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Abstract

Let R be an associative ring with identity and let M be a unitary left R—module .
As a generalization of small submodule , we introduce Jacobson—small submodule
(' briefly J-small submodule ) . We state the main properties of J-small submodules
and supplying examples and remarks for this concept . Several properties of these
submodules are given . Also we introduce Jacobson-hollow modules ( briefly
J-hollow ) . We give a characterization of J-hollow modules and gives conditions
under which the direct sum of J-hollow modules is J-hollow . We define
J-supplemented modules and some types of modules that are related to
J-supplemented modules and introduce properties of this types of modules . Also we
discuss the relation between them with examples and remarks are needed in our
work.

Keywards : J-small submodules , J-hollow modules , J-supplemented modules ,
weakly J-supplemented modules.
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1. Introduction

Throughout this paper , all rings are associative with unity and modules are unital left R—modules ,
where R denotes such a ring and M denotes such a module. A submodule N of M is called a small
submodule of M if whenever N+ K= M for some submodule K of M , we have M = K , and in this
case we write N << M, See [1]. A nonzero module M is called hollow module , if every proper
submodule of M is small in M . See [1] . It is known that the Jacobson radical of M denoted by J (M)
is the sum of all small submodules of M . In fact we use J (M) to introduce a generalization of small
submodules , A submodule N of M is called J-small submodule of M (denoted by N «; M) if
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whenever M = N + K, with J( KL) = % implies M = K . Also , we define J-hollow modules as

generalizations hollow modules A non - zero R—module M is called J-hollow module if every proper
submodule of M is J-small submodule of M . And give the basic properties of this concept and prove
a characterization of J-hollow modules and give certain conditions under which the direct sum of
J-hollow modules is J-hollow . Let M be a module . For N, L € M, N is a supplement of L in M if N
is minimal with respectto M = N + L . Equivalently, M =N+ L withN N L << N . See [2].

M is called a weakly supplemented module if for each submodule N of M there exists a submodule
Kof Msuchthat M =N+ Kand NN K<< M. See [3] . A module M is called supplemented if any
submodule N of M has a supplement in M . See [3] . As a generalization of supplemented module .
We define J-supplemented module , let M be any R-module and let V,U be submodule of M, V is
J-supplement of U in M if the V+ U=M, and V N U «; V and M is called J-supplemented if every
submodule of M has J-supplement submodule . Finally as generalizations of J-supplemented module .
We define weakly J-supplemented module , a submodule V is weak J-supplement of U in M if
M=U+ VandUNV < M, and M is called weakly J-supplemented if every submodule of M has
J-supplement in M .

2. J-Small submodules and J-Hollow Modules .

In this section , we introduce J-small submodules as a generalization of small submodules , we
illustrate this concept by examples and remarks and give the properties of J-small submodules . As
a generalization hollow modules and by using the concept of J-small submodule we introduce
J-hollow module .

Definition (2.1) : Let M be any R—-module a submodule N of M is called Jacobson—small (for short

J-small, denoted by N «; M) if whenever M = N+K , K € M ,such that J( 1;2—) = % implies M = K
Before we prove some properties of J-small submodule , we need the following .
Proposition (2.2) : Let A, B be submodule of an R—module M if A< B € M and J( %) =

then J( ) = —

Proof: Let f: % — % be an epimorphism , be defined by f (m+ A)=m + B, since f (J(%) ) €
M M M M M M

J(?).Hencef (T)_ - QJ(?).ThereforJ(T) =5

Corollary (2.3) : Let M be any R—module , and let A , B be submodule of M . If J( %) = % , then

My - M

(58) = a5

Examples (2.4) :

1) It is clear that every small submodule of any R—-module M is J-small . But the convers is not true in

general . For example Z, as Z-module , let A={0,3},B={ 0,2,4},A +B = 7Z with

J(ZBL) +* ZB—G . Thus A is J-small submodule of Z¢ but not small in Z .

2) Z, as Z-module , by (1), {0}and {0, 2 } are J-small in Z,

3) Consider M = Z @ Z, as Z— module Since % = Zpo , then J( %) = J(Zpw) = Lpo =
J(%) = % , but M # Z . This mean that Z, is not J-small in M .

Proposition (2.5) : Let M be an R-module . If J(M) =M and A € M . Then A «; M if and only if
AKLKM.

