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Abstract

This work aimed to study the degree topology of certain types of graphs namely,
the wheel, helm, gear, pan, tadpole, and windmill graphs, respectively. In addition, a
new separation axiom known as PT,-space that joins the topological space and paths
in the graph is introduced. Also, the relation between PT,-space and the degree-
topology of the connected and disconnected graph was stydied. Moreover, many
examples were studied in new separation space.

Keywords: Degree-topological Space, PT,-space.
G~ Jadl) plad g Al aguu) (e dlma £163Y Al aglanss

2aBIS (s abd, *lasas AU iy
bl cCinil) (A3 gSl) daals cclil) Aol AdSe )l aud!
Ghall ccinil) (A3 6S)) Aaals cdu il LIS cagulall ol ad®

dladal

Alaall Zll) pgea 1) ans Ll agun )l (e Anee gl Anpall oaslsngi Ay Casi Jaal) 128 b
Cipad Bans ead gy a0 ) dilayl gl e digallally cagerall [ Slae ,atiall gl
Ly Lo ) sl 8 cbled) 5 agleall cladll o Ll e adias —PT sliats
L ey e sdle . deaiially deaial) (hal) )l Aoyl oaglofiy PTo—elind oy 38al)
aaall Jeadll Loy 3iarl AR (e aaall

1. Introduction

The field of graph theory is broad and diverse. It is a topological space, a combinatorial
object, and a relational structure. Graphs can abstractly represent many concepts, making
them useful in real-world applications [1]. Certain graphs created topological spaces by
various methods. In 1964, Ahlborn defined a unique topological space on a digraph G(V,E)
where any set A in V is publicly provided there is no edge from (V — A) to A [2]. In 2013,
Hamza and Faisel built a topology on the set of edges of an undirected graph. They created
symmetric topological spaces and investigated the property of compactness [3]. Jafarian et al.
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established a sub-basis family for a graphic topology as a collection of all vertices bordering
the vertex v and their properties [4]. Moreover, H. Sari and A. Kopuzlu [5] studied topologies
generated by simple undirected graphs without isolated vertices and their properties. Also,
necessary and sufficient condition for continuity and openness of functions defined from one
graph to another are given by using the topologies generated by these graphs.

A. Hassan and Z. Abed investigated new topologies that were created by simple undirected
graphs that did not have any isolated vertices and they applied this topology to some main
subjects in biomathematics [6]. The authors of [7] presented two types of relations on the
edges set that generate topological spaces, they discussed some properties of this topology,
also they study the method of returning from the topological space to the graphs through
using relationships. Hassan and Jafar [8] introduced a family of sub-basis that produced a new
topology that contains all non-end vertices of the edge E on the vertex set V of each simple
graph G. Al'Dzhabri et al. introduced DG-topological space with DG-open set and the digraph
G = (V,E)as Ty [9].

Hameed and Kadhem [10] introduced a new topology on a graph, namely the degree-topology
that is defined by the degree of the vertices of the graphs. Moreover, they initiated a new
property, namely set-T,space. Then, they introduced two concepts that related to the degree-
topology in [11], set-texture space and degree-texture spaces and they investigated the
relationship between them. In 2023, Z. N. Jwair and M. A. Abdlhusein constructed the
topological graph from discrete topology and studied many properties of a new graph namely,
simple, undirected, and connected graph. Also, they studied the radius and diameter for the
new graph [12].

In this paper, we are going to find the degree-topology of graphs such as wheels, helms,
gears, pans, tadpoles, and windmills. In addition, we introduce PT,-space which is a
separation axiom that connects degree-topological space with paths in the graph. Moreover,
there are many examples in this work to discuss various concepts that are mentioned. We will

refer to a path between two vertices v; and v; by Pow; and its length denote by

PUin

2. Preliminaries
This section includes several basic definitions and theorems on a degree-topology that are
essential in the paper are reviewed.

Definition 2.1 [10] Let G(V, E) be a simple graph and K be the max degree of all vertices in
G. Then, the topology defines on the vertex set IV and generated by a basis B is called a
degree-topology, and it is denoted by T4, 4, Where Byey = {4;:i = 0,...,K}, A; is the set of
all vertices that have a degree i, and K is the greatest degree of all vertices in G.

Theorem 2.2 [10] A degree-topology that is generated by a complete graph K, with n
vertices is an indiscrete topology.

Theorem 2.3 [10] A degree-topology which is generated by the cycle graph C, with n
vertices is an indiscrete topology.

Theorem 2.4 [10] Every degree-topology is a set-T, space.
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Example 2.5 [10] Let P,(V,E) be a path graph of order four. Then, Tg., (P,) is a degree-
texture of I with the degree-relation. Also, it implies the set-texture of V.

Theorem 2.6 [10] A degree-topology that is generated by a complete bipartite graph K, ,,,
with n = m is an indiscrete topology.

Theorem 2.7 [10] A degree-topology that is generated by a complete bipartite graph K, ,,,
with n # m is quasi-discrete.

