyx + zyz) 

=f(xyx + zyz) + f(xyz + zyx)  

=f(x)xy + xd(y)x + xyd(x) + f(z)zy + zd(y)z + zyd(z)+f(xyz + zyx)        ….(2) 

Compare (1) and (2) we get: 

f(xyz + zyx) = f(z)xy + zd(y)x + zyd(x) +f(x)zy + xd(y)z + xαyαd(z) 

 

v) Replace (x+z) for x in definition 2.1(3) we have: 

  f((x+z)y(x+z)) 

=f(x+z) (x+z)y+(x+z)d(y)(x+z)+(x+z)yd(x+z) 

    =f(x)xy +f(z)xy + f(x)zy + f(z)zy + xd(y)x+zd(y)x + xd(y)z + zd(y)z 

+xyd(x)+xyd(z)+zyd(x) + zyd(z)                                                                                   ….(1) 

 

On the other hand 

      f((x+z)y(x+z))=f(xyx+xyz+zyx +zyz) 

= f(xyx + zyx +zyz) + f(xyz) 

=f((x)xy + xd(y)x + xyd(x) + f(x)zy + xd(y)z +xyd(z) + f(z)zy + zd(y)z + 

zyd(z) + f(xyz)                                                                                                                         ….(2) 

Compare (1) and (2) we get  

f(xyz) = f(x)zy + xd(y)z + xyd(z) 

vi) Replacing x+z for x in definition 2.1(3) we have: 

   f ((x+z)y(x+z))=f(x+z)(x+z)y + (x+z)d(y)(x+z) + (x+z)yd(x+z) 
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=f(x)xy + f(z)xy + f(x)zy + f(z)zy + xd(y)x + zd(y)x + xd(y)z + zd(y)z 

+xyd(x) + zyd(x) + xyd(z) + zyd(z)                                                                               ….(1) 

On the other hand: 

f((x+z)y(x+z)) 

=(xyx+xyz +zyx+zyz) 

= f(xyx + zyz) + f(xyz + zyx)  

=f(x)xy+xd(y)x+xyd(x)+ (xyz +zyx)                                                                       …. (2) 

Compare (1) and (2) we get the require result. 

Definition 2.4 

     Let f be a Jordan generalized reverse derivation of a -ring M, then for all x,yM and  we 

define: 

  = f(xy) - f(y) x –yd(x) 

In the following lemma we introduce some properties of   

Lemma 2.5  

     If f is a Jordan generalized reverse derivation of -ring M then for all x,y ,z ∈ M and, ∈  

i)   = -  

ii)   =  +  

iii)   =   +   

iv)   =   +   

 

Proof: 

i) By lemma 2.3 (i) and since f is additive mapping of M we get: 

f(xy + yx) = f(y)x +  yd(x) + f(x)y + xd(y) 

f(xy)+f(yx)=(f(y)x+yd(x))+ (f(x)y +xd(y)) 

f(xy)-f(y)x - yd(x) = -f(yx) + f(x)y +xd(y) 

f(xy)-f(y)x-yd(x) = -(f(yx) - f(x)y - xd(y)) 

  = -  

ii) =f((x+y)z)-(f(z)(x+y) +zd(x+y)) 

= f(xz + yz) - (f (z) x + f (z) y + zd(x) + zd(y)) 

Since f is additive mapping of the -ring 

=f(xz)-f(z) x - zd(x) + f(yz) - f (z) y -zd(y) 

=   +   

iii)  =f(x(y+z))-(f(y+z) x +(y+z) d(x)) 

       = f(xy)-f(y) x-yd(x) + f(xz) - f (z) x - zd(x) 

=   +   

iv) = f(x (+) y)-(f(y) (+) x+ y (+) d(x)) 

    = f(xy+xy)–(f(y) x + f(y) x + yd(x) + yd(x)) 

Since f is additive mapping of a-ring  

=f (xy) - f(y)x - yd(x) + f(xy) - f(y)x - yd(x) 

=  +   

 

Remark 2.6. 

    Note that f is generalized reverse derivation of a -ring M if and only if  (x,y) = 0 for all x, y ∈ 

M, ∈. 
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3. The main result 

In this section we present the main results of this paper. 
 

Theorem 3.1 

     .Let f be a Jordan generalized reverse derivation of M then (x,y) =0 for all x, y ∈ M, ∈. 

Proof: 
By lemma 2.3 (i) we get: 

f(xy + yx) = f(y)x + yd(x) + f(x)y + xd(y)                              …..(1) 

On the other hand:  

Since f is additive mapping of the -ring M we have: 

f(xy +yx) =  f(xy) + f(yx) 

                     = f(xy) + f(x)y + xd(y)                                                     ….(2) 

Compare (1) and (2) we get 

f(xy) = f(y)x + yd(x) 

f(xy) - f(y)x – yd(x) = 0  

By definition 2.5 we get: 

(x,y) = 0 

Corollary 3.2 

     Every Jordan generalized reverse derivation of -ring M is generalized reverse derivation of M. 

Proof: 

By Theorem 3.1 we get (x,y) = 0 and by Remark 2.6 we get the require result 

Proposition 3.3 

     Every Jordan generalized reverse derivation of a 2-torision free of a -ring M where xαyβz =xβyαz 

is Jordan generalized triple reverse derivation of M. 

Proof: 

     Let f be a Jordan generalized reverse derivation of M  

Replace y by (xy + yx) in lemma 2.3 (i) we get 

f( x (xy + yx) + (xy + yx) x) 

= f ((x(xy) +x(yx) + (xy) x + (yx) x) 

= f ((xx) y + (xy) x + (xy) x +(yx) x) 

= f(y) xx + yd(xx) + f(x) (xy) + xd(xy) + f(x) (xy) + xd(xy) + f(x)(yx) + xd(yx) 

=f(y) xx + yd(x) x + yxd(x) + f(x) xy + xd(y) x + xyd(x) + f(x) xy + xd(y) x 

+xyd(x) + f(x) yx + xd(x) y + xxd(y)                                                                          … (1) 

On the other hand: 
 

   f (x(xy + yx) + (xy +yx)x) 

= f(xxy + xyx +xyx +yxx) 

= f (xxy +yxx) + (xyx + xyx)                                                                                          …. (2) 

Compare (1) and (2) and since xyz = xyz we get 

f(xyx + xyx) = 2(f(xyx)) = 2(f(x)βxαy + xβd(y)αx + xβyαd(x)) 

Since M is a 2-torision free then we have  

f(xαyβx)=f(x)βxαy+xβd(y)αx+xβyαd(x).
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