Proof: = LetL € M and let A+ K= M, to prove K= M, we claim that J(KL) = % , let
f:M— 11:[_ be the natural epimorphism since f (J( M) ) S J(%) ,and J (M) =M, then f (M) S

J(%) , therefore % c J(%) and J(Kl) =% ,since A ;M thenK=M, hence ALK M.

& Clearly by ( Examples 2.4.(1)) .
Note: By Proposition (2.5) we can show easily that the infinite sum of J—small is not J-small .
Proposition (2.6) : Let M be any R—module .

1) LetAS B<S M. Then B« M ifandonly if %«]% and AK; M .

2) Let A and B be a submodules of M. Then A+ B «; M ifandonly if A<«<; Mand B «; M.
3)Let A; Ay, ..., Ay < M .Then ¥, A; <M ifandonlyifA; <M v i=1,2,...,n

M
A ’

M
Z
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4) Let A< B be submodulesof M. If A« B, then ALK M.

5) Let f: M — N be ahomomorphism. If A<«;M,thenf(A) <N

6) Let M =M; & M, be R-module and let A; < M; and A, € M, . Then A;® A, &5 M; & M, if
and only if A; «; My and A; &5 M, .

Proof:(1):= Let B «<; M . To prove % K= M ,letL € Mand — < —, suppose that — + %
=% and J(T—) =% to prove %zi since =& :T then B+ L— M and B «; M , hence

M =L and % = % . Therefore % & T , to prove A &M, letL € M suppose that A + L = M

and J(I\L/[—)z%,sinceB«]Mand AgBthenB+L:MandsinceJ(T—) :%,thusM:L,
SOAKL M.

& suppose that i<<]% and A<<] M toprove B« M .LetL <M supposethatB+L =M
and J(I\L/I—)— — to prove M=L, e B*L SinceAc Bthen A+B= B, so BZL = B+X+A =
B L+A _ﬂ M M M M, _ M

- s toproveJ(Lﬁ_A)— (L+A)—L+A,smceJ(L)—L,thenby

AT
. B M L+tA _ M _ .

Corollary(23)J(m)-L+—A since —— < TThen -TthusA+L-M,smceA<<]M,

so M =L, therefore B «<; M.

Q= LetA+BKM toshow ALK MandB «; M, letA+C=M and J(MT) =% to prove
M=C,sinceA+B<<]Mthen(A+B)+C=M,andsinceJ(l\g—)z%,thusM=C,thenA<<]M,
and similarity B «<; M

=LetALMand B «; M toshowA+B<<]M,IetA+B +C=M,and J(L) -1 toprove

M = Csince A <; M, thenB +C =M, since J(l\g—) = , then by Corollary (2.3) J(ﬁ )= ﬁ ,
thusB+C =M, andsince B «; M, and J(l\g—) :T then M=CandA+B <K M.
(3) By induction . Let A,+ A, + B= M, with J(——) =—, by Corollary (2.3) J( +B) = A“iB ,

since A; &5 M ,we get M = A, +B,since A, < M, thus M = B . Suppose the relate is true for all

KEN.Let Aj+A, + ...+ Ay +B = Mwith (=) = . Then (A+ Ay + ...+ Ap 1) + Ag*B =M,
. M M

since A, «<; M, and J( A At 7498 T ArA T tA B’ hence we get A;+A,+ ... + A, _;+
B = M. Continue until we get A;+ B=M, A; <<] MthusM =B

(4) Suppose that A + C =M and J( —) =— .Toprove M =C, then Bn (A +C)=Mn B and
B n (A + C) = B (by modular law) , A +(Bn C) =B,to prove J( e ) = o by the (Second

B ~ B+C ~ M M _ M - _B

isomorphism) 5rc = ¢ = - -Bu J( c ) c , hence J(Bnc) v and A «; B,

then BNC=B,soBcCand A< C,but A+ C=M,then M=C, thus A<<]M.

(5) By the (First isomorphism) % = f(M), butM=M +Kerf , %eff = f(M),butAcM,

then A;('K—e;f = f(A),and Ac A+ Kerf,since A< M .Then A + Ker f & M, by Proposition
A+Kerf ~ A+Ker f M
(2.6.(2)) , < fsmcef(A) Xer 7 ]Kerf=f(M),thenf(A)<<]f(M)gN,

by Proposmon (2 6.(4)), f(A)KN

B)=Let A; ® A, K M; &M, ,toshow A; & Mg and A, &5 M, Letmy: M; & M; — M; the
projection map define as follows , ; (m;+ m;) = m; , for all m;+ m, € M; @& M, . Since
A; ® A; & My © M, , then by Proposition (2.6.(5)) , m; (A; @ A; ) Ky (M; & M, ), by
definition of 7, . We obtain, A; «<; My, and similarity A, «; M, .