Definition 2.8 [13] The pan graph N,(V,E)is the graph obtained by joining acycle
graph C,(V,E)to a vertex by an edge. Therefore, the pan graphis isomorphic with
the tadpole graph, T, ,,(V, E).

Definition 2.9 [13] The wheel graph W, (V, E) with n vertices is obtained from the cycle
graph C,_; by joining each vertex to a new vertex v,,.

Definition 2.10 [14] The gear graph G,,(V, E) is a wheel graph W, (V,E) with an additional
vertex inserted between each adjacent vertices of outer cycle graph.

Definition 2.11 [15] The helm graph H,(V,E)is the graph obtained from an wheel
graph W, (V, E) by joning each vertex of the cycle with a pendant vertex by an edge.

Definition 2.12 [16] The tadpole graph, T,,,,(V,E) is the graph created by by joining the
cycle graph C,,(V,E) and a path graph B,(V,E) with an edge from any vertex of C,, to a
pendent vertex of B,, where m and n is the order of the cycle graph C,, and path graph B,,
respectively.

Definition 2.13 [17] The windmill graph W,,"(V, E) is the graph obtained by taking m copies
of the complete graph K,,(V,E) with a vertex in common. where n is the order of complete
graph K,,.

3. Degree-topology of certain types of graphs

In this section we give some examples to investigate the degree of topology of certain types of
graphs as follows:

Example 3.1 The degree-topology generated by the wheel graph W, with n =4is an
indiscrete topology and if n > 4 is a quasi discrete-topology.

Solution: Assume that W, (V, E) is a wheel graph of order n, as in Figure 1 with the vertex set
V = {vy, vy, ..., Vn_1, U}, Where v, is the universal vertex and {v;, v,,.., v,_1} is the vertices
of the cycle graph C,,_,. By definition of the wheel graph, we have two cases:

e If n =4, the vertex v, connected with all vertices of C; then the degree of v, is three.
Since every vertex of C; have the degree two and each vertex joins withthe universal vertex
v, by an edge then, the degree at each vertex of C; is three. We have A, = @, A3 =
{v1,v2,v3, 1,4}, so that the basis for Ty, is {@,V} and by taking all unions the degree-
topology generated by W, is an indiscrete topology.

e If n > 4, the vertex v, connected with all vertices of C,_; then the degree of v, isn — 1.
Since every vertex of C,_; have the degree two and each vertex joins with the universal
vertex v,, by an edge then, the degree at each vertex of C,,_, is three. We have A, = 0, A; =
{v1,V3,..,vn_1} and A,y = {v,}, s0 that the basis for T, is {0, {v,}, {vy,vs,.., v,_1}} and
by taking all unions the degree-topology generated by the wheel graph is{{V, @, {v,}, {v;}1=1'}.
Thus, the degree-topology generated by the Wheel graph W, with n =4 is an indiscrete
topology and if n > 4 is a quasi discrete topology. m
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W, W W W;

Figure 1: The wheel graph W,, Wg, Weand W,
Example 3.2 The degree-topology generated by the helm graph Hs is an quasi discrete-
topology.

Solution: Assume that Hs(V,E) is a helm graph of order nine and Wg(V,E) be a wheel
graph in Hs as in Figure 2. By definition, the wheel graph contains a cycle graph C, and the
vertex vs connected with all vertices of C, such that V(C,) = {v,, v3, v3, v, }. By definition of
the helm graph, there is {u,, u,, u;,u,} a pendent vertex that joins with cycle vertices. We
will be denoted by the degree of vertex v by p(v), we have two cases for the degree of helm
vertices:

e p(u)=1withi = 1,2,3,4 for it is a pendent vertex.

e p(v))=4 with j = 1,2,3,4,5 for each vertex in C, join with the vertex v, and one of the
pendent vertices.

Thus, 4y=0, A;={uy, u, uz, us} and A,={v,, v, v3, v4, vs}. Hence, the basis for Ty, is {0,
{uq,uy, us, u}{vy1,vs, v3,v4, v5}}and by taking all unions the degree-topology generated by
the helm graph is {V, @, {v;};_,, {w;}—1}.m

Example 3.3 The degree-topology generated by the helm graph H, withn=4orn>>5is
V,0, (v}, (w3, u v, (o, w3t wg, v 13, where Un be the vertex that
joins with n — 1 vertices of the cycle graph C,_,, the vertices {u;}"=' be pendent vertices,
and {v;}* be a vertex of the cycle graph C,,_;.

Solution: Assume that H,(V, E) is a Helm graph of order 2n — 1 and W, (V,E) be a wheel
graph in helm graph with n =4 or n > 5 as in Figure 2. By definition, the wheel graph
contains a cycle graph C,,_, and the vertex v,, connected with all vertices of C,_;such that
V(Cp-1) = {v1, vy, ..., vp—1}. By definition of the helm graph, there is {u,,u,,..,up_1}
pendent vertices that join with cycle vertices. We will be denoted by the degree of vertex v by
p(v), we have three cases for the degree of helm vertices:

e p(v,)=n—1forjoin with n — 1 vertices.

e p(u)=1lwithi=1,2,..,n— 1 foritisa pendent vertex.

e p(v)= 4 with j=1,2,..,n—1 for each vertex in C,_;join with the vertex v, and
pendant vertex.