<LetA; <5 M; and A; &5 M, .Toshow A DA, K5 M;OM, ,A; KM EM,and A, KM, EM,
then by Proposition ( 2.6.(4)) , A; <; M and A, «; M . By Proposition ( 2.6.(2)) , A; ® A, KM =
M, ®M, .
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Proposition (2.7): Let M be an R—module and ASB €M . If B is a direct summand of M and

AL M, then A &5 B.

Proof: Let A+ L =B, and J(Li) = % . Toprove B=L . Supposethat M =B @ B; , M =A+L+B, ,

then by Corollary (2.3) , J( Li"B ) = L+MB and AL M, ,thenM=L+B; butLnB; =0, then
1 1

M=L®B; , buuM=B@®B;andL<B,then B=L,andhence AK;B .

Proposition (2.8) : Let M be an R—-module and let A, B and C are submodules of M with AcBcC

CM,if BKC thenAK M.

Proof : Suppose that A+ K =M and J( KL) = % ,toprove M=K sinceC< M, henceC=Mn

C=(A+K)n C=A+Kn C), (by modular law), since A= B,C=B+(KnC), to prove J( KEC )
C . . C C+K M M M C C

nC , by the (Second isomorphism), cEx =S¢ but J(K—) :?,then J(Knc ) = nC

sinceB«;C,thenC=KnCandCc Kbut AcChence AcK thenA+K=K,since A+K=

M, then K=Mand hence A <M.

Note : The converse of Proposition (2.8) is not true in general . As the following example shows .

L S Lpyo S LD Ly itis clear that Z <; Z @ Zpe , but Zpeo is not J—small in Z @ Zpeo .

Definition (2.9) : A non-zero R—-module M is called Jacobson-hollow module ( for short J-hollow )

if every proper submodule of M is a J-small submodule of M.

Examples and Remarks (2.10) :

1) It is clear that every hollow module is J-hollow module . But the converse in general is not true .

For example Z¢ as Z—module . It is clear every proper submodule of Zg is J-small , but not small ,

hence Z¢ as Z—module is J-hollow , but not hollow .

2) Z, as Z-module is J-hollow .

3) Consider M = Z @ Zy= as Z-module is not J-hollow . Since Z,~ proper submodule of M but

Ly is not J-small of M.

4) Every simple module is a J-hollow . For example Z, as Z—module .

Proposition (2.11) : A non-zero epimorphic image of J-hollow module is J-hollow .

Proof : Letf: M— N be an epimorphism , and let M be J-hollow module , with K € N to show

K <«j;N,sinceKEN then f~3(k)EM.If f~1(k)=M then K=f(M) =N, hence K=N this

is a contradiction and since M is J-hollow , therefore f~1( k) «; M, and by Proposition (2.6.(5)) ,

f(f 1 (k)) <N, then K<« N .

Corollary (2.12) : Let M be an R—-module and A € M if M is J-hollow then % is J-hollow .
Proof : Letf: M — % be the natural epimorphism , and let M be J-hollow . By Proposition (2.11)

we get % is J-hollow .

Recall that a submodule N of M is called fully invariant if f(N) € N, for each f € End(M), and M is
called duo module if every submodule of M is fully invariant [4] .
Proposition (2.13) : Let M =M; @ M, , M is duo module then M is J-hollow if and only if M; and
M, are J-hollow . Provided An M; = M; foralli=1, 2.
Proof : = Let M is J-hollow and A;® A, € M; & M, ,with A; ¢ M; and A, & M, , and
A1® A; K M; @ M, =Mtoshow M, is J-hollow . Let 7;: M; & M, — M, the projection map ,
define as follows , m; (m;+ m;) = m, , for all m;+ m, € M; & M, , since A;® A, K M; & M, ,
then by Proposition (2.6.(5)) , m; (A; & A; ) < my (M; & My ), then, A; & My, thus M, is
J-hollow and similarity M, is J-hollow .
< Let M; and M, are J-hollow to show M = M; & M, is J-hollow . Let A; & M; and A; «; M, ,
let A, & My and A, «; M, ,toshow A; ® A, K5 M; ® M, ,since A; &5 M; € M, and A, «; M,
€ M then by Proposition(2.6.(4)) A; <; M and A, «; M . By Proposition(2.6.(2)) A1® A, < M =
M;® M, .
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3. J-Supplemented Modules and Weakly J-Supplemented Modules