Thus, 4, = 0, A; = {uy, u,,.., un 1h Ay ={vq,v,,..,v,_1} and A,_; = {v,,}. Hence, the
basis for Tyey is {@, {vy}, {v:i}i=1 {w;}i=1'} and by taklng all unions the degree-topology
generated by the helm graph is {V, @, {v,}, {(vi}i=)', (wi Y= Avidicy, (v wiisi 3 {ws vidis)

[ ]
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Figure 2: The helm graph H,, Hg, He, H;and Hg

Example 3.4 The degree-topology generated by a gear graph G, is an quasi discretetopology.
Solution: Assume that G,(V,E) is a gear graph of order 7 as in Figure 3 and W,(V,E) be a
wheel graph in gear graph. By definition, the wheel graph contains a cycle graph C5 and the
vertex v, connected with all vertices of C;such that V(C3) = {vy, v,, v3}.Then the degree of
{v,,v,,v5,v,} is three. By definition of the gear graph, there is {s;, s,, s3} Vvertices that are
added between each adjacent pair of vertices in the outer of the cycle, so that the degree of
{s1,5,,53} is two. We have, A, = 0, A, = {s1,5,,53}, and A5 = {v,, v,,v3,v,} Hence, the
basis for Ty, is {(D, {51,52,53}, {v1, v, v3,v,}} and by taking all unions the degree-topology
generated by the gear graph is {V, @, {v;}{—,,{s;};-,}.m

Example 3.5 The degree-topology generated by the gear graph G, with n >4 is
V, 0, {va}, IS Ao i i, (vn s (i 53751}, where v, be the vertex that joins
with n — 1 vertices of the cycle graph C,,_; that is {v;,v,,..,v,_1}, and {s4,s,,..,S,_1} be
vertices that are added between each adjacent pair of vertices in the outer of the cycle.

Solution: Assume that G, (V,E) is a gear graph of order 2n — 1land W, (V,E) be a wheel
graph in Gear graph with n > 4 see a Figure 3. Since the wheel graph W, contains a cycle
graph C,,_, we have the degree of a vertex v, is n — 1 and each vertex in V(C,_;) has a
degree three. By definition of the gear graph, there is {s;, s5,..,S,_1} Vertices that are added
between each adjacent pair of vertices in the outer of the cycle so the degree of
{51,S2,.-,Sp_1} is two. Thus, Ay =0, A, ={s1,52,..,Sn_1}, Az ={v1,v;,..,v,_1} and
Ap_y = {v,}. Hence, the basis for Ty, is {@, {v,}, {51, 52, ., Sn_1}, {v1, v2,.., vp_1}} and by
taking all unions the degree-topology generated by the gear graph
is{V, @, {v,}, {Vi}?z_ll'{si}?z_fw {vi}iz1, {vn Si}?=_11’ {vi, Si}?=_11}- u
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Figure 3: The gear graph G,, Gs, Gg, G,and Gg

Example 3.6 The degree-topology generated by the pan graph N, with n>3 is
{V,0,{vy}, {vn+1}:{vi}?=1,i¢k'{kavn+1}' {(vi}ic1s {Ui}?:f,i::k}aWhere v, be a vertex in the
cycle graph C, that join a pendent vertex v,,, 4, and {v;}i-, be a vertex of the cycle graph C,
in a pan graph, forany i # k.

Solution: Let N,,(V, E) is a pan graph of order n + 1 as in Figure 4 and C, (V,E) be a cycle
graph in a pan graph N,, with n = 3 where V(C,,) = {v4, v, ..., v,}. By definition of the pan
graph, there is a vertex v,,,, connected with one vertex of C, say v,. We will be denoted by
the degree of vertex v by p(v), we have three cases for the degree of pan vertices:

e p(v;)=2withi = 1,2,...,n,and i # k for each vertex in C, has a degree two.

e p(v,y1)=1 foritisapendent vertex.

e p(v,)= 3 for it to join with the vertex v, ;.

Thus, Ay = 0, Ay = {vp41}, A3 = {viJand A4, = {v;}1=,, with i # k. Hence, the basis for
Taeg 18 {@, {vi}, {vn+1}, {vi}ic1} and by taking all unions the degree-topology generated by

the pan graph is{V, @, {vi}, (V13 Avi Y i1 ik Wk Vnea b (Vi =1, (Vs ?=+11,i¢k}-.

Dallallaltnl by

N; N, N. Ny N,

Figure 4: The pan graph N5, N,, N5, Ng and N,

m+n—2

Example 3.7 The degree-topology generated by the tadpole graph T, my is {V, @, {w;};i=7" %,
i}, (s i, wo b {ve, w2 {uy,, w32} with m and n being the order of the cycle
graph C,, and path graph PB,, respectively. Where u,, be a pendent vertex, v, be a vertex join
with u; which is another pendent vertex for the path graph A, in T, ) and {w;}m4"=2 pe the
other vertices in Ty ).

Solution: Let T, ) (V, E) be a tadpole graph of order n + m where m and n be the order of
cycle graph C,,(V,E) and path graph PB,(V,E), respectively. Assume that V(C,,) =
{vi, vy, ., v} and V(B,) = {uy, uy, ..., u,} Where u, is the first vertex and u, is the last
vertex. By definition of a tadpole graph, the cycle graph join with a path graph by an edge in
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Tn,m), SUPPOSE, v be one vertex of C,,, connected with u, by an edge. We have three cases
for the degree of tadpole vertices:

e The vertex v has a degree three.

e The vertex u, has a degree one.

e Other vertices of a tadpole that is m + n — 2 vertices have a degree two labeled those
vertices by {wy, w, ..., Wiyn—2}

Thus, 4g = @, A; = {u,}, 43 ={v}and A, = {w; 324", Hence, the basis for T, is
{0, {u,}, (v}, (w; 1" "2} and by taking all unions the degree-topology generated by the
tadpole graph is {V,®, (w2, (v}, {un}, (Ve v, w42 {1ty w2}, See

the Figure 5. m
N k\_\
| s “—o—s—4—0
,fﬁ 4
-~ .,’f

TE 1 TE 2 TE 3 T3,4

Figure 5: The tadpole graph Ts ;, T5 5, T5 3 and Tz 4

Example 3.8 The degree-topology generated by the windmill graph W™ is {V, @,
{v}, UM {v},..vi_;}} where v be a vertex that common in all copies of a complete graph K,
of order n in the windmill graph and U™, {v!,...,v._,} is another vertex of the m copies of
the complete graph K,,.

Solution: Let W, (V, E) be a windmill graph of order m(n — 1) + 1where n is the order of a
complete graph K,,(V,E) and m be the number of copies K,,, see a Figure 6. Assume that
V(K,)={vq, v, ..., vy} and v be a vertex that common in all copies of K,,. We have two cases
for the degree of a windmilll vertex:

e The vertex v has a degree m(n — 1).

e Another vertex of the windmill that is m(n — 1)vertices has a degree n — 1 labeled those
vertices by U, {vi,.., vi_,}.

Thus, Ag = @, Amm-1) = {v;}, and A,y = U2 {vi,.., vi_1}. Hence, the basis for Ty, is
{0, (v}, U {v},.. vi_;}} and by taking all unions the degree-topology generated by the
windmill graph is {V, @, {v}, U, {v},..v5_,}}. =

> &< &< <

2 2 2

Wy Wy WS2 W

Figure 6: The windmill graph W2, W2, W2 and W2
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4. PT,-space
This section aimed to introduce a new separation axiom.

Definition 4.1 Let G(V, E) be a simple graph and let T,;., be a degree-topology on G. Then,
T4e4(G) is said to satisfied a PT,- separation axiom if for any distinct vertices v; and v, in
V(G), there exists a path in G of the length greatest or equal to two, or there exists an open set
W in T4eg(G) such that W includes just one of these vertices. For there the (Tg.4(G),G) is
called a PT,- space.

Example 4.2 Let G(V,E) be a graph as in Figure 7. Where V={v;,v,,v3,v4, V5,04, V; Vg
V9, V10}, then Taeo(G)={0,V {vy, V3, V10}{V4, V7,V6,V9},{Vs, Vg, V3}{V1, V2,010 ,V4,V7,V6,V0}
Av1, V3, V10, Vs, Vg, V3 },{V4,V7, Vg, Vg, Vs, Vg, V3}} IS @ PT,y-space due to for the pairs vy, vs,
there is a path v,;,v5,v, of length 2, for each pairs of v,,v;, and v,, v;, there are paths of
length greater than 2, while for v; (i = 1,2,10) and v; (j = 3,4,5,6,7,8,9) there is open set
{v1, 2, v10} Which contains v; but not v;, so on for the other cases that are related in the same
way. Therefore, Tg.,(G) the PT,-separating axiom.

Vi v; °
\ v,
S
e v s
s L
I‘h 0 Ve Ve

Figure 7: The graph G(V, E)

Example 4.3 Let Ps(V,E) be a path graph, where V = {vy, v, V3, vy, U5}, then Tgeg(Ps)=
{0,V,{v1,vs}, {va, v3,14}}. Then, Ty.4(Ps) is not a PTy-space for vz, and v, in V(Ps). The
only v,v5-path in G of the length one. Also, there is not an open set in Ty, (Ps) that contains
just one of them.