In this section , we give some properties of Jacobson—supplement submodules and weak Jacobson —
supplement submodule . There are also some relations and generalizations between supplement
submodule and Jacobson —supplement submodules are also between weak supplement submodule and
weak Jacobson-supplement submodule.
Definition (3.1): Let M be any R—module and let N, K be submodules of M . N is called Jacobson —
supplement of K in M (for short J-supplement) if the N + K=M ,and N n K «; N . If every
submodule of M has J-supplement then M is called J-supplemented .

It easy to prove the following
Remark (3.2): Let M be any R—module and let N, K be a submodules of M . N is J-supplement of K
in M if and only if for each L € N with J(—) =—=, and M= L + K implies L = N .
Examples and Remarks (3.3):
1) Every semisimple module is J-supplemented . In particular. Zg as Z—module is J-supplemented .
2 ) Q as Z—module is not J-supplemented . By Proposition (2.5)
3) Every supplemented is J-supplemented but the converse is not true . See the following example .
Z as Z—module is J-supplemented but not supplemented . Let n, m € N, a submodule ( mZ ) has no
supplement in Z because mZ + nZ = Z and g.c.d (m,n) =1, and mZ n nZ = (m n)Z not small in mZ .
And nZ is J—supplemented of mZ sincemZ+nZ=Z,andmZnNnZ=(Mn)Z,(mn)Z+kZ=7,and

foreachkZ € Z, J( —) # —, thus nZ is J-supplemented of mMZ in Z .
Proposition (3.4) : Let M be a J—supplemented module and let N € M then % is a J-supplemented .

Proof : Let% c % to prove % has J-supplement in % K < M, and M is J-supplemented , then

there exists L € M such thatM=K+L,and KN L «; L, now % S L prove

N N
L+N L+N V _ L+N L+N L+N v LN
)+?= thJ( )= to prove —- = :

= <= let (- N
KN(L+N) _ N+(KnL) then N+(KnL) v
N N N N

(KNL)+V=L+N, and)(-5+)=—~
L+N

KNL<KL+N,thusV=L+Nand ?z N

Proposition (3.5): Let M;, U €M , and let M; be J-supplemented module . If M;+ U has
a J-supplement in M then so does U .

Proof: Since M;+ U has a J-supplement in M , then there exists X € M, such that X + (M;+ U) =M,
and X N (M;+ U ) «; X . Since M, is J-supplemented module , then there exists Y © M, such that
(X+U)nM;+Y=M;and (X+U)NY «;Y.Thuswe have X +U+Y =M ,and (X+U)nNY
«; Y, thatis Y is a J-supplement of X + U in M. Next, we will show that X + Y is a J-supplement
of Uin M, itis clear that (X + Y) + U =M, so it suffices to show that (X + Y) N U «; X + Y since
Y + U S M; + U, by Proposition (26.(4)) , X n (Y + U) € Xn(M; + U) « X
Thus by Proposition (2.6. (5)) , X+Y)nU S XN(Y+U)+YN(X+U) K X+Y.

Proposition (3.6):Let M = M, @M, , then M;and M, are J-supplemented module if and only if M is
J-supplemented module.

Proof : = Let U € M since M;+ M, + U = M, trivially has a J-supplement in M . By Proposition
(3.5) then M, + U has a J-supplement in M and by Proposition (3.5) again U has a J-supplement in M,
so M is a J-supplemented module .

= M, = 1\1\2 ,since M is a J-supplemented module and by Proposition (3.4)

1 1

a J-supplemented module . Thus M, is a J-supplemented module . Similarity from M, is
a J-supplemented module.

Corollary (3.7): Let M = M; @ M, be a duo module , N and L are submodule of M, , if N is
a J-supplement of L in M, , then N @ M, is J-supplement of L in M.