Remark 4.4 Every degree-topology generated by the path graph B,(V, E) of order n, does not
satisfy the PT,-separation axiom with n # 3, for any vertex in B,(V, E) is of degree one or of
degree two. So, the degree-topology Tyey(Py) = {0, V, {vy, vn}, {v, V3, ..., vp_13}, and so vy
and v, are adjacent. This means, there is only one path between them. Also, there is no open
set containing just one of these vertices.

Example 4.5 Let P;(V,E) be a path graph of order 3, where V = {v,;,v,,v3}. Then,
Taeg (P3) ={®,V,{vy, v}, {v,}} is a PT,-space for vertices vy, and v, in V(P5). Then there
exists an open set {v,} in Ty, (P3) such that v, € {v,}, and v; & {v,}. Hence there is a v; v;-
path in P; of the length greatest or equal to two. Consequently, there exists an open set {v,} in
Taeq(P3) such that v, € {v,} and v3 & {v,}. See Figure 8.
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P, P, P,
Figure 8: The path graph P,, P; and P,

Example 4.6 Let C,,(V,E) be a cycle graph of order 4, where V = {v,,v,,v3,v,}. Then,
Tgeg (Cn) = {@,V} is PT,-space for vertices v, and v, in V(C,), there is P, ,,, with |P,,1VZ| >
2. Similarly, for the other vertices. Thus, T4 (Cy) is a PT,-space.

Theorem 4.7: The degree-topology generated by cycle graph C,, with n vertices is a PT,-
space.

Proof: Let C,(V,E) be the cycle graph of order n, where V = {v,,v,,vs, ..., v,}. By using
mathematical induction we can prove that the degree-topology Tg.4(Cy) is a PTy-space, as
follows:

e Base step: If n =3, then Ty, (C3) ={@,V} is a PT,-space for vertices v; and v, in
V(Cs), there exists P, ,,, with |Pv11,2| > 2. For vertices v, and v5 in V(C5),

there is P, ,,, with |Pv1,,3| > 2. Finally, for vertices v, and v5 in V(C5), there exists P,
|P,,v,| = 2. Hence, Tyeq (C5) is a PTy-space.

e Inductive hypothesis: Suppose that for all n > 3, the degree-topology generated by the
cycle graph C,, with n vertices is a PT,-space.

Purpose Inductive step: For k =n + 1, where n € Z*. We must prove that the degree-
topology generated by the cycle graph Ci(V, E) with k vertices is satisfy a PT,-separation
axiom. The cycle graph C,(V,E), with k vertices is shown by the cycle graph C,, with n
vertices that is added the vertex v, ; between the adjacent vertices v; and v,,. This means the
vertex v,,, is divides the path v;,v, into two paths which are v;,v,,; and v,,v,,,, as it
shown in Figure 9. For vertices v; and v,,; in V(Cy), there exists a v,v,.,-path is
V1, Uy, U3, oo, Un—1, U, Ungq IN Ci OF the length greatest or equal to two. Also, for vertices v,
and v,4q in V(Cy), there exists a v,v,41- path is v, 4, V4, V2, V3, «o., Un_q, Upin Ci, Of the
length greatest or equal to two. From the inductive hypothesis, there exists a v;v,,1- path in
C, of the length greatest or equal to two, for i = 2,3, ...,n — 1. Consequently, from the three
steps, we get that Ty, (C,,) satisfies the PT,-separation axiom.m

with

2V3

1% e
1-gK1H‘H\
v, ,//’// Vs

Va

Vs Vs

5

Figure 9: The cycle graph
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Theorem 4.8 The degree-topology which is generated by complete graph K,, with n vertices
satisfies the PT,-separation axiom.

Proof: Assume that K,,(V, E) is a complete graph with the vertex set V(K,,) = {v4, v, ..., Un },
see Figure 10. Let v; and v; be two distinct vertices in V (K, ), where i,j = 1,2, ..., n.

By definition of a complete graph, any two vertices in K,, are adjacent. Then, v, is adjacent
with v; and v;, where k =1,2,..,n and v; # v, # v;. Thus, for any distinct vertices

v;, and v; there exist v;v;- path of length equal to two that is v;, vy, v;. Thus, the degree-
topology generated by the complete graph satisfies the PT,-separation axiom.m

Figure 10: The complete graph K3, K,, K5, K¢ and K,
Theorem 4.9 Every degree-topology which is satisfied T, space is a PT,-space.

Proof: Let (S,T44) be a degree-topological space and let Ty, be a T, space. Then, any
distinct elements v; and v, in S there exists an open set W in T,  such that v; € W, v, € W
orv, € W,v, & W.Therefore, Ty, is a PT,-space.m

Remark 4.10 The converse of Theorem 4.9 is not true in general for a degree-topology that is
generated by a complete graph which is a PT,-space due to Theorem 4.8, but it is not a T,
space.

Remark 4.11

1. The degree-topology of a connected graph is not necessarily satisfied a PT,-separation
axiom as an example, the degree-topology generated by the path graph B, with order n # 3
which is a connected graph but it does not satisfy the PT,-separation axiom as shown in
Example 4.3.

2. The degree-topology of a disconnected graph is not necessarily satisfied the PT,-
separation axiom as shown by the following example:

Example 4.12 Let G(V, E) be a disconnected graph which is shown by a path graph of order
four with an isolated vertex wvs. Then V(G) = {vy,v;,v3,vs,vs} and Tyeq(G) =
{0,V,{vy,v4}, {vy, v3}, {vs}}. We have, T,.,(G) does not satisfy the PT,-separation axiom
since v,,v3 € V(G), but there is no open set in Ty, (G) that includes just one of them.
Indeed, there is no v,, v3- path of length greatest or equal to two.

Remark 4.13 The degree-topological space is not necessarily to be a PT,- space, since the

degree-topology generated by the path graph Ps with the order n = 5, did not satisfy the PT,-
separation axiom, as shown in Example 4.3.
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Theorem 4.14 The degree-topology generated by a complete bipartite graph K, ,, with n #
m vertices satisfies the PT,-separation axiom.

Proof: Assume that K, ,,(V,E) is a complete bipartite graph with n # m and the vertex set
V. Let VV be partitioned into two disjoint sets /; and V5, such that the number of vertices for V;
and V, is n and m, respectively. By definition of the complete bipartite graph, every vertex in
V; is adjacent to all vertices in V,. Consequently, there are three cases:

e If the distinct vertices v; and v; in V3. Then, it has a v;v;- path of the length equals two,
that is v;, vy, v; for any vertex vy in V,, where i,j = 1,2,...,nand k = 1,2, ..., m.

e If the distinct vertices v, and v in V,. Then, it has a v,.vs- path of the length equals two,
that is v,., v,, v for any vertex v, in V;, where r,s = 1,2,...,mand z = 1,2, ..., n.

e Ifthe vertices v; in V; and v; in V,. So, there exists an open set in Ty q (K, m) cONtains
one of them but not the other.

Thus, the degree-topology generated by a complete bipartite graph K, ,, with n # m satisfies
a PT,-separation axiom, see Figure 11.m

Theorem 4.15 The degree-topology generated by a complete bipartite graph K, ,,, with n =
m > 2, vertices satisfies a PT,-separation axiom.

Proof: Assume that K,, ,,(V, E) is a complete bipartite graph with n = m > 2 and the vertex
set V. Let IV be partitioned into two disjoint sets V/; and V, and the number of vertices for V;
and V, is n. By definition of the complete bipartite graph, every vertex in V; is adjacent to all
vertices in V,, we have the following three cases:

o If the vertices v; in V; and v; in V,. Thus, there exist vertices v, in V; and v, in V,
such that a v;v;- path of the length equal to three is that v; v, v, v;, where r,i,j,s =
1,2,...,nandr # i # j # s.

o If the distinct vertices v; and v; in V;. So, it has a v;v;- path of the length equals two,
that is v;, vy, v; for any vertex vy inV,, where i,j = 1,2,...,nand k = 1,2, ..., m.
o If the distinct vertices v, and v in V,. Then, it has a v, vs- path of the length equals

two, that is v,, v,, v, for any vertex v, in V;, where r,s = 1,2,...,mand z = 1,2, ..., n.
Thus, the degree-topology generated by complete bipartite graph K,,,, with n=m > 2
satisfies a PT,-separation axiom.m

KZ, 3 KI, 5 Kﬂ, 3

Figure 11: Examples of The complete bipartite graph K, 3, K 5 and K3 3

5662



Hameed and Kadhem Iragi Journal of Science, 2024, Vol. 65, No. 10, pp: 5652-5667

Theorem 4.16 The degree-topology generated by wheel graph W,, with n > 4 satisfies a PT,-
separation axiom.

Proof: Let W,(V,E) be the wheel graph of order n with n >4, such that V(I,) =
{v1,v,, V3, ..., Un_1, v} Where v, is the universal vertex and {v,,v,,..,v,_1}be a vertex of
the cycle graph C,_q in W,,. If n = 4, and Tgeg (W)= {V, @}, we have the two cases:

e If the distinct vertices v, and v; with i = 1,2,3. Then, it has a v,v;- path of the length
equals two, that is v,, v;, v; for any vertex v; with j = 1,2,3 and i # j.

e If the distinct vertices v; and v; in {v;};-;. Then, it has a v;v;- path of the length equals
two, thatis v;, vy, v;.

Now, if n > 4 and Tgeg (W)= {V, @, {v,}, {v;}*1} then, for any distinct vertices v,, and v;,
withi = 1,2,..,n — 1, there is an open set {v,}, in T4, (W;,) that includes just one of them.
By definition of wheel graph, v, that join with all vertices of C,_,by an edge then, for
vertices v; and v; in V(C,—y) With i,j = 1,2,..n — 1, i # j. there is B, with 1Py, | = 2,
that is v; v, v;. Hence, Tqeq (W;,) With n = 4 satisfies the PT,-separation axiom. m

1V3

Proposition 4.17 The degree-topology generated by helm graph Hs satisfies the PT,-
separation axiom.