Proof : Let N be J-supplement of L in M; ,then M; =N+ L and N n L «; Nsince M=M;® M, ,
thenM=(N+L)® M, ,hence M=L+(N® M), but(NSM,)NL=(NBM,)nM;NnL=

N
andN+(KnL)+V L+N,and N €V then

but KNL<«;LE L+N and by Proposition (2.6.(4)),

is
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N n L « N . And by Proposition (2.6.(4)) , then N n L «; N & M; , hence N & M, is
a J-supplement of Lin M.
Proposition (3.8): Let M be any R—module and let V, U be submodule of M , V is a J — supplement of

Uin M, then VLLL is J-supplement of —I: in % ,forLcU.
Proof: Since V is a J-supplement of U in M. Then M =U+VandU NV «; M forL U we have
Un(V+L)=(UnV)+L (bymodularlaw),and — n( v+L )= M,sinceu NV <KV,

it follows that % & VLLL Now %: U:V = —ILJ + Ve . Therefor VLLL is a J-supplement
of 2 in=
L L’

Proposition (3.9): Let M be an R—module . If A has a J-supplement submodule in M, Then % has

a J-supplement submodule in % , where N is submodule of A .

Proof : Since A has J-supplement in M then there exists submodule K of M, suchthat A+ K=M,

and AN K «; A. Now we have %+ N - toshow—n === <<]% ey PSR

N N N
AN(K+N) _ (AnK)+N (AnK)+N _L A Ay_ A
N = N ( by modular law ) . Let — T x N |th J( 3 )= 3 .To prove

N
%z%,where Lc Aand N € L then wz%,hencemnK)+N+L=A,butN§L

then(AnK)+L—A,butAnK<<]Aand J(—i)zi,thenL=Aandhence—;=%,then

L
K+ N

A
-~ =

Proposmon (3.10) : Let U,V be a submodules of an R—module M and let V be a J-supplement of U
in M if K<« MthenV is J-supplement of U +K.
Proof : LetV + (U + K) =M, toprove V n (U +K) «; V, IetVn(U+K)+X=V,WithJ(%)=

ltoprovev-x M-V+(U+K)=Vn(U+K)+X+(U+K)=x+(U+K)=(U+X)+
M . M _ V+(U+K)+X _ V+(U+X) _ \ _ \
K, to prove J( U+X ) = Uax ' ONCe T T U+X TU(U+X) T vnu+x) x+(UnV)

by(Second |som0rph|sm and modular law) . Since J( —) =—, by Corollary (2.3) , we get J(

X+(UnV))
— \4 — —
= Xty hence J( X ) X , since K «; M then M = U +X,butM=U+V ,and X €V and

J( %) = % ,then V = X, by Remark (3.2) .
Proposition (3.11): Let M be any R—module and let V be J-supplement of W in M and K € V then
K<« Mifandonly if K«; V.

Proof:=>LetK+X=VwithJ(%)=%toproveV=X,butV+W=MananW<<]V,then

M=(K + X) + W hence M=K+(X + W) to prove J( since M _ VH(X4W) ~
v _ \4

x+w) = X+W ' X+W (X+W)
. . . \4 —l
VA aW) - XV AW) by(Second isomorphism and modular Iaw) Since J(—) = by Corollary
(2.3), we get J( W )= W

X+(VnW)): X+(anw) 3|nceK<<]MthenM X+W,
but M=V +W and X €V and J(—) =—, then by Remark (3.2) , V = X
& Clearly by Proposition (2.6.(4)) .
Proposition (3.12) : Let M by any R—module and let V be a J-supplement of Uin M, Kand T be
submodules of V .Then T is J-supplement of Kin V if and only if T is J-supplement of U+ Kin M.
Proof: = Let T is J-supplement of Kin V,then V=T + Kand TN K «; V, Let (U + K) + L = M for

, hence J(

. T, _ T _ . V. _ T+(K+L) _ T _

L € T with J(—L) = .0 prove T=L.Now K + L € V. Since KL - L S T
T . . T, _ T

RN TS by (Second isomorphism and modular law) , and J(—L) = by Corollary (2.3) , we get

T \% _ Vv - .
( Lr(RAT) ) = LKA T) hence J( m) =T and because V is J-supplement of U in M then

= U+ Vand by Remark (3.2) K+ L=V ,sinceL €T and T is J-supplement of K in V and by
Remark (3.2) T=L.
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< Let Tis J-supplementof U+ KinM . ThenT+(U+K)=Mand TN (U+K) < T.LetT+K =
Vitoprove TN K« Tsince TNKE TN (U +K) <« T, then by Proposition (2.6.(1)) , TN K «; T,
hence T is J-supplement of KinV .