Proof: Let Hg(V, E) be the helm graph of order 9, where V (Hs)={v;, V5, V3, V4,Vs5,Uy, Ug, Uy }
where v is the vertex that joins with cycle vertices {vy, vy, v3, v4} in Hg and {uq, u,, us, uys}
be pendent vertices that join with cycle vertices. Assume that u;, u,, u; and u, join with
V1, Uy, vzand vy, respectively. Since Tgeq(Hs)={V, @, {v1, vz, V3, V4, Vs }{us, Uy, Uz, uys}}, then
we have the following cases:

e If the distinct vertices w; and v; with j = 1,2,3,4,5 and i = 1,2,3,4. So, there exists an
open set in Ty, 4 (Hs) contains one of them but not the other.

o If the distinct vertices v; and v; in {vi}i=1. Then, it has a v;v;- path of the length equals
two, that is v;, vs, v;.

e If the distinct vertices vs and v; with i = 1,2,3,4. Then, it has a vsv;- path of the length
equals two, that is vs, v;, v; for some vertex v; with j = 1,2,3,4and i # j.

e If the distinct vertices u; and u; in {uy }i=1. Then, there exists v; and v; in {vi =1 With
[ # j such that v; and v; are adjacent with u; and u;, respectively. Then it has a u;u;- path of
the length greatest than two, that is u;, v;, vs, v}, u;.

Thus, the degree-topology generated by a helm graph Hs satisfies the PT,-separation axiom.m

Theorem 4.18 The degree-topology generated by helm graph H, with n =4 or n > 5
satisfies the PT,-separation axiom.

Proof: Assume that H,,(V,E) is a helm graph of order 2n — 1 and W, (V,E) be a wheel
graph in helm graph with n =4 or n > 5. By definition, the wheel graph contains a cycle
graph C,_.; and the vertex wv, connected with all wvertices of C,_;such that
V(Cp-1)={vq1,v;,...v,_1}. By definition of the helm graph, there is {u,, u,,.., u,_;} pendent
vertices that join with cycle vertices. So, V(H,)={v;}1={ u{u; 7= u{v,}. Since
Tdeg(Hn):{Vr 9, {Un}J {vi 11'1=_11' {ui ?z_ll'{vi ?:1'{1771' Ui ?z_l1 '{ui' Vi ?z_ll}' then we have the
following cases:
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e If the distinct vertices v, and v; with i = 1,2,...,n — 1. Then there exists an open set in
T4eq(Hy) contains one of them but not the other.

e If the distinct vertices v, and u; with j = 1,2,...,n — 1. So, there exists an open set in
T4eq(Hy) contains just one.

e If the distinct vertices u; and v; with i,j = 1,2, ...,n — 1. Then, there exists an open set in
T4eq(Hy) contains one of them but not the other.

e Ifv;and v; in{v,}iZ] with i # j. Then, ithasa v;v;- path of the length equals two, that
IS Vi, Up, V.

e If the distinct vertices u; and u; in {u, }2Z1. Then, there exist vertices v, and v, in
{v, }*-1 with r # s such that v, and v, are adjacent with u; and u;, respectively. Then there

IS Py, with |Puiu].| > 2, thatis u;, vy, vy, vs, ;.

Thus, the degree-topology generated by a helm graph H,, with n = 4 or n > 5 satisfies the
PT,-separation axiom.m

Proposition 4.19 The degree-topology generated by gear graph G, satisfies the PT,-
separation axiom.

Proof: Let G,(V,E) be the gear graph of order 7, where V(G,) = {v;, V5, V3, Vs, Uy, Uy, U3}
where v, is the vertex that joins with cycle vertices {v;,v,, v3} in G,and {uy,u,, us} be a
vertex that is added between each pair of adjacent vertices in the outer of the cycle.Since
Taeg(Ga)={V, @, {v1, vz, v3, v4}{us, up, u3}}, then we have the following cases:

e If the distinct vertices u; and v; with i = 1,2,3,4 and j = 1,2,3. So, there exists an open
set in Tye4(G4) contains one of them but not the other.

o If the distinct vertices v; and v; in {vi}i_,. Then, ithas a v;v;- path of the length equals
two, that is v;, vy, v;.

e If the distinct vertices v, and v,with r = 1,2,3. Let the vertex u; adjacent with v, and
another vertex in {v; }3_, say vs with s # r and i = 1,2,3. Then, there is P, ,,_ with |P, ,, | =
2, thatis v,, u;, vg, v,.

e If the distinct vertices u; and wywith i,j = 1,2,3. Let a vertex v in {v,}3 -, adjacent with
u; and u;. Then it has a u;u;- path of the length equals two, that is u;, v, u;.

Thus, the degree-topology generated by a gear graph G, is satisfying the PT,-separation
axiom.m

Theorem 4.20 The degree-topology generated by gear graph G,, with n > 4 satisfies the PT,-
separation axiom.

Proof: Let G, (V, E)be the gear graph of order 2n — 1, and W, (V,E) be a wheel graph in
gear graph with n > 4. By definition, the wheel graph contains a cycle graph C,,_; and the
vertex v, connected with all vertices of C,_;such that V(C,_;) = {vq,vy, ..., Un_1}. By
definition of the gear graph, there is {s;, s, .., s,_1 } Vvertices that are added between each pair
of adjacent vertices in the outer of the cycle. So, V(G,) = {v;}I={ U {s;}1={ U {v,,}. Since
Taeg(G) = (V, 8, (v}, Wi LS, (viien, (0o s (v 5:315413, then we have the
following cases:

e If the distinct vertices s; and v; with i,j = 1,2,...,n — 1. So, there exists an open set in
Taeq(Gy) contains just one of them.
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e If the distinct vertices v, and s in {s;}?=1. Then, there exists an open set in Taeq(Gn)
contains one of them but not the other.

e If the distinct vertices v,, and v in {v,}¥Z1. Then, there exists an open set in Taeg(Gr)
contains only one of them.

e If the distinct vertices v; and v; in {v,}*Z1. Then, it has a v;v;- path of the length equals
two, that is v;, vy, v;.

e If the distinct vertices s; and s; with i,j =1,2,....,n— 1. If 5; and s; be adjacent to a
vertex v in {v,}2Z1.Then, there is Ps;s; with Pss;| = 2, that is s;,v,s;. If s; and s; are non-
adjacent to a vertex v in {v; }%=1. Then, there exist distinct vertices v, and v, in {v} }#7 such
that v, join with s; and v, join with s; by an edge. Then, there is Ps;s; with Pss;1 2 2, that is
Si\Vp,Vn,Vs,S;.

Thus, the degree-topology generated by a gear graph G, with n > 4 satisfies the PT,-
separation axiom. m

Theorem 4.21 The degree-topology generated by pan graph N,, with n > 3 is satisfying the
PT,-separation axiom.

Proof: Let N,,(V, E) be a pan graph of order n + 1 and V(N,,) ={vy, v,, .., Uy, Uny1}. ASSUME
C,(V,E) be a cycle graph in a pan graph N,, with n > 3 where V(C,,) = {v4, vy, ..., vp}. By
definition of the pan graph, there is a vertex v,,., connected with one vertex of C, say vy.
Since Taeq (N)={V, 0, {vie} {vn+ IV} izt im0 (Vi Vnaa b (widicy, {wi ?=+11,i¢k} with ¢ # k,we
have the following cases:

e For the distinct vertices v; in {v;}}=, and v,,q, there exists an open set {v,,,} in
Tdeg(Nn) such that VUn41 € {vn+1} and v & {vn+1}-
e For the distinct vertices v, and v; in {v, }3-; with i # k there exists an open set {v;}}-,
in Tgeq (Ny,) such that v; € {v;};_,and vy & {v;}i-;.

e If the distinct vertices v; and v; with i,j = 1,2,...,n such that i # j # k. Then there exists
one or more than one vertex v, in {v,}i=,, v # i,j. If there is one vertex,v, then v, adjacent
to a vertex v; and v;. Then, there is Pow; with |P,,ivj = 2, thatis v;,v,, v;. Otherwise, there is
more than one sequential vertex in {v; };;—, such that one of them adjacent to v; or v;.

Hence, the degree-topology generated by a pan graph N, with n > 3 satisfies the PT,-
separation axiom. m

Theorem 4.22 The degree-topology generated by windmill graph W™ where n is the order of
a complete graph K,, in W, and m is the number of copies for K,, satisfies the PT,-separation
axiom.

Proof: Let W,*(V,E) be a windmill graph of order m(n — 1) + 1 where n is the order of a
complete graph K,(V,E) and m is the number of copies K,. Assume that V(K,) =
{v1,v2, ..., vy} and v be a vertex that common in all copies of K. Since Tqeg(Wy™)= {V, @,
{v}, UM {v},...v5_,}}, then there are two cases:

e For the distinct vertices v, in U™, {v},..v5_,} and v, there exists an open set {v} in
Taeg(W™) such that v € {v} and v, ¢ {v}.
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e For the distinct vertices v, and vs in U2 {vi,..v;_,} with r = s. Then, there is B, ,,
with |P,,T,,S| = 2, thatis v,,v,, vs.

Hence, the degree-topology generated by a windmill graph W," satisfies the PT,-separation
axiom. m

5. Conclusions

To sum up, we are to investigate the degree-topology of the wheel, helm, gear, pan,
tadpole, and windmill graphs, respectively. Additionally, a new separation axiom is known as
PT,-space was introduced that connects paths in the graph with topological space. Further,
PT,-space studied for the above topologies.
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