Let U, V be a submodule of a module M , we will say that U and V are mutual J—supplements , if
U is J-supplement of V in M and V is J-supplement of UinM .
Corollary (3.13) : Let M by any R—-module and let U and V be mutual J-supplements in M . L be
J-supplement of S in U and T be J-supplement of KinV then L + T is J-supplementof K+ Sin M.
Proof: Since U = S + L and V is J-supplement of U in M , then by Proposition(3.12) T is
J-supplement of S + L + K'in M and then (S + L + K) NT «; T, since V =K + L and U is
J-supplement of V in M , then by Proposition (3.12) , L is J-supplement of S + K + T in M and then
S+K+T)nL«;L,becauseU=S+L,V=K+T,andM=U+V , thenwehave M=S+L +K
+T=S+K+L+T,then by Proposition (2.6.(2)) ,(S+K)Nn(L+T)SLN(S+K+T)+Tn(S+
K+L)«;L+T,hencelL +TisJ-supplement of K+SinM.
Definition (3.14): Let L and N be a submodules of any R—module M . L is called weak J-supplement
of NinM.If N+L=M,andNNL <« M,Amodule M is called weakly J-supplemented if
every submodule of M has a weak J-supplement in M .
Remarks (3.15) : It is clear that every J-supplemented is weakly J-supplemented . But the converse
in general is not true . See the following example . Q as Z-module is weakly J-supplemented but not
J-supplemented .
Proposition (3.16): Let M, , K € M ,and let M;be a weakly J-supplemented module . If M;+ K has
a weakly J-supplement in M then so does K .
Proof : By assumption there exists N € M, such that N + (M;+ K) =M ,and N n (M;+ K) &M,
since M; is weakly J-supplemented module there exists L < M; such that (N + K) n M;+ L = M; and
(N+K)NnLKM;thusK+N+L=M,and (N+K)nL<K;M,,and by Proposition (2.6.(4)) ,
(N+K)NnL<«; M thatis L is a weakly J-supplement of N + Kin M, we will show that N + L is
a weakly J—supplement of K in M , it is clear that (N + L ) + K = M, so it enough to show that
(N+L)nK«M.Since(N+L)nKENN(M; +K)+ (N+K)nLg; M, then (N+L) N K < M.
Therefor N + L is a weakly J-supplement of K in M.
Proposition (3.17) : Let M = M+ M, if M; and M, are a weakly J-supplemented then M is a weakly
J-supplemented.
Proof:Let N be a submodule of M . Since M; + M, + N = M, trivially has weakly J-supplementin M .
And by Proposition (3.16) , M, + N has a weakly J-supplement in M . And by Proposition (3.16) ,
again thus N has a weakly J-supplement in M . So M is a weakly J-supplemented in M .
Proposition (3.18) : Let M be a weakly J-supplemented module and X € N € M if X «; M implies
that X «; N, then N is a J-supplement submodule of M .
Proof: Suppose that M is a weakly J—supplemented . SoM=N+L,L S Mand NN L«; M. By our
assumption we get N N L<«; N . Hence N is a J-supplement of L in M .
Proposition (3.19) : Let M be a weakly J-supplemented R—module then for every U,V € M with
M = U + V , there exists a weak J-supplement K of U in Mwith K €V .
Proof : Assume U,V € M with M = U + V . Since M is weakly J-supplemented , U n V has a weak
J-supplement T in M . In this case M = UnV+T and (U N V)NT «; M. Since M =U+V =(UNV) +
T (by modular law) , M =U + (VNT) . Let K=VNT. Then M= U+KandUNK=UNVNT K M.
Hence K is a weak J-supplement of Uin MwithK SV .

Proposition (3.20) : Let M be an R—-module and V is a weak J-supplement of Uin M for L € U then
V+L . u. M

——isa weak J-supplement of - in—.

Proof: Since V is a weak J-supplement of Uin M, ThenM=U+VandU NV «;MforL<c U we

have U n (V+L) = (UnV) + L (by modular law) , and —[LJ N ( VLLL) - (UaV)+L ,since UNV < M,
VHL y _ (UnV)+L

(UNnV)+L M . M _ U+V U V+L U
-~ 7 - — — = — + — — —
&, since — C andLn(L ) T

it follows
V+L . U . L k
Therefor - is a weak J-supplement of - in

_ M
= <
M

L
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